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Coordinate Systems and Transformation

e Cartesian Coordinates

z = constant

X = constant

Q
¥ = constant

R SR __’..__'_;_‘_____.J -

We study right handed coordinates system xyz:

axa =a,axa =a,axa =a,

X = constant, y = constant, z = constant
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Coordinate Systems and Transformation

* Orthogonal Curvilinear Coordinates: it is a coordinate system in which the points in
space are specified as the intersection of three curved planes (curved lines), which are
mutually perpendicular to each other. (3 orthogonal planes, basis vectors needed)

Goals:

* Define new coordinate systems for . o1 constant
cylindrical and spherical symmetrical
problems(plane equations and basis 02 constant
vectors for which only one coordinate
changes when moving along)

* To get the differential length
differential surface and differential
volume in different coordinate
systems, because we need them to
perform line surface and volume vs constant
integrals for problems with different
symmetries

* To convert from one coordinate system 3
to another
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« Sometimes presenting space coordinates in a different coordinate system than
Cartesian coordinates can be beneficial. Specifically, in problems where spherical or
cylindrical symmetry can lead to simplified calculations and treatment of the problem
in hand. That is why, the more general curvilinear coordinate system is presented here
and the two most important curvilinear coordinates (spherical and cylindrical) are
treated in details. To define a coordinate system, the planes need to be defined and
basis vectors.

* Any curved plane can be presented as a function of the x, y, z coordinates.
* Suppose a new coordinate curvilinear coordinate system is to be defined by
three curved planes (u, = constant , u, = constant, u, =constant)

‘=t Xy2,u,=L%Yy2),u=1(XY,2)
* Inversion of the functions: x =g, (u;, u,, uy) , y =g, (uy, u,, uy), 2 =g, (uy, u,, U;)
To represent any vector in the new coordinate system two steps are required:

A= A(X, Yy, 2)a,, A(X, Y, 2)ay, A(X, Y, 2)a,

1. Substitute x = g; (u;, u,, u3) , y = g; (uy, Uy, u3) , 2= g, (uy, Uy, uy)

2. Find the relation between the directions a,; , a,, a,;anda,,ag ,a, 4
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Coordinate Systems and Transformation

Important: the position vector is very helpful in determining the relation between the
directions of the two coordinate systems.

)
Z

R=xa,, ya,, za,
P(x.y.2)

Jl

R=g, (u;, uy, u3) a+ g, (u, uy, uy) ay +g; (u;, u,, u;) a,

-4 Note: The unit vectors can be only in the Cartesian
coordinates for the position vector, because the
directions in other coordinate system are dependent
of space, whereas, they are independent from the
position of the point in space.

The derivative of the position vector with respect to a coordinate (keeping the other two
coordinates constant) is in the direction of that coordinate:

IR 21 JR 2’ OR c)z c{ - might not be a unit vector, we define a unit vector
aul o 8u2 o 8u3

a, by dividing by the magnitude of 21
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Coordinate Systems and Transformation

 The unit vectors are:

d d d
d. = 2,3u2= ;23 8 =7 }A:ﬁ h=£ h=8R
L L 2 ou, - ou, : ou,
ou, ou, ou,
1 9R 1 R 1 dR h., h,, h, are called the conversion
a“l a”z a“s By . :
By ou,” h, du,’ hy du, metric coefficients

The differential length vector is important for finding integrals (such as work, and
potential difference), It is also helpful in finding the differential area and volume
which is also essential to perform integrals in electromagnetic theory. The conversion
factors are necessary to convert a non-length coordinate like angle to a differential

length in the direction of that coordinate. . :
Can be found graphical or using

I OR du IR du, + IR du, this approach, for more
ou, ou, ou, complicated curvilinear 6

3 coordinates this is easier
dR = hdua, +hdu,a, +hdua,
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 Differential length area and volume

