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PREFACE 

This book is intended for upper-division electrical engineering students studying 
power system analysis and design or as a reference for practicing engineers. As a 
reference, the book is written with self-study in mind. The text has grown out of 
many years of teaching the subject material to students in electrical engineering at 
various universities, including Michigan Technological University and Milwaukee 
School of Engineering. 

Prerequisites for students using this text are physics and mathematics through 
differential equations and a circuit course. A background in electric machines is de­
sirable, but not essentiaL Other required background materials, including MATlAB 
and an introduction to control systc:m~, :ire pro\' id~d in the appendixes. 

In recent years, the analysis and design of power systems have been affected 
dramatically by the widespread use of personal computers. Personal computers 
h3.ve become so powerful and advanced that they can be used easily to perform 
steady-state and transient analysis of large interconnected power systems. Mod­
em personal computers' ability to provide information, ask questions, and react 
to responses have enabled engineering educators to integrate computers into the 
curriculum. One of the difficulties of teaching power system analysis courses is 
not having a real system with which to experiment in the laboratory. Therefore, 
this book is written to supplement the teaching of power system analysis with a 
computer-simulated system. I developed many programs for power system analy­
sis, giving students a valuable tool that allows them to spend more time on analysis 
and design of practical systems and less Oll programming, thereby enhancing the 
learning process. The book abo provides a basis for further exploration of more 

advanced topics in power system analysis. _ . , 
MATlAB is a matrix-based soH wan; package, whIch makes It Ideal for power 

system analysis. MATIAB, with its extensiw numerical resources, can be used to 
obtain numerical solutions that involve various types of vector-matrix operations. 

xv 
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I In addition, SlMULfNK provides a highly interactive environment for simulation 
of both linear and nonlinear dynamic systems. Both progmms are integrated imo 
di);cussions and problems. I developed a power system IQOlbox contai ning a set 
of M-files to help in typical power system analysis . In fact. all the examples and 
figu res in this book have been generated by MA TD\B functions and the usc of this 
toolbox. The power system toolbox a llows the student to analyze and design power 
systems without having to do dctaileJ programming. Some of the! programs, such 
as power flow, optimization, short-ci rcuit, and stability analys is, w(: re originally 
devdoped for a mainframe compmer when I worked for power system consulting 
firms many years ago. 11lese programs have ~en refined and modul:uized for inter­
active uSe with MATLAB for many problems related to the operation and analysis 
of power systems. There software moouh::s are versati le, allowi ng some of the typi ­
~·a l problems to be solved by sevemlmelhods, thus enabling slUdcnls to im'estigalc 
;Lltcmati vc solution techniques. FurthemlOre, the sohwan! modules are structured 
in such a way that the user may mix them for other power system analyses. 

This book has more than 140 ilhl.~tmtive examples that use MATLAB to as­
sist in the analysis of power systems. Each eXllInpl..: illustrm..:s a specific .:oncept 
and usually contains a script of the MATLAS commands USed for thc model cre­
<ltioo and computation. Some examph.::s are qui Ie elaborate, in order to bring Ihe 
pmctie:11 world closer. The MATL"B M- lil..:s on the accompanying diskelle can Ix: 
copied to Ihe user's computer and us..:d to solve ;\11 the r:xampJes. Tht:' scripts can 
abo be utilized with modifications as the found;.uion for solving the end:of-chaptcr 
pmh!..: llIs. 

T~ ht'ok i ~ Ngnnih'd intn 12 chapter,;; :l.nd) appo!ndi:>.es. Each chaplcr be­
gins with a introduction desc ribing. the topics students will encounter. Chapter 1 
is a brid ovcrview of the d~vdopme!nt of power systems and a do!scriptioll of the 
rn;ljor components in 1m: power "yst~lIl . Includ..:t.I is a discussion of go! llcrating :-'Ia­
tions and trammission and submmsmission networks that convey the energy from 
lh..:: primary :>our..:c to thc load :m:as. Chapter 2 reviews power conc~pts and three­
ph ......... systems. Typical students already will h;we studied much of this material. 
However. this specialized topic of networks m:l.y not be included in c ircuit the­
ory courses, and the review here will reinforCe! these concepts. Befote going into 
system analysis. we have to modd all components of elC:ClriclIl power systems. 
Chapter 3 addresses the steo.dy-state presentation and modeling of synchronous 
machines and transfonner.>. Also. the per unit system is presented. followed by the 
OUe-IiIl~' diagram rcpr"::scUl:lIiCl!l of the network. 

Chapter 4 discusses t~ parameters of a multicircuit transmission line. These 
par,lmetefs arc computed for the balanced systr:rn on a per phase basis. Chapter 5 
thoroug.hly covers tnmsmission lif1{' modeling and the perfonnance and compensa­
tion of the Ir.lnsmis~ ion lines. This c hapter provides the concepts and tools neces­
~ary '·or the prcliminary trJ.lI s !lli~~i()n line design. Chapter 6 presents a comprehen-

_._-----_ ._--- _. ----_. __ .- . 
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sive coverage ?fth..: .power flow solution of an interconnected power system during 
no~al operauon .. First, the commonly used iterative techniques for the solution of 
nonlinear algebr.uc equation are discussed Then <- I he th I . .. .....vera approac s 10 e so u-
tlon ~f power flow ~re dcscnbed. These. techniques are applied to the solution of 
pracllcal systems USing the de\'eloped SOftwarr: modules. 

. Ch:1pt~r 7 co~er~ some essential classical op{imization of continuous fune . 
tlons and their ap~hcatlon to Opt.imnl dispalch of generation. The programs dt:\"el. 
oped here ar~ deSigned to work III synergy with the power flow progl"drns. Chap_ 
t~r ~ deals With synch~onous machine transient analysis. The voltage equations of 
the syne.hrona.us machme are firs t developed. These nonlinear equ3tions are trans­
form~d mto linear differenti;t! equations using Park's transfonn3lion. Analytical 
so lutl?n of the transfOnTlcd equations can be obtained by the Laplace Iransfonn 
l~hlllque. However, MA.TLAB is U!ied with ease to simulate t~ nonlinear differ­
enti;)1 equltions of Ihe synChronous m:1(.:hine direclly in time-domain in matrill. 
!"o.rm for all modes of operation. Thus students can observe the dynamic response 
0 1 the synchronou s machine during shon circuits and .. ppreciate the significance 
an.d consequ.cJ1Ce of the change of machine par.un.:ters. The ultimate Objective of 
ttll~ chapter IS to dl!velop simple network modds of (he synchronous generator for 
pCl\.,.er system fault ana lysis and tran~ient stability Studies. 

Ch3ptCI" 9 covers babnced faull analysis. The bus impedance matrix by the 
IJI~i1dillg (lfgu ritlllll .l" is fonlHll ated and e-mploycd for (he systematic computation 
o! bus \'oltages and lin<o cu rr<onts during faults. Chapter 10 discusses methods of 
~ymmell;cal companems til,lI Tesoh'e the probl(!m of an unbalanced circuit inlO 
" solution of a number of balanced d rcuits. Included are gr.lphical di~pb)s of 
the symmetrical components lransformmion and some applications. The method 
is applied to the unbalanced fault which once :l.g:.lin allows the treatm~nt of lhe 
probl..:Ul on simple per ph;l~e basis. A lgorithm~ ha\·e becn developed to ~imulate 
different types of unb;llanced faults. The software modules developed for unbal . 
anced faults include single linc· to-ground fault line-to-line fault, and double line­
to-ground fault 

Chapter Il covers power system stability problems. First, the dynamic be­
havior of a onc-machinl! system due to a small disturbance is investigated. and the 
anal ytical solution of this linearized model is obla.ined. MATL4.B and SUvfULlNK 
an!" used conveniently to simu late the system, and the model is eXlended 10 multi­
machine systems. Next. the transient stability using equal area criteria is discussed, 
and the resu lt is represented graphically, providing physical insight into the dy­
namic behavior of the machine. An introduction to nonlinear differential ~quations 
and their numerical solutions is given. MATL4.B is used to obtain the numerical s0-

lution of the swing equation of a one-machine system. Simulation is also obtained 
using the SIMUUNK toolbox. A program compatible with the power flow pro· 
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xviii PREFACE 

. did f the t,"n~ient stability analysis of the multimachine systems. 
grams IS ew ope or .. ~ f 

2 
. d with power system control and develops some 0 

Chapter 1 IS conceme . s· 
. d to operate the power system 10 the steady state. Im-

the control schemes reqUire d Th 
. I mponents used in control systems are presente. e 

pie models of the essenHa co d' 
. I t (AVR) and the load frequency control (LFC) are IS-automatic \'oltage regu a or . 

cussed The automatic generation control (AGC) in single-area and multlarea sys-
. I d· . I· power control are analyzed. For each case, the responses 

tems mc u 109 tle- me' . VR d 
' d d ",e obtained. The generator responses with the A an to the real power eman .. . . 

