Problem 8.53 A baseband signal is disturbed by a noise process N(t) as shown by
X (t) = Asin(0.37t)+ N(t)
where N(t) is a stationary Gaussian process of zero mean and variance ¢

(a) What are the density functions of the random variables X; and X, where
Xy =X,
X2 =X (t)|t:2
(b) The noise process N(t) has an autocorrelation function given by
R (r)=0’ exp(—|r|)
What is the joint density function of X; and X,, thatis, fy , (X;,X,) ?

Solution
(a) The random variable X; has a mean

E[X (t)]= E[Asin(0.37)+ N ()]
= Asin(0.37) + E[N(t,)]
= Asin(0.37)

Since X; is equal to N(t) plus a constant, the variance of X; is the same as that of N(t;). In
addition, since N(t;) is a Gaussian random variable, X; is also Gaussian with a density
given by

1
f, (X) = ——exp-(X—14)/20°
0= el (x- )/ 207}
where 1, = E[X (tl)]. By a similar argument, the density function of X; is

f, () = ﬁexp{— (x— 1)1 257}

where 1, = Asin(0.67).

Continued on next slide
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Problem 8-53 continued

(b) First note that since the mean of X(t) is not constant, X(t) is not a stationary random
process. However, X(t) is still a Gaussian random process, so the joint distribution of
N Gaussian random variables may be written as Eq. (8.90). For the case of N = 2, this
equation reduces to

(0 = — oz expl- (x— A (x— )T /2]
27r|A|

where A is the 2x2 covariance matrix. Recall that cov(X1,Xz) =E[(X1-241)(X2-12)], so that

A=
Lcov(X,, X;) cov(X,, X,)

Ry(0) Ry()
LRy@ Ry (0)
| ? o’ exp(-1)
L o”exp(-1) o’

[cov(X,, X,) cov(X,, Xz)}

If we let p=exp(-1) then
A =o' @-p?)

and

ol T
c*l-p*)-p 1

Making these substitutions into the above expression, we obtain upon simplification

2 2
fxl,xz (X, Xy) = ﬁexp{— (% = 44)" + (X _'u22) — 212()(1 — 1) (%, _ﬂz)}
21— p 20°(1-p°)
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