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Basics of Vector Calculus

* Line, Surface and Volume integrals

EXAMPLE 3.1

Consider the object shown in Figure 3.7. Calculate

(a) The distance BC

(b) The distance CD

(¢c) The surface area ABCD
(d) The surface area ABO
(e) The surface area AOFD
(f) The volume ABDCFO

Solution:

Although points A, B, C, and D are given in Cartesian coordinates, it is obvious that the
object has cylindrical symmetry. Hence, we solve the problem in cylindrical coordinates
The points are transformed from Cartesian to cylindrical coordinates as follows:

A(S,0,0) - A(5,0°,0)

B0, 5.0) — 3(5, —’25 o)

2
D(5, 0, 10) — D(5, 0°, 10)

C(, 5, 10) — C(S, ] 10)
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Basics of Vector Calculus
* Line, Surface and Volume integrals

z Figure 3.7 For Example 3.1,

"

_ (0, 5, 10)

D(5,0,10) g

7 B(0.5.0) "ok
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Basics of Vector Calculus
* Line, Surface and Volume integrals

(a) Along BC, dl = dz; hence,
10
BC = Jfﬂ:J dz = 10
0

(b) Along CD, dl = pdpand p = 5, s0

x/2

= 251

]

w2
CD=J pdp =3¢
0

(¢) For ABCD, dS = pd¢ dz, p = 5. Hence,

w2 10 w2 10
area ABCD = J'dS: J j pd¢dz=5J dch dz
= 0

$=0 "z=0 0

= 25«

p=>5

(d) ForABO, dS = pd¢ dp and z = 0, so

w2 5 /2 5
area ABQO = J J o dodp = J d j pdp = 6.257
=0 “p=0 0 0 4
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Basics of Vector Calculus
* Line, Surface and Volume integrals

(e) For AOFD, dS = dp dz and ¢ = 0°, so

5 1o
area AOFD = J' J dp dz = 50
0

z=0

(f) For volume ABDCFO, dv = p d¢ dz dp. Hence,

5 w2 10 10 /2 5
=0 ‘=0 “2=0 0 0 0

p=0 "¢
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Basics of Vector Calculus
* Line, Surface and Volume integrals

« The third category is to calculate the integral of a vector field over a
line, surface, or volume. In this case a vector field enters the integral.
Ex. Calculating work done, the potential, the flux...

Work done: W = fF dl.

For closed path integral, it is called circulation f A -dl

Normally the result depends on the path,
if the result is independent of the path the
vector field is called conservative. And its
integral over closed path is zero.
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Basics of Vector Calculus

* Surface integral example

EXAMPLE 3.2

Given that F = x%a, — xza, — yzaz, calculate the circulation of F around the (closed) path
shown in Figure 3.10.

Solution:
The circulation of F around path L is given by

jﬂLF.d.:(£+L+L+DF.d.

where the path is broken into segments numbered 1 to 4 as shown in Figure 3.10.
Forsegment 1,y =0 =z

F = x’a,_, dl = dx a,

Notice that 41 is always taken as along +a, so that the direction on segment 1 is taken care

of by the limits of integration. Thus,
0 310
1
jF-dl= J Py = =
. A 3 L 3
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Basics of Vector Calculus

* Surface integral example

1

z

3

Figure 3.10 For Example 3.2.

Forsegment 2, x = 0 =z, F = —y®a_, dl = dy a,, ¥ - dl = 0. Hence,

JF'dl=O
2
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Basics of Vector Calculus
* Surface integral example

For segment 3,y = 1, F = x’a, — xza, —a,and dl = dxa, + dza, so
JF-dl= J(xgdr—dz)
3

But on 3, z = x; that is, dx = dz. Hence,

‘ 2
. 3

1 3
JF-dl= f o ~ l)dx=%——x
3 0

For segment4, x = I,soF = a, — za, — yzaz, and dl = dy a, + dz a,. Hence,

fF-dlz J(-zd)"‘yzdz)
4
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Basics of Vector Calculus
* Surface integral example

But on 4, z = y; that is, dz = dy, so

0 2 310
. == e —_ 2 = -—-z—-— —_ 1-— = g
LF dl [ (—y —y)ady 2 31,76
By putting all these together, we obtain
1 2 3 1
F-dl=——74+0—-+—-=—
£ 3 3 6 6