. h as rate feedback and Proportional Integral Denvatlve 
vanous compensators, suc . d b 
PID 

. II· "" obtained Both AGC and AVR systems are Illustrate y ( ) contra ers, ,,--,' . I . 
I I and the , ... ·po'tses are obtained usmg MATIAR These ana yses severa examp es. ~.> - ..' • 

are supplemented by constructing the SIMUL/NK block dl~gram, ~hlch provides 
a highly interactive environment for simulatiOn. Some baSIC matenals of modem 
control theofv are discussed, including the pole-placement state feedback deSign 
and the opti~al controller designs using the linear quadrat,ic. regu!~tor ba~ed on the 

R· . t· The" ,ttodem techni(lues are then applied for S1I1lUiatIOn of the 
1('("(//1 equa Ion. .> • 

LFC systems. . 
A endix A is a self-study MATIAB and SIMUL/NK tutonal focused on 

power ::d control systems and coordinated with the text. App~ndi~ B include.s a 
brief introduction to the fundamentals of control systems and IS SUitable for. ~tu­
dents without a background in control systems. Appendix C lists all fUllctl?nS, 
script tiles, and chapter ex.amples. Answers to problems are given at the en.d at the 
book. The instructor's mallual for this text contams the worked-out solutIOns for 

all of the Ix>ok's problem. 
The material in the text is deSIgned to be fully covered in a two-~t!lIlcstcr 

undcrgraduate course sequence. The organization is flexible, allowing instructors 
to select the material that best suits the requirements of a one-quarter or a one­
semester course. In a one-semester course, the first si."( chapters, which form the 
basis for power system analysis, should be covered. The material in Chart~r 2.con.­
tains power concepts and three-phase systems, which are usually covered ill CirCUit 
courses. This chapter can be excluded if the students are well prepared, or it can be 
used for re\·iew. Also, for students with electrical machinery background, Chapter 
3 might be omitted. After the above coverage, additional material from the remain­
ing chapters may then be appropriate, depending on the syllabus requirements and 
the individual preferences. One choice is to cover Chapter 7 (optimal dispatch of 
generation); another choice is Chapter 9 (balanced fault). The generator reao:tanccs 
required in Chapter 9 may be covered briefly from Section 8.7 without covering 
Chapter 8 in its entirety. 

After reading the book, students should have a good perspective of power 
system analysis and an active knowledge of various numerical techniques that can 
be applied to the solution of large interconnected power systems. Students should 

find MATIAB helpful in learning the material in the text, particularly in solving the 
problems at the end of each chapter. 
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CHAPTER 

1 
THE POWER SYSTEM: 

AN OVERVIEW 

1.I INTRODUCTION 

Electric energy is the most popular ronn of energy, because it can be transported 
easily at high efficiency and reasonable cost. 

The first electric network in the United States was established in 1882 at the 
Pearl Street Station in New York City by Thomas Edison. The station supplied 
de power for lighting the lower Manhattan area. The power was generated by de 
generators and distributed by underground cables. In the same year the first water­
wheel driven generator was installed in Appleton, Wisconsin. Within a few years 
many companies wefe established producing energy for lighting - all operated un­
der Edison's patents. Because of the excessive power loss, RI2 at low voltage, 
Edison's companies could deliver energy only a short distance from their stations. 

With the invention of the twnsformer (William Stanley, 1885) to raise the 
level of ac voltage for transmission and distribution and the invention of the induc­
tion motor (Niko\a Tesla, 1888) to replace the dc motors, the advantages of the ac 
system became apparent. and made the ac system prevalent. Another advantage of 
the ar.: system is that due to lack of commutators in the ac generators, more power 
can be produced conveniently at higher voltages. 

1 
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2 I . TIIEP()WERSYSTE!d: ANOVERVIEW 

Thl.' firs t single-phase llC system in Ihe United States was at Oregon City 
w~re power was gcneraled by two 300 hp waterwheel turbines and transmiued 
at 4 kV to portland. Southem California Edison Company installed the first three­
phase system at 2.3 kV in 1893. Many electric companie~ were developed through­
oullhe country. In the beginning, individual comp:1nies w~re operating at different 
frcquern:ie~ anywhere from 25 Hz 10 133 Hz. But. as the need for inlerconneclion 
,md parallel operation became ev ident . a standard frequency of 60 Hz was adopted 
throughout the U.S . and Canlld:l. Most European countries selected the 50-Hz SyS­
tem. Trllnsmission voltages h:n-e since risen sleadily, and the extm high vollage 
(EHV) in commercial use is 765 kV, first put into opemtion in the United States in 
1969. 

For transmitling. powc=r over very long distances it may be more economical to 
Cllilycrt Ih..: EHV at· (0 EHV de. transmit the power over two lines, and invert it back 
In ac at the other end. SlUdies ~how that it is advantageous to consider de lines when 
the transmission distance is 500 km or more. DC lines h;lV.e no reactance and are 
l"apahk of tmllsfcrring more power for the same conductor size than ac lines. DC 
tfansmis~ion is especially advantageous when two remotely located large systems 
afe III 'tx' connected. The dc trammi ss ion tie line acts as an asynchronous link 
tl<: tWl.'1.! ll the two rigid systems eliminating the instability problem inherent in the 
ac links . The main di sadvamage of the dc link is the production ofhannonics which 
n::quires fiikring, and a large amount of reactive power compensation required at 
both cuds of the linc. The firs t ± ·IOO-l V de line in the United States was the Pacific 
11I1er1i ~·. 850 miks long bdwccn Oregon ,\lid Califomia built in 1970. 

The entire continental United States is interconnected in an overall network 
l"alk<1 the power grill. A small part of the ndwork is federally and municipally 
owned" hut the bulk is privatdy owned. The system is divided into seveml geo­
graphical regions calkd pOIl'er pools. In an interconnected system, fewer genera­
ION arc rcquired as a reserve for peak load and spinni ng reserve. Also, interconnec­
tion makes the energy gener..ltion and Ir:msmission more economical 1100 reliable. 
sinec power can readily be tr'lIIsfeITed from one area to others. At times, it may 
be cheaper for a company to buy bulk power from neighboring utilities than to 
prodU1.."e it in one of its older plant s. 

1.2 ELECTRIC INDUSTRY STRUCTURE 

The bulk generation of electricity in the United States is produced by integrated 
investor-owned utilities (IOU). A small portion of power generation is federally 
owned, such as the Tennessee Valley Authority and Bonneville Power Administra­
tion. Two separate levels of regulation currently regulate the United States electric 
system. One is the Federal Energy Regulatory Commission (FERC), which reg-

- ~ . ---.~. ----- - - --- - --------

J . ~ J::U:CIKI(;INUU:' IKY~IK U\.. I UKt. ,) 

ulates the price of wholesale e lectricity, service terms, and conditions. The other 
is the Securities ~d Exchange Commission (SEC), which regulates the business 
structure of electnc utilities. 

The transmission system of electric utilities in the Unites States and Canada 
is interconnected iOlO a large power grid known as the Nonh American Power 
Sys{~ms Interconnec~ion . ~e power grid is di vided into seveml pools. The pools 
c.ons~st of several ~lghbonng utilities which operate jointly to schedu le genera­
lion 1~ II cOst-eff~ct]ve manner. A privately regulated organization called the Nonh 
Amencan Electnc Re.1ia~i.lity Council (NERC) is responsible for maintaining sys­

.tem :nandards and reliability. NERC works cooperatively with every pro\'ider and 
dlstnbutor of power to ensure reliability. NERC coordinates its effons with FERC 
as \ .... el1 as Other organizations such as the Edison Electric Inslitute (EEl). NERC 
currently has four distinct electrically separated areas. These areas are the Electric 
Reliability Council of Texas (ERCOT) ; the ""estern States Coordinati on Council 
(WSCC); the Eastern Interconnect, which includes all the states and provinces of 
Canada.east of the Roc~y Mountains (excluding Te:o:as), and Hydro-Quebec, which 
has dc IOterconnects with the northeast. These electrically separate areas impon 
and c=xpon power to each other but are not synchronized electrically. 

The elecuic power industry in the United States is undergoing fundamental 
changes since the deregulation of thc= telecommunication, gas, and other indus­
tries. The generation business is rapidly becoming market-driven. This is a major 
change for an industry which" until the last decade. was characterized by large. 
vertically integr.lted monopolies. The implementltion of open transmission access 
has resulted III wholesale and retail markets. In the future, utilities may possibly 
be divided into pow..: .. gellerali011. transmission. and retail segments. Generating 
utilities would sell directly 10 customers instead of to local distributors. This would 
eliminate the monopoly that distributors currentlv hase . The distributors would selJ 
their serv·ic·es as electricity di ~ t ributors instead ~f being a retai ler of electricity it­
selF. The re tail <:lmClllre of ro\Ver&~tribution wouid resemble the current structure 
of the telephone communication industry. The consumer would have a choice as 
to from which generator they purchase power. If the entire electric power induslry 
were to be deregulated, final consumers could C'hoose from generators across the 
country. Power brokerS and power markc= ters will assume a major role in this new 
competitive power industry. Currently, the ability to market e lectricity to relail end 
users exists, but only in a limited number of states in pilot programs. 

Ext~'ns i ve ef(vn~ are being made 10 (·rt.'ate a more competitive environment 
for electricity markets in order to promO{e greater efficiency. Thus, the power in­
dustry face~ many new problems . with one of !.he highest priority issues being 
reliability, that is . bringing a steady. uninterruptable power supply to all electricity 
COnsumers. The restructuring. and deregulation of electric utilities, together with 
reccnt progress in t.;-chnology, introduce unprecedented challenges and opponuni -
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.a 1 THE POWER SYSTEM Ai'lOV£II.V11'\\( 

ties for power systems research and open up new opportunities to young power 

engineers. 

