Problem 10.27. A BPSK signal is applied to a matched-filter receiver that lacks perfect
phase synchronization with the transmitter. Specifically, it is supplied with a local carrier
whose phase differs from that of the carrier used in the transmitter by ¢ radians.
(a) Determine the effect of the phase error ¢ on the average probability of error of
this receiver.
(b) As a check on the formula derived in part (a), show that when the phase error is
zero the formula reduces to the same form as in Eq. (10.44).

Solution
(a) With BPSK, assume the transmitted signal is (10.36):

s(t) = Ai bh(t—kT)cos(2xft),

where by = +1 for a 1 and by = -1 for a 0, h(t) is the rectangular pulse rect(t _I /2) .

The received signal is

X(t) =s(t) + n(t)
= A:ibkh(t —KkT)cos(27 f.t) +n, (t)cos(2x f t) —n, (t)sin(27 f 1)

The receiver matched filter is the integrate-and-dump filter. The output for the k™ symbol
after down-conversion with phase error ¢ and match filtering is:

Y, = j “ _x(t)cos(2z ft+ gt

[A:b +n, (t)]cos(27 f t) cos(2r f .t + g)dt — jkil nQ(t)sin(Zﬂfct)cos(Zzzfct+¢)dt

(k-1)T

« mE[ACb +n, (t)][cos¢ +cos(4rx f .t +¢)]dt — J'( T3 Q(t)[sm(47zft+¢5)+sm( ¢)]dt

:%Ab COS ¢+ J' ,(t)cos¢dt+'[ n(t)sin¢dt

=T5Abk cosg+ N,

where we define

1k .
N, :E . n, (t)cosgdt +— I nQ(t)sm¢dt

Continued on next slide
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Problem 10.27 continued

The random variable Ny has zero mean and variance

var[N, ] = cos’ ¢NT°:|-+sin2 ¢NL

= NOT =O‘2
4

Let = % A, cos¢ . Then the probability of bit error P is

P, =P[b, =1]P[Y, <0|b, =1]+ P[b, =-1]P[Y, >0|b, =-1]
Y - O=m gy L (AT
_ZI—wﬂaexp{ o’ } '[ \/—O_exp{ o’ }dy

=0

with E, = A:T :%A%cow,a:%\/NoT,wehave Pe:Q[

2E, cos¢g
NO

(b) When the phase error ¢=0, P, = Q[ /ZNE ] as the same as Eq. (10.44).
0
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