10
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Basics of Vector Calculus
* Line 1ntegral example

:__3_,;_§5_-.;:Pmc1‘1cE EKERCISE 3.,2

':_;’f.'-'é.fCalculate tlme_ c:rciﬁaum uf

ammlﬂﬁw Edg&_eL of "the'wedge dcﬁﬂed b? U *-”: p *"-f 2 ﬂ = 95 ﬂ 6{3" z = E! and
:;3':-:;_3_9110?:‘11111 Flgtm:;S 11, S e e

600

1
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Basics of Vector Calculus
* Line, Surface and Volume integrals

Surface integral of vector field: Flux of A through the given area

surface § —
v-[n-a
5
Y= ob A-dS Surface integral of vector field over closed area
- 5 It is also called the net outward flux.

12
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Basics of Vector Calculus
» Spatial derivatives (differential calculus)

Question: Suppose we have a function of one variable: f(x). What does the derivative,

df/dx, do for us? Answer: It tells us how rapidly the function f (x) varies when we change
the argument x by a tiny amount, dx;

1. Differentiation of a scalar field with multivariable, leads to gradient of a scalar
field

Gradient is a vector which tells us the direction and the amount of maximum
rate of change of the scalar field at a certain point in space.

v : - The derivation
_-“"éﬂng;' GV = (V) -de, ! depends on the
{ ' ~ parallel and normal
- aV oV sV component to the
T L N N constant surface
ﬂV. av oV
VY = ol R . A
']'u; h q + u‘u; hz Em; ) "lll.] h3 auﬂ 13
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Basics of Vector Calculus
Gradiant in coordinates systems

av v av || v, Lav eV v Lav I av
VWw=—a +—a +—a et - = P+ ———ay+ —
axr dy W az %WV ap Bt 0 do s az A v Hr r adf rsinf do o
Cartesian Cylindrical Spherical
Gradient Properties The del Operator (Nabla)
(@) WV + U)=VV+ VU - 2
i . vE ﬂul-—-{-a“z,—-—_ﬁ-a"_:__
(b) V(vU) = VVU + UVV hy du, “hy Ouy * hy Ou;
© v[gJ _UVWv- VW |
Ul U2
(d) YV = nV"VY

The projection (or component) of VV in the direction of a unit vector ais VV- a
and is called the directional derivative of V along a. This is the rate of change of V

in the direction of a.
14
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Basics of Vector Calculus

Gradiant Example 1

EKAMFL_E. 3.3

Find the gradient of the following scalar fields:
(a) V= ¢ “sin2xcoshy

(b) U= p°zcos2¢

(¢) W = 10rsin’ 6 cos ¢

Solution:

aV av aV
O Y =—a +r—8+—8
@) ax dy 7 9z ¢

= 2e¢ “cos 2xcosh ya, + ¢ ‘sin 2xsinh ya, — ¢ “sin 2x cosh y a,

al | HU BU
b) VU=—a,+——a, +—
) T T e AT
= 2pzcos 2¢ a, — 2pzsin2¢ a, + p'cos 2 a,
ﬂW 1 6“" 1 ﬂW
VW = 4+ ———a, +
Loy ar Ty 63 rsin @ 6‘¢r

= lﬂsinzﬂcosrﬁa, + 10 sin 26 cos ¢ ag — 10 sin 6 sin ¢ a,

19
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Basics of Vector Calculus

Gradiant Example 2

EXAMPLE 3.4

Given W = x%* + xyz, compute VW and the direction derivative dW/d! in the direction
3a, + 4a, + 12a;at (2, —1,0).

oW W aw
Solution: YW=—a +t——a;+——a;
ax ay Bz

= (2% + yoa, + (Ix%y + x2)a, + ()a,

At(2,—-1,0: VW = 4a, — Say — 2a,
Hence,
dw (3,4,12) _E

?= VW-a, = (4, -8, -2)- THEREEE

16
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Basics of Vector Calculus
Fundamental theory of gradient:

b
fa (VT)-dl = T(b) — T(a).
P

Corollary 1: f:{? T') - dlis independent of path taken from a to b.