1.3 MODERN POWER SYSTEM 

The power system of todilY is acomplex interconnected network as shown in Figure 
1.1 (page 7). A power sy~tem can be subdi vided into four major pans : 

• Generation 

• Transmission and Subtransrni ssion 

• Di :ttribution 

• Loads 

1.3.1 GENERATION 

Generators - Om: of the esscntial components of power systems is the thret!­
phase ac generator knO\~' n as synchronous generator or alternator. Synchronous 
gcncrator~ have two synchronously rOlating fields ; One field is produced by the 
rOIOT tlriYcn at synchronous s~ed and cxcih,.-d by de current. The other field is pro­
dll,:t."-d in the :otator windings by the thr~'C-phase armature currents . The de current 
for the rotor windings is provided by excitation systems. In the older units. the ex­
citers an! de generators mounted on the same shaft. providing excilation through 
shp rings. Today 's system$ u~e at: gener .. ltors with rOlating rectifiers, known as 
bl"llsM"u c.\ citation systems. The g~ner .. tor excitation system maintains generator 
~oil;tg .. " and controls the n!active powt:r fl ow. Because they lack the commutator. 
<Ie gener:.I1ors can generafe high power at high voltage. typically 30 kV In a power 
planl. the Sil~ of generators can vary fro m 50 MW to I SOO MW. 

The source of the mechanical power. commonly known as the prime n-,o~·t!r. 
may Ix: hr draulic turbines at waterfalls" steam turbines whose energy comes from 
the burning of coni. gns and nuclear fuel , gas turbines. or occasionally internal com­
bUstion engines burning oil. The estimated installed generation capacity in 1998 (or 
the United States is presented in Table 1.1. 

Steam turbines operate at relatively high speeds of 3600 or 1800 rpm . The 
generators to which they are coupled are cylindrical rotor, two-pole for 3600 rpm or 
four-pole for 1800 rpm operation. Hydraulic turbines, particularly those operating 
with a low pressure. operate at low speed. Their generators are usually a salient 
type totor with many poles. In a power station several generators are operated in 
parallel in the power grid to provide lIle total power needed. They are connected at 
a common poim called a blls. 

'" - -... --- _. __ ... _- '.-.- •.. _-. 

T~ay the (~Ial installed ele<:tric ge nerating capacity is about 760.000 MW. 
Assuming the Unued States population to be 270 million. 

In'talled· . 760 x 109 
capacIty per capita = =: 2815 W 

270 x 1(j6 

To reaiize the. significance of this figure. consider the avemge powe r or a 
person to be approximately SO W. Therefore. !h~ pOwer o f 2815 W i .~ equivalent to 

2815 W 
5U W == 56 (po~'er slave) 

T he annual k Wh con.~umption in the United States is about 3, 550 x IU~ kWh. 
The asset of the investment for investor-owned comp:mies is about 200 billi on dol­
lars and they employ close to a half million peopJ.!. 

. With today's emphasis on em'ironmental consideration and consen'ation of 
fOSSil fue ls. many ahemale SOUrces are con.~idered for employing the ulllapped 
energy sources of the sun and the earth for generation of power. Some of these 
alternate ~ourees Whi:h <lrc Ixing used to sOITI\:cxtent are solar power. geothermal 
power. w~nd power. tl~<l1 power. and biomass. The aspir.1tion for bulk generation 
of power," the future IS the nudear lusiol!. If nuclear fusion is harnessed ecooomi­
cally. il would provide d ean \:ncrgy from an abundanl source of fue l, namely \\'<It.:r. 

Table I.J lnstallcXI Generation Capacity 

Type Ca pacity, Pe rcent F ut.:! 
.\fW I Steam Plant .nS,SOO 63 Co.ll. gas. petroleum 

Nuclear 106.400 14 Uranium 
. Hydro and pumped storage 91,200 12 Water 

Gas Turhine 60.800 8 Gas. petroleum 
Combined cycle 15.200 , 

Gas. petroleum 
Imemal Combustion 4.940 0.65 Gas. petroleum 
Others 2.660 0,35 Geothermal. solar. wind 
Total 760,000 100.00 

Tra nsformers - Another major component of a power system iS' the transfonner. 
It transfers power with very high efficiency from Gne level of voltage [0 another 
level. Tht! pow!'!r trallslem.:tI to the: secondary is almOSt the same as the primary. 
except for losses in the transfonner. and the produCI V J on the secondary side is 
appro:timateiy the same as Ihe prim;!f), ~ide. Therefore. using a step-up transfonner 
of turns ratio a will reduce the second;lry current by a ralio of l/a. T his will re­
duce losses in the line, whieh make~ the tmnsmission of power over long distances 
possible. 
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The insulation requirements and other practical design problems limit the 
genemted voltage to low values. usulIlly 30 kV. Thus, step-up transformers are 
used for transmi ssion of power. At the roceiving end of the tran~miss ion lines step­
down tr lln sfonners are used to reduce the voltage to suitable values for di stribut ion 
or uti lization. In a modem uti li t)" system, the power may undergo four or fi ve trans­
formations between generator and uh imate user. 

1.3.2 TRANS:vJ ISS IO N A:'IiO S UBTRA NSM ISSION 

The purpose of an ove rhead transmission network is to transfe r e lectric ene rgy 
from generati ng units 'at \'ariou~ locations 10 the distribution system which uhi­
mately supplies the load. Transmission lines also interconnect neighboring ut ilities 
which permits not only economic dispatch of power within regions during normal 
conditions, but also the transfer of power between regions during emergencies. 

Standard transmissio n voltages are established in the United States by the 
American National Standards Insti tute (ANSI). Transmission VOltage lines operat­
ing at more than 60 kV are standardized at 69 kV, 11 5 kV, 138 kV, 161 kV, 230 kV, 
345 kV, 500 kY, and 765 kV line-to-line . Transmission voltages above 230 kV are 
usuall y referred to as extra-high voltage (EHV). 

Figure 1.I shows an elementary diagmrn of a transmission and distributi on 
system. High voltage transmission lines are terminated in substations , which art: 

called high-I'o/rage SubsI01;ons, receiving SlIbs fatiol!S , or primary substations. The 
function of some subst31i ons is switching circuits in and out of service; they are 
referred 10 as switching SImians. At Ihl.' pri mary substa tions, !he voltage is sleppo.:-d 
down 10 a value more suil3bJe for th~ next part of the journey toward the load. Very 
largc industrial customers may be served from the transmission system. 

The ponion of the trJnsmission systcm thai connects the high-vo ltage substa. 
tions through step-down tmnsformers to the distribution Substalions are called (hc 
slIlJ1ImumissiOIl network. There is no clear delineation between transmission and 
subtransmission vo ll3ge levels. Typica lly. Ihe sublransmission voltage level ranges 
from 69 to 138 kV. Some large induslri Ol I customers may be served from the sub. 
Ir'lnsmission system. Capaci tor banks and reactor banks are usually installed in the 
substations for maimaining the transmi ssion line voltage. 

1.3.3 DISTRIBUTION 

The distribUlion system is that part which connects the distribution substations to 
the consumers ' service-entrance equipment. The primary distribution lines are usu­
ally in the range of 4 to 34,5 kV and supply the load in a well-defined geographical 
area. Some small industrial CUStomers are served directly by the primary feeders. 

The secondary dislribulion network reduces the voltage for utilization by 
commercial and residential consumers. Lines and cables not exceeding a few hun-
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dred feet in length then deliver power to the individual consumers. The seconu<lry 
distribution serves mOst of the customers at levels of 240/120 Y. sing le-phase. 
three-wire; 208YIIZO V, thTee-pha!>e, four-wire; or 480Y/277 Y, three-phase, four­
wire. The power for a Iypical home is derived from a tran~fonner that reduces the 
primary feede r voltage to 2401120 V using a three-wire line. 

Distribution sYStems are both overhead and IIlIderground. The growth of un­
derground d istribution has been extremely rapid and as much as 70 percent of new 
residemial coru:UUCtion is served underground. 

1.3.. LOADS 

Loads of power systems are di vided imo industrial. commercial, and residential. 
Very large industri:ll loads may be served from the transmission system. Large 
industrial loads are served directly from the sublransmission network, and small 
industrial loads are ser.'ed from the primary distribution network. The industrial 
loads are composite 10~ds. and induction motors fonn a high proportion of these 
load. These composite loads are funct ions of voltage and frequency and fonn a 
major pan of the system load. Commercial and residentia! loads consist largely 
of lighting, heating. :tnd cooling. These loads are independent of frequency and 
consume negligibly small reactive power. 

The real power of loads are expressed in tems of kilowatts or megawans. 
The magnitude of load varies throughout the day, and power must be available to 
consumers on demand. 

The d:lily _!o'w "; Ul~<': u[ .1 ulilil) ilt .. ..:omposite of dcmands made by variou~ 
classes of u .;ers. The gl"\'ah:'~1 ViJlue 01 load during a 24-hr period is called the peak 
or mfHimll11! d~malld. Smaller ~aking gener.l,tors may be commissioned to meet 
(ilt= ~ak load that occurs (or o nly a few hours. In order 10 assess the use(ulnes" 
o( the generating plant thl! 1~ltl !m;wr is tkfined. T he load factor is the rat io of 
3\·crage load o\'er a dcsignalcd P'!nod o( lime (0 the pe3k load occurring in Ihat 
period. Load factors mly be giv(:o for a day, a momh. or a year. The yearly, or 
annual load faclor is th¢ mosl useful since a year represents a full cyck of time. 
The daily load faclo r is 

average load 
Daily L.F. = 

peak load 
( 1.1 ) 

Multiplying the numerator and denominator of (1.1) by a time period of 24 hr, we 
have 

Daily L.F. = average load x 24 hr = energy consumed during 24 hr 
peak load x 24 hr peak load x 24 hr 

The annual load fac tor is 

lOla I annual energy 
AnrHla\ L. F. = -"'O'--=7:::.c:~'l7-

peak load x 8760 hr 

(1.2) 

(1.3) 

I 
j 

I.J . MODERN POWER SYSTEM !I 

Generally there is diversity in the peak load between different classes of loads. 
which improves the overall system load fac tor. In order for a power plant to operate 
economically. it must have a high system load factor. Today's typical system load 
factors are in the range of SS 1070 percent. 