Differential length Differential area Differential Volume
dL = h1a’ulau1 + hza’uzau2 + h3a’u3au3 a’Su1 = hza’u2h3a’u321u1 dV = hld%hzduz]%d%
2 dS, =hduhduya,
ds, = hduhdu,a,

dL = \(hdu, )’ +(hdu, )’ +(hdu, )

h,du,

h,du,
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* Circular cylindrical coordinate system

4

Z = constant

¢ = a constant

% p = a constant

zZ= conStant, 0 = constant, ¢ = constant

p=vV>2+12 (=0  x=pcosp
¥ : -
¢ = tan ‘; &y =psing &

N

: " " - <
> » » » < > »
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Circular cylindrical coordinate system a ¢ a =0,a ®a =0,a *a, =0

R=xa +ya +za, a,*a,=lLa *a =la *a =1
R=pcosga, +psinga, +za_ (o,pz)=>a,xa,=a ,a xa =a,axa,=a,
Finding the directions and metric coefficients:

oR : R :
—=cosq0ax+s1nq0ay=2p a—=—ps1n¢ax+pcos¢ay=gz¢ %=a =2

ap G(p 5 z z

IR R

=1, —\/cos @+sin’ @ =1 o =h, —\/,0 (cos’ @ +sin’ @) = p it i

ap 0@ 0z
a,=cosga,_+singa, a,=-singa, +cosga, a_=a,

Solving the three equations:

a,=cosga, —singa, a,=singa, +cosga, a_=a,
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Coordinate Systems and Transformation

* Circular cylindrical coordinate system

b S -
z+dz | R~ hb
z e S - dz
Y , S I J‘ dz
¢ Fdp\P it Py
prdpy — dp
dL=dpa,+ pdepa, +dza_ dS, = pdgdza,, dV = pd pdedz

Ll =\(dp) + p* (dg) +(dz)' S, =dpdza,
dS. =dppdea, = pdpdya, 10
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* Conversion between Circular cylindrical coordinates and Cartesian coordinates

A=A.a,+ A,ra}' + A.a; Conversion A = Apap -+ A¢3¢ + A-a.

To find any desired component of a vector, we recall from the discussion of
the dot product that a component in a desired direction may be obtained by
taking the dot product of the vector and a unit vector in the desired direction.
Hence,

A, =A-a, and Ay = A-ay

Expanding these dot products, we have
.4/) — (14.\-3_\‘ + f‘ya.y + /‘1:3:) * ap — 14‘\‘3_\‘ * ap _+_ x4_;vay * ap
Ap = (Axay + Ayay, + A-a;)-ap = Ayay-ay + Aya, -ay
A. =(Ava,+Aya, + A.a.)-a. = A.a.-a. = A.

° e
a,®a,=cos@

X

X = pCos ¢

y = psin ¢

a, =cosga, —singa, a,*a, =sing

Y
a,=singa, +cosga_ a *a, =-sing

o=y a,6®a, =cosg s L
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 Conversion between Circular cylindrical coordinates and Cartesian coordinates in

matrix form

In matrix form, we have the transformation of vector A from (A,, A,, A, to

(A, Ag, A,) as
A, Cos¢ sin¢ A,
Ay | = | —singd cos¢ Ay
A, 0 0 A,
From cylindrical to cartesian
A, COs¢$ —sin¢ A,
Ay, | = |sing cosé Ag
A, 0 0 A,

12
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* Conversion between Circular cylindrical coordinates and Cartesian coordinates

Dot products of unit vectors in cylindrical and cartesian
coordinate systems

ap a4 a,
a, cos ¢ —sing 0
a, sin ¢ cos ¢ 0
a, 0 0 1

Example:

Transform the vector B = ya, — xa, + za. into cylindrical coordinates.

Solution. The new components are
B, =B-a, = yy(a.-a,) — x(a,-a,)
= ycos¢ — xsing¢g = psingpcos¢p — pcosgsing = 0
By =B-a; =y(a.-a3) — x(a, -ay)
= —ysing — xcos¢p = —psin’¢p — pcos g = —p
Thus,
B = —pay + za.