Corollary 2:  §(VT) - dl = 0, since the beginning and end points
are identical, and hence T'(b) — T'(a) =

11
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Basics of Vector Calculus

2. Differentiation of a vector field field with multivariable, leads to divergence and
curl of a vector field

Divergence in coordinates systems \ I /4
w} e
-——-— .
f A-dS ¥ + Ry
divA =V A= lim ~5—— / J \
Av—( Av
zero divergence
It is very important to note that derivative is Positive divergence
a point function in contrast to integrals. I
Divergence indicates physically a flow
source or sink, in contrast to vortex source
which is represented in terms of curl. /
i
P
To test if there is divergence at a point we -9 -
take a small volume and check the flux 1
through its closed surface area, and get the P F T F Tt

flux as we shrink the volume to zero to
accurately represent the point

negative divergence Positive dlvngence



i
- 1 .

Electromagnetics | BIRZEIT UNIVERSITY
Basics of Vector Calculus ]g A4S
Divergence in coordinates systems divA = V- A = lim 25—

Av—( Av

EAA B D s o et e g A A 1 R bl e 12 1323
E L

i : A
R RS :._.;.-:35_:' b Rl et e ATEE s BT - T IR Y e e D AR R e L T T et i R o B oo m G viig B L S L A R e B A T B

The name divergence comes from the fact fields which spreads out have a flow
source, not necessarily at each point in space, but at least at a single point. A
divergenceless vector field is called solenoidal. Divergence converts a vector
field into a scalar field.

au3
1 d 0 d
VA= hoh,A 5
hyhyhy L‘Fnl (h2fh34,) ‘t ou, (hihyd) + du, “IJI'AJJ:I'
Auy, u, u3) A 1 9A
o V'Af—a-Ax“f‘ay.i_aAz V-Azli(pﬂp)‘l‘_—'—i‘f'a—m
hsdus a, dx oy 0z P dp P A 0z
=y
haduy 1 ¢ d dA
< V-A=——(@A)+——— (Agsinf) + — ¢
o hyduy A r? ar( ) rsinf@ 00 s ) rsinf 0¢
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Basics of Vector Calculus

Divergence in coordinates systems

EXAMPLE 3.6 Determine the divergence of these vector fields:

(a) P = xzyz I
(b) Q=psinga, + p'za, + zcospa,

(¢) T=l2cos€a,+rsin8ms¢aﬂ + cos B a,
r

Solution:

d 0 d
E0 I N S o By S W e 1)

ox ay 0z

d 5 d d
= —@h)+ —(0) + —
P (x"yz) ay(} = (xz)
=2xyz+.x

(b) V- Q=“—(9Qp) _E{;Q"' _Qz
1 6

=;—(p sin ¢) + l-ég(p“ ) +—“(zcos¢)

= 2sin¢ + cos ¢ 20




I o .
ectromagnetics BIRZEIT UNIVERSITY

Basics of Vector Calculus
Divergence in coordinates systems

_1a Nl
(c) V T—rz (r'T,) + oy 6(T351nﬂ)+ 3a¢( Ty)
_l_&_ E?)-I-—l——(rsm f cos ¢) + d (cos )
2oar oos nf of o8 rsin @ o¢
=0+ ——2rsinfcosfcosop + 0
r sin
= 2cos fcos ¢

21
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Basics of Vector Calculus
Divergence Theorem (Gauss‘s theorem):

Lf ?-Adu=§ A -ds.
v s ;

EXAMPLE 3.7 IfG(r) = 1Ue_23(pap + a,), determine the flux of G out of the entire surface of the cylinder
' ' p = 1,0 = z = 1. Confirm the result using the divergence theorem.

Solution: %H
| ]

If ¥ is the flux of G through the given surface, shown in Figure 3.17, then S

'Pz%G-dSz‘Pt+‘Pb+‘Ps
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Basics of Vector Calculus
Divergence Theorem (Gauss‘s theorem):

where ¥,, ¥, and ¥, are the fluxes through the top, bottom, and sides (curved surface) of
the cylinder as in Figure 3.17.

For ¥,z = 1,dS = pdp d¢ a.. Hence,

1 2 2
= JG -dS = J J‘ 10e “p dp d¢ = 103_2(211'}%

p=0 "6=0

0
: g
= |0we

For ¥, z = O and dS = p dp d¢(—a,). Hence,

2

1 2r
‘PE,—JG«d’S=J J lOEnpdpdtf):—iO(Zﬂ‘)%
b —_—

=0 "¢=0

1

0
= —107

For ¥, p = 1,dS = pdzdd a,. Hence,
-2z

b g =

I

1 2x
[G-ds = J J 10e %p% dz dp = 10(1)> (211'}
5 =0 “g=10
= 10m(l — e~ ?)