There are a (ew other (ac(O~ used by util ities. Utilization factor is the ratio of 
ma;timum demand to the installed capacity. and planr factor is the ralio of annual 
energy generation (0 the plant capacity x 8760 hr. These factors indicate how well 
the system capacity is util ized and operated. 

A MATlAB function bar-cycle(data) is developed which obc.ains a plot oflhe 
load cycle for a given interval. The demand interval and Ihe load must be defined 
by the variable data in a three-column matrix. T he firSI two columns are the de­
mand interval and the third column is the lOad value. The demand interval may be 
minutes, hours. or months. in ascending order. Hou rly intervals must be expressed 
in military time. 

Example 1.1 

The daily load on a power system varies :\s shown in Table 1.2. Use the barcyclc 
function to obtain a plot of the daily load curve. Using the given data ccmpUie the 
average load and the dai ly load factor (Figure 1.2). 

Table 1.2 Daily System Load 

Inter val, hI" 
12 A.M. - 2 A.M. 
2 G 
G 9 
9 - 12 

12 P.M. 2 P.M. 
2 4 
4 6 
6 8 
8 - to 

10 II 
II 12 A.M. 

The fo llowmg commands 

data" [ 0 
2 
6 
9 

12 

2 
6 
9 

12 
14 

6 
5 

10 
15 
12 

Load , MW 
6 
5 

10 
15 
12 
14 
16 
18 
16 
12 
6 

www.muslimengineer.info لجنة البور والإتصالات - الإتجاه الإسلامي



14 16 
16 18 
18 20 
20 22 
22 23 
23 2. 

p ~ dataC: ,3); 
Dtoodata(:, 2) 
W = P'*Dtj 
Pavg ~ W!sum(Dt) 
Peak " maxCP) 

I. 
16 
18 
16 
12 
6]; 

data( : 
% Column array of load 

,1); 'l. Column array of demand interval 
'l. Total energy, area under the curve 

i. Average load 
Yo Peak load 

I. Percent load factor LF - Pavg/Peak*100 
barcycle (data) 
xlabelC'Time, hr'), ylabel('P, MW' ) 

'l. Plots the load cycle 

result in 

P. 
MW 

] 8 

G 

]4 

) ]e 

10 

6 II 

FiGURE 1.2 

I 

5 

Daily load cycle for Example 1.1. 

Pavg'" 11.5417 
Peak '" 18 
LF 64.12 

• 

L 
, 

I 
I 

L 

I I I I 
10 15 20 25 

Time, hr 

I 
I 

I • 
I 
> 
; 

I 
I 

• 

• 

1.4 SYSTEM PROTECTION 

In addition [0 generators, transformers, and transmission lines, other devices are 
required for the satisfactory operation and protection of a power system. Some of 
the protective devices directly connected to the circuits are cal)ed SIt'i£cligl'a{. They 
mclude instrument transformers, circuit br~akers, disconnect switches, fuses and 
lightning arresters. These deVIces arc necessary to deenergize either for nonnal 
oper..ttion or on the occurrenc~ of faults. Thc associated control equipment and 
protective relays are placed on .Iwitchhoanl in COlltro[ houst's. 

1.5 ENERGY CONTROL CENTER 

For reliable and economical opt:ration of the power system it is necessary to mOll­
itor the ~ntire system in a contml center. The modern control center of today i~ 

caUed the energy control alit{'/" (ECC). Energy COll\rol centers are equipped with 
on-line computers performing aU signal processing through the remote acquisition 
system. Computers work in a hieran:hical structure to properly coordinate different 
functional requirements in normal as well as emergency conditions. Eve!)' energy 
control center contains a control console which consists of a visual display unit 
(VDU), keyboard, and light pen. Computers may give alarms as ad .... ance warn­
ings to the operators (r.lispatchers) when dcviation from the normal state occurs 
The dispatcher makes judgments and decisions and executes tht'lll with th~ aid of 
a computer. Simulation too!~ and software packag ... s written in high-levd language 
arc implemented for eflicient operation and reliable control of the system. This is 
referred to as SCADA, an acronym for "supcrvi~ory control atid d'lta acquisition.'" 

1.6 COMPUTER ANALYSIS 

For a power system to Ik practical it must Ik safe, reliable, and economical. Thus 
many analyses must be pl!rfurmcd to design and opt!fate an electrical system_ How· 
ever, before going into system analysis we have to modd all components of dec­
trical power systems. Therefore, in this text, after reviewing the concepts of power 
and three-phase circuits, we will calculate the parameters of a multi-circuit trans­
mission line. Then, we will model the transmission line and look at the perfor­
mance of the transmission line. Since transfomlers and generators are a part of 
the system, we will model these devices. Design of a power system, its operation 
and expansion requires much analysis. This text presents methods of power system 
analysis with the aid of a personal computer and the use of MATLAB. The MAT· 
L'\B environment permits a nearly direct transition from mathematical expression 
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to simul at ion. Some of the basic analysis covered in this text are: 

• Evaluation o f t ran ~mj ss iOIl line para mdcr.; 

• Tranlomi los iOI1 line pcrfonnarK'1! and compcos;ttio n 

• Puwa fl o\.\" :malysis 

• h :ono mic s~:hedu l ing of g .... neration 

• Synchro nous m:lchi ne lransienl an;) ly s i ~ 

• Balanced b ult 

• Symmetrical t'ompoJle nts .md unba lanced faul t 

• Stability sllIdics 

• POwer sy ~ t em contro l 

l\1any ,\J,\TLAIl fu m:liollS are deyeloped for the above studies thus allowing 
tile st[)(.knt to c()n':entrale on anal ysis and design of practical systems and spend 
k ss Wn e t1l1 programming . 

PROBLEMS 

1.1. Thl' demand .:sl1 nJalioll is the stan ing point fo r planning the future electric 
I)OWl'r supply. The consistcnl.·Y o f de m;md g rowth over the years has led 
10 llIunerous attempts to fit mathe matil'al curvcs 10 this trend. One o f the 
simplest cur\'cs is 

1.2. 

P = R ,f,,, (I- lu) 

wherr,: a is the a\'eragc per unit g rowth rme. P is the demand in year t , ant.! 
Po is Ihe givcn <km:tlld ilt year to. 

Assume the p..:ak powe r t.!emand in the United States in 1984 is 480 GW with 
an average growth rat e.: of 3.4 percent. Using MATLAB, plot the predicated 
peak demand in G W fro m 1984 to 1999. Estimate the peak power dcm:md 
for the. year 1999. 

In a certain country, the energy consumption is expected to double in 10 
years. Assuming a simple exponential growth given by 

p = Pocat 

calculate. the growth Tate. a . 

L.O. \..UNlrv '''-K "'NALY~l:; 1-' 

].3. The annual load of a substalion is given in the following table. During each 
month, the power is assumed constant at an average value. Using MATl.AB 
and the barcycle function, obtain a plol of the annual load curve. Write the 
necessary SlatemenlS to fi nd the average load and the annual load factor. 

An nual System Load 
Interval. month Load. MW 
J<t"uary • 
Fl!bruary 6 
March 4 
April 2 
May 6 
June 12 
July 16 
August 14 
September 10 
October 4 
November 6 
December 8 
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CHAPTER 

2 
BASIC PRINCIPLES 

2.1 INTRODUCTION 

The concept of power is of cenlra! importan<..'c III L"kclnca! power ~y~tcms anJ h 
the main tOpIC of this ~·h;apll!r. ThL" Iypi..;,,) "nlllr.::U( will already have studied mut:h 
of this mal!;"rial, and the rcvh:w he[e \ViI! scrw to r..:infofCc (ile pO\'"l;"r concepts 
cnwullIen,:d in the e!eclri..; circuil theory. 

In this chapler, Ihe flow of energy in an :It' circuit is investigated. By using 
variolls Irigollomclril; identities. Ihe insl;lmancous power p(t) is w;oh'ed ime two 
components. A plO( o f these components is obtained IIsin!! MATLl.R 10 nty;;ervt! Ih:1I 
ae networks nOI only consum!! e nergy ill an aver..lge r.lIe, bur also borrow and return 
energy 10 ils $OUrtcs. This k:lds 10 Iho: b .. sic definitions of avemge power J> and 
rcactive poW!!r Q. The voll·am~re S. which is a ma(hemalical formulation based 
on the phasor forms of vohag\! and eUITI;!'IU. is introduced. Then the complt:x powt:r 
b<ll<loce is c:kmonstratcd. and (h\! tr.lnsmission inefficiencies caused by loads with 
low power factors are discussed and demonstrated by means of several examples . 

Next. the transmission of compll;!':"; power between two vllllag<.: soun:<.:s i ~ ';un­
sidered, and (he dependency of real power on the volt<lgl! phase angle and the de. 
pend;!ncy of reactive power on voltage magnitude is establish~d. MATLAR i~ used 
convenit:ntly to demonstr:lte this idea graphically. 

Finally, the balanced three-pha.~e circuit is e:,,;amin~d. An imponant prO~11y 
of a balanced three-phase system is that it dt>li\'~r, constant pO\\iCr. ThaI is. Iho.! 
14 

-- _. ----- -. - -

r ." 
j 

2.2 . I'OWER IN .~ INCLE_PHASE AC CIRCUITS I~ 

power delivered does not Ructuale with time as in ~ single.~has.e .system. For the 
purpose of analysis and modeling. the per-phase equ ivalent CircUIt IS developed for 
thl;!' three-phase system under babnced condition. 