13
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* Spherical coordinate system @ = constant, » = constant, P ™
z / N\ N
@ = constant Y Fla X
@ = constant I/ \ \\
/ / .‘II \‘
, / N | "
S e : N l' @ \\\:. ///
". i 0= E | ”/)/

Y

¢ = constant

r=/x2+4 )2+ 22 (r=0) X = rsinf cos ¢ y
0 = cos™! - 0°=0<180") Vv=r sinfsin¢

VA . z=rcosd
¢=tan"l£ -—
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* Spherical coordinate system a#a =04 va -0 -a+*a =0

R=xa_+ya, +za, a,*a =la,*a,=La *a =1
R =rsinfcosga_+rsinfsinga, +rcosta, (LO.@)=s o xa, =a5 8, <4, /=0..8,x4 =3,
Finding the directions and metric coefficients:

oR : : 2
— =rcosfcosga, +rcosfsinga —rsinbfa_=a,

heRe . :
?9_ =sinfcosga, +sinfsinga  +cosba_ = gr
r
R : :
Z_R =, =\/SiﬂzH(Cosz¢+sin2¢)+coszﬁ =1 2_9 =1, =\/’”2 cos’ 9(0082¢+Sln2 ¢)+r2 sin@ =r
r

a, =sinfcosga +sinfsinga +cosba, a, =cosfcosga_+cosfsinga —sinba,

oR : ] -
—=-rsinfsinga_+rsinfdcosga = 39

@

R . ; ;
e J#* sin® B(cos’ @+ sin’ @) = rsin 6

opl 7
| 1)

a,=-singa_ +cosga,
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* Spherical coordinate system

L dr

N

’I F / \;—\ : \.'—.. : _r do
/// \\:\\i\ ]
/‘ N WS rsinfdeg

dL =dra, +rdfa, +rsinfdga

dL| = \|(dr)’ +(rd6) +(rsin6dg)

rd@

rsin@d g
dr

dS, =r’sinfd@dga, dV =r*sinOdrdOdg
dS, =rsinfdrdga,
ds, =rdrd0a, 16
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* Spherical coordinate system

s

x

Figure 2.4 Point P and unit vectors in spherical coordinates.

TABLE 1.2
Dot products of unit vectors in spherical and cartesian

coordinate systems

a, a Ay
a,- sinfcos ¢ cosfcos ¢ — sin ¢
a,- sin @sin ¢ cosfsing cos ¢

a.- cosé —sin# 0 11 ‘
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* Spherical coordinate system conversion to and from Cartesian

In matrix form, the (A,, A,, A;) = (A,, Ay, A4) vector transformation is performed accord-

ing to

A,
Ag =
Ay

sin @ cos ¢
cos 0 cos ¢
~sin ¢

sin @ sin ¢
cos @ sin ¢
cos ¢

cos @ || A,
—sin 8 || A,
0 (| A,

(2.27)

The inverse transformation (4,, Ay, Ay) — (4,, A,, A,) is similarly obtained, or we obtain it

from eq. (2.23). Thus,

A,

Al =
A

sinf cos ¢ cos @ cose¢

sin @ sin ¢
cos 6

cos @ sin ¢
—sin 6

—sin ¢

Ccos ¢

A,
Ag

0 || A,

(2.28)
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 Example

Given point P(—2, 6, 3) and vector A = ya, + (x + 2)a,, express P and A in ¢yl
and spherical coordinates. Evaluate A at P in the Cartesian, cylindrical, and s
systems.

Solution:
Atpoint P: x = —2,y = 6,z = 3. Hence,

p= VX2 +y2="V4 +36 =632

6
¢ = tan"% = tan~ ' — = 108.43°

z=273

r=Vx+y +22=V4+36+9=7
‘\/ 2+ 2

o=tan“~—x7—y—=tan"———°3‘m=64.62°

Thus,

P(—2,6,3) = P(6.32,108.43°, 3) = P(7, 64.62°,108.43°)
In the Cartesian system, A at P is

A = 6a, + a,

19
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e Cont...