’ 23
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Basics of Vector Calculus
Divergence Theorem (Gauss‘s theorem):
Thus,

Y=Y +¥ + ¥ =10re > 10+ 10x(1 —¢ %) =0

Alternatively, since S is a closed surface, we can apply the divergence theorem:

Y= '{ G dS = J.(V-G)dv
§

v

But
V'G—l—(p(}) G BG
pap P g " Gathe
1 o

= ——(,0210 ‘22) —20e % =0
p op
showing that G has no source. Hence,

J (V- G)dv =

24
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Basics of Vector Calculus
Curl of a vector field:

A - dl
curl A = VXA=(lim E‘L—)an
as-0  AS M,

1 a ¢ ¢
VXxAs ——|— 2N
hyA, hyA, hid,
a, pa; a
119 0 d
VXA=- _— =
p |dp dé 9z
A, pAs, A,

Z%/ _ //,f
o PR i SR S G
f‘;’::':"ff/ = */_“_*__ -
\:‘1 “"_,,.:___, v _/i_.. e g
! (a) _/'/ (&)
a, a, a,
d d 0
VXA=
dx dy dz
A, A, A
a, rag rsinfa,
ad d d
VX A= T T [P Tt et
r sing [or 00 09 25
A, rAg rsinfAgl
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Basics of Vector Calculus
CurI of a vector field:

E VPL E 3‘3 ‘ Determine the curl of the vector fields

(a) P = x’yza, +za,
(b) Q=psinga, +pza, + zcospa,

1

(¢) T=—cosfa, +rsinficospa, +cosba,

r

Solution:

@ VXPZ(aP AP, )) (an_ aPz)aﬂL(a_Pi_g&)az
ay dz a9z dx / - ax dy

©0-0)a, + (x’y —2a, + (0 — x’9)a,

(xy — z)a, — x’za,

- lf’_Q_z_E%J [an_an} }_[
(b) V X Q lp ﬂ(f,) 3z a, + oz 3p a¢, 0

== 1
= (—p— sin ¢ — pz) a, + (0 — 0, + ;(3,0'2: — pcos ¢)a,

1 .
= --; (zsin¢d + ,c:v3).::|p + (3pz — cos ¢)a,

26
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Basics of Vector Calculus
Curl of a vector field:

) VXT= [ (Tgsin 0) — ?Tg} a,

rsin @

11 9 1 9
o Lo o o2 S R )
r Lin 896" ar T ] . [ (r76) = g T}

1 d d

= eind [ﬁ(cnsﬁsm f) — a—gg(r sin @ cos cﬁ}]
11 9 [_cost?)_ d

Ty lsnfas 2 or {rmsm}a"

1 i _i(cosﬂ)
+r_a (r’ sin § cos @) 8 ]%

—— (cos 20 + rsin 6 sin ¢)a, + - (0 — cos B)ay
rsin f r

1 )
(2?‘ sin f cos ¢ + 51_112_) a,
r r

_(cnsZﬁ_j_si ¢)ﬂ cos b +(2 5 2 l) 9a
= n 2 —ay cos sin f a,

21
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Basics of Vector Calculus

Stokes‘ theorem for the Curl of a vector field:

%A.dlzJ(?xA)*dS @
L L @@
Corollary 1:  f(V x v) - da depends only on the boundary line, not ﬁ@
on the particular surface used. a@
Corollary 2: f{? x v) - da = 0 for any closed surface, since the @
boundary line, like the mouth of a balloon, shrinks
down to a point, and hence the right side of Eq. 1.57
vanishes.
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Basics of Vector Calculus
Stokes‘ theorem example
R 2 o)
EXAMPLE 3.9 If A=pcos¢a, + sin¢ay, evaluate § A - dl around the path shown in Flgure 3.22.
T Confirm this using Stokes’s theorem.
Solution:
Let