2.2 POWER IN SINGLF~PHASE AC CIRCUITS 

figure 2. I shows a single-phase sinusoidal ~ohage supplying a load. 

i(t ) 
~.--'-':'------, 
+ 

vl t) 

~.--------" 

FIGURE 2.1 
SinllsoiJ.a) SOllr(~ sllpplying a !'lad. 

Let the instantaneous voltage be 

and the instantaneous current be given by 

i (/) = I". (:O:;(;..) t + 0,) 

(2.1) 

(2.2) 

The instantanool.ls power 1,(t) dd ivcrcd 10 the load is Ole product of voltage ·/:(l ) 
and current i (t) given by 

p(t) = v{ l ) i(t) = \ ~ " I II .• cos(wt + 8~)('.o:;(;.;t + 6.) (2.3) 

Tn Example 2.1, MATiAB is used to plot the in ~t:J.ntaneous power p(t), and the 
result is shown in Figure 2.2. In study ing Figure 2.2. we note that the ~r~quenc~ of 
the instantaneous power is twice the source frequency. Also, note that It IS possI~le 
for the instantaneous power to be negative for a ponion of each cyc~e .. In a passive 

. . h th h be stored m mductors or network, negative power Implies t at energy at as en 

capacitors is now being extracted. . 'd t't 
It is informative to write (2.3) in another fonn using the trigonometnc I en 1 y 

I I ) 
cosAcosB = 2"cos(A - B) + "2cos(A + B (2.4) 

- ------- .' . - -_. - .- . - - - - v- - - ' . • - -""'!-----.--., 
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which results in 

J 
p(t) = 2"\I,,,I,,,/cos(O •. - e,) + cos(2 .... lt + Oc + 0, )1 

= ~\-~'l /ltd cos(Ou - 0,) + ws[2(wt + 0,,) - (0" - a.m 
I 

= 2 Vl'lll'l [cos(O" - 0. ) +cos2(wl +OIl)COO(OIl - 0.) 

+ s in 2 (wt + Ocl~ill( OIi - 8, )1 

The rom .. m(!(IIJ-sqllllfe (rms) value of 11( / ) IS IVI = V", / ../2 and the nns value of 
I( t ) IS II = 1", / ./2 . Let 0 = (8. - 8,) The .tbove equation, in terms of the rms 
values, is reduced to 

p( t ) = p" 1J /11:o.~ 8[1 + <:0::; 2("-,, + lJII l! + 1 V 111 1 sill 0 sin 2(,.,·t + Ot) 
P/:(I) PX""(1) 

Energy ,flow into Energy borrowt'd and 

the circuit returned by the circuit 

(2.5) 

\\'her~ ". IS th..: angle b..:tw..:cn VOltage and current, or the impedance angle. () is 
~slllve If the: load is induc tive. (i.e .. current is lagging the voltage) and 0 is negative 
If the load is capaci tive (i .e .. current is l..:ading the voltage). 

.. The instantaneous pow..:r has been decomposed into two components. The 
hrst componcm of (2.5) is 

(2,6) 

The s\!'cond tenn in (2 .6), which has a frequency twice Ihal of the source, accounts 
(or Ihc sinusoid;!1 \';Iria(io n in the absorption o f pow\!'r by (he resislive ponion of 
Ihe load. ~ ince Ihe aver.lg¢ value o f this sinusoidal funel ion is zero. Ihe: average 
power ddu'ered 10 Ihe load is g i n~n by 

(2 .7) 

Thi s is the power absorbed by the resistive component of the load and is also re­
ferred to as the aClil.>t' power or r(!al power. The product of the nns voltage value 
an~ the nns current val ue IVIlII is called the appaunt power and is measured in 
umts of VOII ampere. Th<! product of the apparent power and the cosine oft~ angle 
b<!tween voltage and curren! yields the real power. Because cos 0 plays a key role in 
the determination of the average pOwer, it is called power Jactor. When the current 
lags the voltage, the power factor is considered lagging. When the current leads the 
voltage, the Power factor is considered leading. 

The second component of (2.5) 

(2.8) 

pulsates with twice the frequency and has an average value of lCru. Thi s com~­
nent accounts for power oscillating into and out of thc load becau\e of liS n:acllvc 
element (inductive or capacitive). T he amplitude of thi s pul si.ltillg power is called 
reactive power and is designaled by q. 

Q = Will i s inO 0:.9 ) 

Both P and Q haw: Ihe same dime nsion. However, in order 10 distinguish belween 
the real and the reactive power. Ihe le nn "var" is used for the rcacti\'e power (\"'d J is 
an acronym for the phrase "va ll -ampere reacli \·e'·). For an inducti ve load. current is 
lagging the voltage. 0 = (0,. - 0,) > () and Q is posith'c: whereas. ror a capacitive 
load, curren! is lcading the voltage. 0 = (0., - tJ ,) < 0 and q is neg;ltivc_ 

A cardul study of Equations (2 ,6) and (2.8) r~\'I!;l ls (he fol!owi n2 eh;Ir.Ll·t..:r .. 
istics of the instantaneous power. 

• For a pure resistor. the impedance aug!..: is Zero and th..: power factor is unilY 
(UPF), so that the apparent 'and real power arc equal. The eketric ener2Y is 
transformed into th..:rmal energy. 

• If the circuit is purely inductive, the cum.:nt \;Igs th..: voltage by 90" and the 
average power is zero. Therdore, in a purely induelive circuit, there is no 
transformation of energy from electrical 10 noneketrical form. The installla­
OI..'ilUS power at Ihe t..:rmin.ll of a purely iudueti\'c ", ircuit osci llates between 
til", .;ii.:uit anJ til..: sourcc. Whcn )1(1) is po~jlivc .. cncrg-y is b.!ing slowd in 
the HliI"lIl' ti o.: lidd ,lsslKialN with Ihe inductive eicmt'nts, and when 1/(/ ) is o 

Il<!gatiw. energy is being e .'(tractcd fro lil lh..: magnetic lidds o f tlw iudu,,-livc 
eiem<!nts. 

• Ir the IWlI is pure ly cap<lCitivc, lhe current leac.h Ihe voltagt' by 90" . and the 
u\erage p.>v.e:r j" l.cro, so there is no transformation of energy from ekelri­
cal to noneketrical fonn . In a purdy capaci ti\'c cin:ui t. th<;: power oscillates 
between the source and the e~ec t ric field assoc i;lted with the C;lpilcitivc cle­
ments. 

Example 2.t 

1'h ... supply voltage in Figure 2.1 is giv~tl by li(t) = l00coswt and the load is 
inductive with impedance Z = 1.25L60o O. Determine the expression for the 
instantaneous current itt) and (he instantaneous power p(t) . Use MATLAB to plot 
i(f). ('(f), P(t).lJR(t), and {ix(t) over an interval of 0 to 27r. 

lOOLU
o 

= SOL _ 60° A 
1.25L60c 

- ...... . - .... .. '.- " ,.. ._-- - '!'---
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i(t ) = 1m cos(w t - 60) v(t) = Vm coswt, 

'OO~--------__ ~-, 
p(t) ~ v(t)i(t) 

6~~~--~r\-----' 

50 4000 

0r--\--\--++ 2000 

-50 

wt, degree 
w t, degree 

p,(t). Eq. 2.6 IJ..,(t), Eq.2.8 
4~1~----~~ ____ " 4000 r-:C---------------, 
:3000 2000 

2000 /--\:-__ /-__ \-__ /- o /-----\C---+--+-
'000 -2000 

r\-~l'7;()(;;-l --;;;2'inlO----''';37;;,lO'-;;41K1 - 4IKlO 'O~ --'';()(''1-'2':U1''1 ---'3;!,'lO"--:;;" 00 

wt, degree wi, degree 
FIGUR~ 2.2 

lru;talUan,:OUi cum.:n!. ~o!lagl:. (lowel. r:ljs . 2.6 anoJ 2.K. 

Ihereforc 

i(t) = BOr.oo(wt - 'JOO) A 

p(t) = v(t)i(t ) = SOOOcoswlI:os(wt _ 60°) W 

The. fallowing slatements are used to plot the above instantaneous quantities and 
the Instantaneous tenns given by (2.6) and (2.8). 

Vm • 100; thetav - 0; I. Voltage amplitude and phase angle 
Z ~ 1.25j gama - 60; I. Impedance magnitude and phase angle 
thetai - thetav - '/ C 1 gama; I, urrent phase ang e in degree 
theta ~ C~he~av - thetai)*pi/1BO; I. Degree to radian 
1m r: Vm/Z.' ., 

h Current amplitude 
~t ~ O:.OS:2.pi; I. vt from 0 to 2*pi 
v ~ Vm*cos(vt); I. Instantaneous voltage 

l.j, LUMt'LJ:!X POWER 19 

i - Im·cos(~t + the~ai*pi/180); I. In3tantaneous current 
p ~ v.·ij % Instantaneous power 
V ~ Vm/sqrt(2); r -Im/sqrt(2)j I. rms voltage and current 
P ~ y*r*cos(theta)j I. Average pover 
Q ~ y*I*sinCtheta); ~ Reactive power 
S P + j *Q % Complex poyer 
pr ~ P* (l • cos(2* Cwt + the t av » ); % Eq . (2.6 ) 
px ~ Q*sin (2.(ut • thetav»; % Eq . (2.8) 
PP ~ P*ones(l, lengt h (vt» .r.Average poyer of length u f or plot 
xl ine ~ zeros(l, lengtb(vt» ; %generates a zero vector 
wt - 180/pi *utj I. convert i ng radi an to degree 
subplot(2,2,l), plot(ut, v, vt ,i,ut, xline), grid 
title(('v(t}:oVm coswt. i(t)"'!m cos(vt+' ,num2str(thetai), ')')) 
xlabel('wt. degree' ) 
subplot(2,2,2}, plot(vt, p. vt, xline ) , grid 
title('p(t);v(t) i(t)'),xlabel('wt, degree') 
subplotC2.2,3), plot(ut, pr, ut , PP,wt,xline), grid 
titleC'prCt) Eq. 2.6'), xlabel('vt, degree'} 
5ubplotC2,2,4), plot(ut, px, vt, xline), grid 
title('px(t) Eq. 2.8'), xlabel('wt. degree'), subplot(111) 

2.3 COMPLEX POWER 

The mlS voltage pharor of (2. ') and [he nns current ph:l~,)r <If (2.:!) ~hown in Fig · 
ur~ 2.3 ar~ 

v ~ IV ILO, "d I ~ lil LO, 

The (enn V I' results in 

v 

I 

0, ~Q 
p 

FIGURE 2.3 
Phasor diagram and power triangle for an inductive load (I~gging PFI. 

