
Problem 9.20. Assume that the narrowband noise n(t) is Gaussian and its power spectral 
density SN(f) is symmetric about the midband frequency fc. Show that the in-phase and 
quadrature components of n(t) are statistically independent. 
 
Solution 
The narrowband noise n(t) can be expressed as: 
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where nI(t) and nQ(t) are in-phase and quadrature components of n(t), respectively. The 
term z(t) is called the complex envelope of n(t). The noise n(t) has the power spectral 
density SN(f) that may be represented as shown below 
 

 
 
We shall denote ( )nnR τ , ( )

I In nR τ and ( )
Q Qn nR τ as autocorrelation functions of n(t), nI(t) 

and nQ(t), respectively. Then 
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Since n(t) is stationary, the right-hand side of the above equation must be independent of 
t, this implies  
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Continued on next slide 
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Problem 9.20 continued 
Substituting the above two equations into the expression for Rnn(τ), we have 
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The autocorrelation function of the complex envelope ( ) ( ) ( )I Qz t n t jn t= +  is 
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From the bandpass to low-pass transformation of Section 3.8, the spectrum of the 
complex envelope z is given bye 
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Since SN(f) is symmetric about fc, SZ(f) is symmetric about f = 0. Consequently, the 
inverse Fourier transform of SZ(f) = Rzz(τ) must be real. Since ( )zzR τ is real valued, based 
on Eq. (4), we have 
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which means the in-phase and quadrature components of n(t) are uncorrelated. Since the 
in-phase and quadrature components are also Gaussian, this implies that they are also 
statistically independent. 
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