5_-_‘-'_‘---.
““"'\d
b € d a
j£A-a‘l={J +J +J +JJA-dl
L a b [ d

L
where path L has been divided into segments ab, bc, cd, and da as in Figure 3.22
Along ab, p = 2 and dl = p d¢ a,. Hence

b 30°
JA-dl=[ psin¢dp =

\
2p-—_a \'\
30° / \
=-(V3-1 g " ‘xl
0 2 5

29
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Basics of Vector Calculus

Stokes‘ theorem example:
Along bc, ¢ = 30° and dl = dp a,. Hence,

¢ 5 215
21V3
[ A-dI=J pcos¢ndp=cos30°p— =
. - 2 |, 4
o
Along cd, p = 5 and d1 = p d¢ a,. Hence,
d 60° 60" g
[ A-dI=J o sin ¢ do = 5(—cos ¢) =—(\/§—1)
: 6= 30° 00 2
Along da, ¢ = 60° and dl = dp a,. Hence,
@ 2 pz 2 2]
A-dl = pcoseddp =cos60°— | = ——
_ 2 s 4

o pP=3
Putting all these together results in

3 05 21
%A-dl=—\/§+1+21:@+5\f————

L

2
= ?7(\/5 — 1) = 4.941
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Basics of Vector Calculus

Stokes‘ theorem example:
Using Stokes’s theorem (because L is a closed path)

jEA-dl=J(V><A)°dS
L

K}

But dS = p d¢ dp a_and

1 0A, oA dA,  9A, 1[a 0A,
VXA= —“"]+ [—"—’——*]4— [ A ——]
% [ dé oz T Yol ap (pAs) dd

1
=0 — 0a, + (0 — 0)a, + ;(l + p) sin ¢ a,
Hence:

T 60° 5 1
J(VXA)'dS=J f ;(l+p)sin¢pdpd¢
s P

=30 “p=2

6 5
=J sinédé[(l+p)dp
30° 2
60° 2\ |5
o
p+—)
o5

’ 31
= %7(\/5 — 1) = 4941

= —Ccos ¢
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Basics of Vector Calculus
Second order derivatives:

1. The curl of the gradient of any scalar field is zero

Vx(VV)=0 Use Stokes theory to prove it

2. The divergence of the curl of and vector field is zero

. \Y «'t\? x A)=0 This also means that any solenoidal field can
i be wirtten as the curl of another vector field

IB--V¥V x A

Use divergence theory to prove it

3. The divergence of gradient (the Laplacian) V¢
2. 1 c hyhs O o hihs O c hih, ©¢ ))
Vg = hih2hs (81.11 ( hi1  Cu; )+ Ot ( ho  Cus )+ O3 hs  Cus

: 2 - 1 0 (,24ing%® ) 4 @ op\, 8 (_1_ 09
Spherical Vg 2 sing (ar (r smné o )-I— 30 (sm@ 50 ) (51119 o ))

Coordinates 1.0 (Fzg_q])+ 1 5 (sme @@) 1 8o
2 sinf c6 oL’ r2sin?@ oA’
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Basics of Vector Calculus
Second order derivatives:

In cylindrical polars, the Laplacian operator is

2 _1( 8 (pop 6 (19, 8 (p0
e R(BR(RGR)+89(R89)+&:(R ~D

0 (po 1 ¢ B¢
aR(RﬁR)+ oy

1
R
4. Gradient of divergence

V(V-¥) Seldom occurs in physical applications
5. The curl of curl

V x (Vxv)=V(V.v) -V

So curl-of-curl gives nothing new:

Really, then, there are just two kinds of second derivatives: the Laplacian (which is
of fundamental importance) and the gradient-of-divergence (which we seldom encounter),
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Basics of Vector Calculus
Classification of fields:

Sulenﬁg_i_d‘zf and irrotational if
= V:F=0 and VxF=0.
Example: A statie eleetrie field in a charge-free region,
‘2. Solenoidal but not irrotational if
V-F=0 ‘and VxF#0.
Example: A steady magnetic field in a current-carrying conductor.

3. Irrotational but not solenoidal if . Anirrotational field is also called
VxF=0 and V-F%0 _ conservative field, because it is

Example: A static electric field in a charged region. path independent

4. Neither solenoidal nor irrotational if” ;
V-F#0 ' anl Vx¥#0.

Example: Anelectric field iny o7 pgew mediva with o viee-vgrytag magaetic feld.

34