VI" ~ IVIIIILO, - 0, ~ IVIIII LO 

------------- - ..... --:--- ---=-- -- .-
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The above equation defines a complex quantity where its real part is the average 
(real) !X>wer P and its imaginary part is the reactive power Q. Thus, the complex 
power designated by S is given by 

(2.10) 

The magnitude of S, lSI = IP"}. + Q1, is the apparent power; its unit is volt­
amperes and the larger units are kVA or MVA. Apparent power gives a direct indi­
cation of heating and is used as a rating unit of power equipment. Apparent power 
has practical significance for an electric utility company since a utility company 
mllst supply both average and apparent power to consumers. 

The reactive power Q IS positive when the phase angle B between voltage and 
currcnt (impedance angle) is positive (i.e., when the load impedance is inductive, 
and I lags \/). Q is negative when B is negative (i.e., when the load impedance is 
capacitive and I leads V) as shown in Figure 2.4. 

In working with Equation (2.10) it is convenient to think of P, Q, and S as 
fonning the sides of a right triangle as shown in Figures 2.3 and 2.4. 

I V 

p 

}o'IGURE2...1 

Phasor diagram and power triangte for a capacitive t,)ad (itaJing PF). 

If the load impedance is Z then 

V~ Zl (2.11) 

substituting for V into (2.10) yields 

S = VI" = ZII" = RjIj2 + jXIII2 
(2.12) 

From (2.12) it is evident that complex power Sand 1I1lpedance Z havc !.he saIlle 
ang~e. Because the power triangle and !.he impedance triangle arc similar triangles, 
the Im~~ance angle is sometimes called the power angle. 

SimIlarly, substituting for I from (2.11) into (2.10) yields 

(2131 

~.4. lHECUMPLEX POWER BALANCE 21 

From (2.13), the impedance of the complex power S is given by 

lVI' Z~ -
S· 

2.4 THE COMPLEX POWER BALANCE 

(2 14) 

From the conservation of energy, it is clear that real power supplied by the source is 
equal to the sum of real powers absorbed by the load. At the same time, a balance 
between the reactive power must be maintained. Thus the total complex power 
delivered to the loads in parallel is the sum of the complex powers delivered to 
each. Proof of this is as follows: 

I 

V + Z, 

FIGURE 2.5 
Three loads in p.lf.lllcL 

For the three loads shown in Figure 2.5, the total complex power is given by 

S = vr = V[I\ -+- h + IX = \/1: -t- VIi + VIi (2.15) 

Example 2.2 

In the above circuit V = 1200LO° V, Z\ = 60 + jo·n, Z2 = 6 + j12 nand 
Z3 = 30 - j30 f2. Find the power absorbed by each load and the total complex 
power. 

I _ 1200LO° _ . 
I - 60LO - 20 + JO A 

1200LO° 
h= 6+j12 =40-j80A 

1200LO° 
13 = 30 _ j30 = 20 -+- j20 A 
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22 2. BASIC PRINCIPLES 

51 = V Ii = 1200LOO(20 - jO) = 24 , 000 W + jO var 

52 = V I; = l Z00LOO(40 + j80) = 48,000 W + j96,OOO var 

5:1 = VI; = 1200Lo<'(20 - j20) = 24,000 W - j24,000 var 

The total load complex power adds up (0 

5 = 5 1 + S2 + S3 = 96,000 W + j72, 000 var 

Allematively, the sum of complex power delivered 10 the load can be obtained by 
flr!>t finding lhe t~al current. 

and 

I = I, + I, + 1, = (20 + j O) + (40- j80) + (20 + )20) 

= 80 - )60 = l OOL - 3(;.87° A 

S = VI" = (1<ooLO')( 100L36.87") = 120.000L36.87" VA 

= 96.000 W + j72. 000 var 

A final insighl is coO!ained in Figure 2.6, which shows the current phasor diagram 
and the complex power vector representation. 

$.1 

5 

/ 
5, 

I 

FIGURE 2.6 
Current phasor diJgnm aod power ptane diagram. 

The complex powers may also be obtained directly from (2.14) 

lVI' (1200)' . 
51 = - = = 24 000 W + J 0 

Zj 60 ' 

5, = IzV:' = ~1200)~ = 48,DOOW+j96,DOO vac 
2 - J1 

lVI' (1200)' 
53 = Z; = 30 + j30 = 24,000 W - j24, 000 var 

2.5. POWER FACTOR CORRECfION 23 

2.5 POWER FACTOR CORRECTION 

It can be seen from (2.7) that the apparent power will be larger than P if the power 
f(lctor is less than 1. Thus the current I Ihat must be supplied wi ll be larger for 
P F < I than it would be for P F = I, even though lhe average power P supplied 
is the same in either case. A larger current cannot be supplied without addilional 
cost to the util ity company. Thus, it is in the power company's (and its customer's) 
~t interest that major loads on the syste m have power factors as close to I as 
possible. In order to maintain the power fiK:tor close to unity. power companies 
install banks of capacitors throughout the network as nec:dL-d. They also impose an 
additional charge to industrial consumers who operate at low power factors. Since 
industrial loads arc inductivc and haw: low lagging power factors, it is beneficial to 
install capacitors to improve tht! power factor. Thi s consideration is not important 
for residential and small comm<:rcial customers because their power [actors arc 
dose to unity. 

Example 2.3 

Two loads Zl = 100 + jO n and Z~ = \0 + )20 n arc connected across a 200-V 
nns, 60-Hz source as shown in rigure 2 ,7 . 

(a) Find the tOlal real and reactive power, Ihe power faclor at the source, and the 
10lal current. 

I I, / '! i, 
lOll , 

200 V IOU U -'-c 
~ 

j20 n 

FIGURE 2.7 
CirCllil for Eumple 2.3 aod the power lri;ln~k . 

h = 200LO° = UO° A 
100 

200LO° 
12 = == 4 - j8 A 

10 + j20 
8 1 = V I; = 200LOO(2 - jO) = 400 W + jO var 

8 2 = VI; = 200LOO(4 + jS) = SOO W + jl600 var 

.. ' 

Q 

Q' 

p 
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24 2. BASIC PRINCIPLBS 

To<ai apparent power and cu rrent are 

s = P + j Q = 1200 + j 1600 = 2000L5J.13° VA 

J = S· = 2000L-53 .13" = lOL - 53.13" A 
V · 200LO" 

POWer faclor at the source is 

P F = CO$(53 .13) ::::: 0.6 lagging 

(b) Find the capaci lance of the capa~i lor connected across the loads 10 improve Ihe 
overall power faclQr to 0 .8 lagging. 

Towl real power P = 1200 W ;It the new power factor 0.8 lagging. Therefore 

()' = co:-; - 1(0.8) = 36.87" 

Q' = I'ttlllO' = 1200tall(:36.87°) = 900 var 

Qr. = lOaD - Om = 7()O var 

• lVI' (2IX1)' 
Z~ = -- = -- = - J57.!" n 

" S(~ j700 
I ()Ii 

C = = 46,42 11F 
'l"IGO)(57.14) 

Thl.' total power and [he new current are 

$' = 1100 + JOO() = 1500L36.87" 

/ ' = S" = 1500L-36.8T' = 7 5L- 36 87" 
V· 200LO" . . 

Note [he reduction in thc ~upply current from 10 A 10 7.5 A. 

E.l[ample 1.4 

Three loads arc connected in parallel across a 1400-V nns, 6O-Hz single-ph::tse 
supply as shown in Figure 2.8. 

Load I: Inductive load, 125 kVA at 0.28 power factor. 

Load 2: Capacitive load, 10 kW and 40 kvar. 

Load 3: Resistive load of 15 kW. 

(a) Find the IOlal kW, kvat, kVA, and the supply power factor, 

2.5. POWER fACTOR CORRECTION 25 

I I , 

1400 V 2 

fIG URE 1.8 
Cil(uil for E.umplt 2-4. 

An inductive lood has a lagging power (actor, the capacitive load has a lead­
ing power factor, and the resistive load has a unity power factor. 

