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• Line, Surface and Volume integrals

• The third category is to calculate the integral of a vector field over a 
line, surface, or volume. In this case a vector field enters the integral. 
Ex. Calculating work done, the potential, the flux...

For closed path integral, it is called circulation

Work done:

Normally the result depends on the path, 
if the result is independent of the path the 
vector field is called conservative. And its 
integral over closed path is zero.
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• Line integral example
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• Line, Surface and Volume integrals

Surface integral of vector field: Flux of A through the given area 

Surface integral of vector field over closed area
It is also called the net outward flux.
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• Spatial derivatives (differential calculus)

1. Differentiation of a scalar field with multivariable, leads to gradient of a scalar 
field
Gradient is a vector which tells us the direction and the amount of maximum 
rate of change of the scalar field at a certain point in space. 

The derivation 
depends on the 
parallel and normal 
component to the 
constant surface



Electromagnetics I

Basics of Vector Calculus

14

Gradiant in coordinates systems

Gradient Properties

Cartesian Cylindrical Spherical

The del Operator (Nabla)
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Gradiant Example 1



Electromagnetics I

Basics of Vector Calculus

16

Gradiant Example 2
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Fundamental theory of gradient:
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Divergence in coordinates systems

2.   Differentiation of a vector field field with multivariable, leads to divergence and 
curl of a vector field

It is very important to note that derivative is 
a point function in contrast to integrals. 
Divergence indicates physically a flow 
source or sink, in contrast to vortex source 
which is represented in terms of curl. 

To test if there is divergence at a point we 
take a small volume and check the flux 
through its closed surface area, and get the 
flux as we shrink the volume to zero to 
accurately represent the point

Positive divergence

Positive divergence

zero divergence

negative divergence
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Divergence in coordinates systems

The name divergence comes from the fact fields which spreads out have a flow 
source, not necessarily at each point in space, but at least at a single point. A 
divergenceless vector field is called solenoidal. Divergence converts a vector 
field into a scalar field.

-au2

au3

au1

A(u1, u2, u3)
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Divergence in coordinates systems
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Divergence in coordinates systems
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Divergence Theorem (Gauss‘s theorem):
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Divergence Theorem (Gauss‘s theorem):
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Divergence Theorem (Gauss‘s theorem):
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Curl of a vector field:
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Curl of a vector field:
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Curl of a vector field:
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Stokes‘ theorem for the Curl of a vector field:
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Stokes‘ theorem example:
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Stokes‘ theorem example:
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Stokes‘ theorem example:
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Second order derivatives:

1. The curl of the gradient of any scalar field is zero

2. The divergence of the curl of and vector field is zero

Use divergence theory to prove it

Use Stokes theory to prove it

This also means that any solenoidal field can 
be wirtten as the curl of another vector field

3. The divergence of gradient (the Laplacian)

Spherical 
Coordinates
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Second order derivatives:

4. Gradient of divergence

5. The curl of curl

Seldom occurs in physical applications
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Classification of fields:

An irrotational field is also called 
conservative field, because it is 
path independent