For vector A, A, = y,A, = x + z, A, = 0. Hence, in the cylindrical system
A, cos¢p sing O y
Ay | = | —singp coseéd O | x+z
A, 0 0o 1 0

A, =ycos¢ + (x + z)sin¢

or

Ay = —ysing + (x + z) cos ¢
A, =0
But x = p cos ¢, y = p sin ¢, and substituting these yields

A= (A, Ay A) = [pcos ¢psing + (pcos ¢ + 2)sin ¢la,
+ [ — psin’¢ + (p cos ¢ + 2) cos Pla,

At P

p = V40, taJu)S:_i2

cos¢=-\—/——j_0, sin¢=%
A=[\/4_0m \/_+(\/_ —+3 \/_],7
+[—m—+(\/_ \/_ ) ]a¢

—6 38

=\/4_0a,, \/_a‘—~09487a,—6008a, : 20 .
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e Cont...
But x = rsin 6 cos ¢, y = rsin 8 sin ¢, and 7 = r cos 0. Substituting these yields

A= (Ars AO’ Ad))
= r[sin® 0 cos ¢ sin ¢ + (sin 6 cos ¢ + cos 0) sin 0 sin $]a,
+ rlsin 0 cos @ sin ¢ cos ¢ + (sin @ cos ¢ + cos 0) cos § sin ¢a,
+ r[—sin @ sin® ¢ + (sin 0 cos ¢ + cos B) cos ¢la,

At P

6
r=17, tanq5=—2~, tan = ——

Hence,

21
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e Cont...
cos<b=j—, sin¢=—6—*, cosﬂ=§, sin9=—\/i_0
40 40 7 7
A=7.[19. 2.6 +(\/35. 2 +3).\/4_0. 6 ]
49 \/40 V40 7 Nao 7 7 Naol '
Ly Y3 6 =2 +(\/4_0. 23y e,
L 77 Va0 Vao 7 ~Vao 7/ T Va
= 40.§+(\/E)_ ) +§). ) ]a
7 40 7 Ao 7/ Vaol”
—6 18 38

, a a
7 Va0 a0

= —0.8571a, — 0.4066a, — 6.008a,
Note that |A| is the same in the three systems; that is,

A(x, y,2)| = |A(p, 8, 2)| = |A(r, 0, $)| = 6.083 | | 99
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« Example: from spherical to cylindrical

sin &
0
cos 6

rsinﬁ

cos @
0

L

cosfd O

0 1

—smnf 0

0 cosf|
0 —sinf

1

0

A,
Ag
Ag

R

p=rsin §

P(X,)'.2)=P(rs 8, ¢)=P(P-¢‘Z)

z=rcos 0

¢

/ y=psin ¢ T~

X

Figure 2.5 Relationships between space variables (x, y, 2), (7, 8, ¢),
and (p, ¢, 2).

23
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« Distance and vector magnitude in coordinate systems

Important: the magnitude of the vector is the same in all coordinate systems. This
can be used as a way to confirm the correctness of conversion.

A= VA + A2+ A
Al = (4, + A + AD'"
A| = (A2 + 4] + AD)"?

The distance between two points is usually necessary in EM theory. The distance d
between two points with position vectors ry and r, is generally given by

d —_— ‘l‘2 - r||
d?> = (x; — x;)> + (32 — ¥1)° + (z2 — z,)* (Cartesian)

d® = p3 + pi — 2p\p2cos(dy — @) + (z» — z;)” (cylindrical)

-
d2 — r% -+ ri' — 2r]r2 COS 02 COS 0]

— 2rr, sin 6, sin 6, cos(¢, — ¢,) (spherical) 24