For Load I: 

The load complex powers are 

8\ = 125L73.74 kVA = 35 kW + j120 kYar 

52 = 10 kW - j40 I.:var 

S3 -- 1::' l \\' + jO kv:lJ' 

The total apparent power is 

s = P+ jQ = S . + 52 +53 
= (3" + )120) + (to - j40) + (15 + jO) 

= 60 k,W + j80 kvar = l00L53. 13 k,VA 

The total current is 

1= S· = l 00,OOOL-53.13° = 71.43L - 53.13" A 
V· 1400LD" 

The supply power factor is 

P F = eos(53.13} = 0.6 \OIgging 

(b) A eapacitor of negligible resistance is connected in parallel with the above loads 
to improve the power factor [0 0.8 lagging. Determine the kvar rating of this ca­
pacitor and the capacitance in JIE 
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26 2 BASIC PRINCIPLES 

Total real power P = GO kW at the new power factor of 0.8 lagging results in the 
new reactive power Q'. 

oJ = cos-I(O.8) = 36.87° 

QJ = 60tan(36.87°) = 45 kvar 

Therefore, the required capacitor kvar is 

Qc = 80 - 45 = 35 kvar 

and 

, lVI' 1400' .' , ~ -~ ~ ~ )'6 n 
• e - S~ - j35,000 - - v H 

lOG 
C ~ 2.(60)(56) ~ 47.37 ~F 

and the new current is 

[' = ~S~'· = 60,000 - )45, lXIO 
V' 14001"0° = 53.57L-36.87° A 

Note the reduction in the supply current from 71.43 A to 53.57 A. 

2.6 COMPLEX POWER FLOW 

Consider two ide:!1 voltage sources connected by a line of impedance Z = R + 
).\ n as shown in Figure 2.'::1. 

V2 

FIGl'RE 2.9 
lWo interconnected voltage ;;(lun:t's 

~et the phasor voltage Ix F\ = !Fl1L81 and V2 = 1V21L82. For the assumed direc­
tIOn ot current 

112 = 

2.6. COMPLEX POWER FLOW 27 

The complex power 5 12 is given by 

Thus, the real and reactive power at the sending end are 

IVd' IVd IV, I 
PI:.? = IZI C05,- IZI COS(1 + 81 - 62) (2.16) 

IVd'. IV,IIV,I. 
Q12 = jZf Sill "f - IZI 5mh + 81 - &2) (2.17) 

Power system transmission lines have small resistance compared to the reactance. 
Assuming R = 0 (i.e., Z = X 1"900 

), the above equations become 

['12 ~ 
WdI V2! . (0 8 ) X 5111 1- :.? (2.18) 

QI2 ~ 1~~I[IVd ~ 11',100,(6, ~b,)1 (2.19) 

Since R = 0, there are no transmission line losses and the real power sent equals 
the real power received. 

From the above resulls, for a Iypical power system wiLh small H/ X ratio, the 
following important observations are made: 

1. Equalion (2.18) shows th:!t small changes in 61 or 62 will have a significant 
effect on the real power flow, while small changes in voltage magnitudes will 
not have appreciable effect on the rea! power flow. Therefore, the flow of real 
power on a transmission line is governed mainly by the angle difference of 
the tenninal voltages (i,e., Pl2 IX sin 0 ), where 6 = 61 - 02. If VI leads V2, 
6 is positive and the real power flows from node I to node 2. If VI lags \/2, 6 
is negative and power flows from node 2 to node l. 

2. Assuming R = 0, the theoretical maximum power (static transmission ca­
pacity) occurs when 6 = 90° and the maximum power transfer is given by 

(2.20) 

In Chapter 3 we learn that increasing 0 beyond the slatic transmission capac­
ity will result in loss of synchronism between the two machines. 

• 
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3. For maintaining transient stability, the power system is usually operated with 
small load angle o. Also, from (2. 19) the reactive power flow is determi netl 
by the magnitude difference of terminal voltages, (i.e., Q ·x fViI - fV:1D . 

Example 2.5 

Two voltage sources VI = 120L - 5 V and V:1 = lOOLO V are connected by a shon 
line of impedance Z = I + j7 0 as shown in Figure 2.9. Determine the real and 
reactive power supplied Or received by each source and the power loss in the li ne. 

112 = 
120, _5° - lOOLD" 

1 +)7 = 3.135L -llO.02° A 

I~\ = 100':::0° - 120.::: - 5" = 3.135L69.980 A 
1 + j 7 

8 12 = V\/i2 = J76.2L 105.02° = -97.5 W + j363.3 var 

S~ ] = V21i\ = 3 13.5L - 69 .98° = 107.3 W - j294.5 var 

Line loss is givt!n by 

8L = S] + 82 = 9.8 W + j68.8 var 

From the above results. sin.::c PI is negative and P2 is positive, source I receives 
Y7.5 W. and ~(\\ 1rn' 2 ~l' Jl ~r:t l t:S 107.3 Wand The real power loss in the line i~ Y.$ 
W. Thl!' re:.1i powcr loss in til l! lin..: ~an l~ d]~cked by 

PL = RI/,,!"' = ( 1)(3.135)' = 9.8 W 

Also. since Q. is positive and Q'l is lIegaliv!!. source I delivers 363.3 vOIr and source 
2 receive,. 294.5 Vilf, and lhe reaclive power loss in the line is 68.6 vnr. The reactive 
power loss in the line can be checked by 

QL = XI/"I·' = (7)(3. 135)' = 68.8 YM 

Example 2.6 

This example concelTls the directi on of pOwl!r flow between two voltage sources . 
Write a MATLAB program (or the system of Example 2.5 such that the phase an~ 
gle of source I is chnnged from its initial value by ±30" in steps of 5D • Voltage 
magnitUdes of the tWo Sources and the voltage phase angle of source 2 is to be kept 
constant. Compute the complex powe r for each source and the line loss. Tabulate 
the real power and plot p) . P~. anti PI. versus voltage phase angle &. The following 
commands 

l b COMPLEX POWER J-LUW 1.".1 

El - input('50urce # 1 Voltage Mag. : '); 
al i nput('50urce# 1 Phase Angle '" ' }; 
E2 - input ('50urce # 2 Voltage Hag . ~ '}; 
a2 - input('Source # 2 Phase Angle. ' ); 
R - input(' Line Resistance " , ); 
X input( ' Line Reactance'" . ); 
Z '" R + j"'X; 
a l ~ (-30+a l :5 :30+al ) '; 
ai r = a l.pi /180; 
k - length (a}); 

1. Change 
% 

'l. LiDe impedance 
a l by +/ - 3D, col . array 
Convert degree t o radian 

a2 c ones (k ,I) *a2; 
a2 r '" a2*pi / 180; 

I. Cr eate col . array of sa.me length for a2 
I. Convert degree t o radian 

VI = El.*cos (alr ) ~ 

V2 = E2.*cos(a2r) + 
112 = (VI - V2) . / Zj 
51 = Vl.*conjeI12)j 
52 '" V2. ~conj (I21); 
SL .. Sl~S2j 
Result l '" (ai, PI, 
d i sp(' Delta 1 
dispCResultl ) 

j .. E1. *s in(alr) ; 
j *E2 . • sin(a2r) ; 

I21 "' -I12; 
PI - real (SI); 
P2 '" reaI(S2); 
PL " real(SL); 

P2, PL]; 
P- I P- 2 

Ql • imag(Sl) j 
Q2 ;; imag(S2); 
QL ;; i mag(SL); 

P- L .) 

plot(al, PI, ai, P2, al,PL) 
xlabe lC ' Source #1 Voltage Phase Angle') 
yl abelC' P, Watts '), 

50 'PI') "ext( - 26,600,' P2' ) , text ( - 26 . -5. , " 
text(-26. 100, 'PL') 

resull in 

Source # 1 Vol t age Mag. ;; 120 
Source # 1 Phase Angle - -5 
Source ~ 2 Voltage Hag . = 100 
Source # 2 Phase Angl e • 0 
Line Resistance .. 1 
Line Reactance 7 

Delta 1 P-1 P-2 
-35.0000 -872.2049 967.0119 
-30.0000 -759.8461 832 . 1539 
-25.0000 -639.5125 692.4848 
-20.0000 -512.1201 549.0676 
-15 .0000 -378.6382 4.02 .9938 
-10.0000 -240.0828 255.3751 
-5.0000 -97.5084 107 . 3349 

0 4B.00OO -4.0 . 0000 

P- L 
94.8070 
72.3078 
52.9723 
36.9475 
24.3556 
15 .2923 
9.8265 · 
8.0000 
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30 2. IJASJC PRINCIPLES 

5.0000 
10.0000 
15 .0000 
20.0000 
25.0000 

195 . 334.9 
343 . 3751 
490.9938 
637.0676 
780.4848 

-185.5084 9.8265 
-328.0828 15.2923 
-466 . 6382 24 . 3556 
- 600.1201 36.9475 
-727 . 5125 52.9723 

1000,~--____ ______ ~ 

800 

600 

400 

P, 

P 200 PL 

Watts 0 f----======~====-..:::::O""'~::...-~=====--J 
- 200 

- 400 

- 600 

-800 

- 1~4~O'--=-~~'----~2"0----~1~0--~O~--~1~O--~W~--~~ 
Source # I Vollage Phase Angle 

I'IGURf. 2.10 
Rc;!1 PJ'Io'cr V(:rSU5 voltage ph~ angle.! . 

Exal.njn~tion of Figure 2.10 shows that the flow of real power along the intercon­
necll.on IS detennined by the angle difference of the tenninal voiUlges. Problem 2.9 
requlre~ the development of a similar program for demonstrating the dependenC}' 
of reacttVe power on the magnitude difference of tenninal voltages. 

2.7 BALANCED THREE-PHASE CIRCUITS 

The generntion, transmission and distribution of electric power is accomplished by 
: :ans of three-ph.ase circuits. At the generating station, three sinusoidal voltages 

1 
generated haVing the same amplitude but displaced in phase by 120c. This is 

ca led a ba/(l d 
. nee soura. If the gener"dted voltages reach their peak values in the 

sequential order ABC th '. . . 
show . F' ' e generator IS Satd 10 have a poSitive pluJs~ uqlfence, 

~ 10 19ure 2.lI(a). If the phase order is ACB the generatOl" is said to have a 
negallve phas . ' e sequence, as shown In Figure 2. 11(b). 

2.7. BALANCED THREE·PHASE CIRCUITS 31 

ECn 

EBII (a) (b) 

FIGURE 2.11 
(a) Posilivc. Of ABC, ptw.c l>I:4UCflCC. (b) Nq:3U'"C. u. AeR. phase SCtI\I~J\C;C . 

[n a three-phase system, the instanlaneous power ddivercd to the external 
loads is constant rather than pulsating as it is in a single-ph:.L~c circuit. Also, three­
phase motors, having constant torque, start and run much bener than single-phase 
motors. This feature of three-phase power, coupled with the inherent efficiency of 
its transmission compan:d to singlc-ph:.L,\c (less wire for the: same delivered power) , 
accounts for its universal usc. 

A power system has Y·connec too gcncr.ttors and usually includes both 6.­
and Y·conllec~ loads. Ge ner.tto rs are rarely 6.·connech!d, because if (he vollages 
:lr~ not perfectly b::al:mccd, there w ill b<! ;1 nct \-oit3gC, and consequently a c irculal· 
mg current, around Ihe 6 . Also, Ihe phase vollagcs are lower in the V-connected 4 

generator, and thus less insulation is n:quired. Figure 2. 12 shows a Y~conllected 

gcncralor supplying balanced Y·connectl."d loads through a lhrec-phase line. As­
suming a positive phase: sequence (phas~ ord~r ABC) the generated voltages are: 

EA .. ~ IE,ILO" 
Eo .. = IE .. IL - 120° 
Ec" = IEp [L - 240° 

(2.21) 

In power systems, great care is take n 10 ensure rna.t the loads of lransmission linc:s 
:lfC balanced. For balanced loads, the: te:rminal voltages of the generator VAn, VBn 
and "en and the phase voltages Von, Vbn and Vcn al the load tenninals are balanced. 
r ur "phase A," these are given by 

VAn = EAn - ZcIo 

Von = VAn - Zl,l" 

(2.22) 

(2.23) 
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FIGURE 2.12 

A Y·connected gencrJtor supplying a Y·connected IOJd. 

2.8 Y·CONNECTED LOADS 

To find the rel'llionship between the line vOhages (Iine-lo-Iine voltages) and the 
phase \I~ha~es (line-lo-neuu-aJ vohllgoes), we assume a positi \',:, ur ABC, s.:qucn..:c. 
We arbJ(rJnly choose the line-Io-neutral voltage of the;: a-phase as the refe rence, 
(hus 

Vall = IVpl LOQ 

Vim = JV,ll-120' 
Veri = !VpI L- 240° 

(2.24) 

where /VpJ represents the magnitude of the phase vollage (Iine·to.neulral vollage). 
The line vollages al the load terminals in (erms aflhe phase voltages aft found 

by the applic.uion of Kirchhoff's vohage law 

V" = V,. - Vim = JV,I(llO' - 1l-120') = v'31l',ll30' 
V", = Vim - Vm = 1l',I(ll-120' -ll-240') = v'3JV,l l-90' 
Voo = Vm - V,. = JV,I(ll-240' -llO') = v'3JV,ll150' 

(2.25) 

. Th~ voltage phasor diagram of the Y' connected loads of Figure 2.12 is shown 
In Figure 2.13. The relationship between the line voltages and phase voltages is 
demonstrated graphically. 

2.S. Y·CONNECTED lOADS 33 

V" , , 

FIGUR.t: 2.13 
pt-,,;ISi,lf diagram ~howing ph3r.c and l in~ vol ! ~~c5. 

If the nns v<llue of any of Ihe [inc voltages is denoted by V/.. then one of the 
import;!n! characteristio.:s of the Y-connected Ilnee-phase loud may be expressed as 

(2.26) 

Thu~ in tho.: cas..: of Y·conncch::d loads.· the magnitude of the line voltage is 
IJ times the magnitudt: of the phase vo ltage. and for a positi ve phase ~quence. 
the sel of line voltages lead~ the set of phase voltages by 30". 

The three-phase currents in Figure 2.12 also possess three-phase symmetry 
and aTe given by 

V, .. I I 0 [ (1. = Z = 11' L ­, 
V,. I I ' 0 h =-= Ip L-120-
Z, 

Ie = Ven = 11pIL-240° _ 8 
Z, 

where 8 is the impedance phase angle. 

(2.27) 

The currents in lines are also the phase currents (Lhe current carried by the 
phase impedances). Thus 

h=lp 

r · . 
,. , 
~ . " . 

(228) 
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2.9 ll..-CONNECTED LOADS 

A balanced a.-con nected load (with equal phase impedances) is shown in Fig. 
ure 1.1 4. 

b 

FIGURE 2.14 
A ;l-cOIlrn:cteu load. 

It is clt!ar from the inspeclion of the circuit that the line vollages ar(! the same 
as phase voltages. 

(2.29) 

Consider the phasor diagram shown in Figure 2.15, where the phase current lab is 
arbitrarily chosen a.~ reference. we have 

I"", = Ilpl LOo 

I" = 1/, IL - I20" 

I CG = 11" ll - 240° 

where IIp ] represents the mag nitude of the phase current. 

I" 
FJGURE2.15 

... - - - Ia 

Phasor diagram shoWing pnau and line currtrns. 

(.!.30) 

2, 10. a ·y TRANSFORMATION 35 

The relationship between phase and line currentS can be obtained by applying 
Kirchhoff's current law at the comers of 6.. 

I, = I", - 1m = 1/,I(lLO" - 11 - 240' ) = J31 /, 11 -30" 
I, = I" -lob = 1/,1( I L-120" - I Lo") = J31/, IL- 150" 
I , = 1= -I" = 1/, 1( I L-240" - I L-120") = J3II , IL90" 

(2.31 ) 

lbt: relationship betw~n the line currents and phase cumnl.<; is demonslraled 
graphically in Figure 2.15. 

If (he nns of any of the line: ~urrcnlS is denoted by I L, Ihen one of the impor. 
lant characleristics of Ihe 6.-connccl..::d Ihrt:e-phase load may be e,;pressed as 

Ir. = v"l1/,,11 - 30" (2.32) 

Thus in the case of 6.-conneeted loads, the magnitude of Ihe line current is J3 
tillles the magnitude of the phase current, and with positive phaSe!: sequence, the set 
of line currents lags the set of phase curre nts by 30°. 

2.10 A-Y TRANSFORMATION 

For analyzing network problems , it is cOJlvcnit!nt to replace the fi-connectcd cir­
cuit with an cquivalent Y·connected circuit. Consider the fictitious Y·connected 
circui t of Z\" I1!phase!: which is equivalent 10 a balanced 6-conneeted cireuil of 
Z~ O/phast!, as shown in Figun.: 2.16. 

a • 
I" 

n 
z,· 

h b 
(b) 

FJGURE2.16 
(at u to (0) V·connection . 

For the ti-connected circuit. the phase current Ia is given by 

In = _V,,_, + _V,_, = ,V~,~,;;+ ____ V",,, 
Z~ Za. Ze. 

(2.33) 
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v •• 
, , , , , 
30" 

, 
Van , , , , , , 

FICURIo;2. 17 
Ph3">Or dl3grJm showiug ph:!$<! anJ line ~uIl 3g ... s. 

The ~hasor ~iagram in Figure 2. ! 7 shows the relationship between balanced phase 
and hne-to-hne 'Ioltages . From this phasor diagram. we find 

V.,+ V." = v3 IV." IL30" + v3 1V.nIL-3U" 
= 3V.,1 

Substituting in (2 .33), we get 

0' 

z" \1;", = Jla 

Now, for the.: V-connected c ircui l. we h:lvc 

Thus, from (2.36) and (2.37). we find that 

z. Zy =-
3 

(2.34) 

(2.35) 

(2,36) 

(2,37) 

(2.38) 

2,11 PER-PHASE ANALYSIS 

The CUrrent in the n ' ~l f h . . euu,," 0 I e balanced Y-connected loads shown in Figure 2 12 
IS gwen by . 

Tn = Ia + h + Ie = 0 (2,39) 

Since the neUiral carries no current, a neutral wire of any impedance may be re­
plOlced by any other impedance. including a soon circuit and an open circuit. The 
return line may not actually exist. but regardl ess. II line of zero impedance is in­
cluded between the two neutral points. The balanced power system problems are 
then solved on a "per-phase" basis. It is underslOod that the other two phases carry 
identical currents except for the phase shifl. 

We may then look at only one phase. say "phase A." consisting of the source 
V"" ill series with ZL and Zp. as shown in Figure 2. 18. The ncutm l is taken as 
dalUm and usually a single-subscript notation is used for phase vollages. 

V. 

ZG 

E .. \ ii, 

FIGl:RE 2. 18 
Singk-pmse circuit for pcr-ph3sc Jnaly~i s. 

If the iuaJ in ;t t!m:~-phJ.s<,: t.:ilLuit is connected in a ~. it can be transfonned 
into a Y by using the D,-tu-Y (ran."formation. When the IOOld is balanced. the 
impedancc or each leg or the Y is onc-thin.lthe impedance of each leg of the.6.. as 
gi\'en by (2.38), and the circuit is modded by the single-phase equivalent circuit. 

2,12 BALANCED THREE-PHASE POWER 

Consider a balanced three-phase source supplying a balanced Y- or ~- connected 
load with the following instantaneous voltages ' 

v,, = v'2IV,1 <",(wI + eo) 

'VI", = hjVpl cos(wt + 8u - 120°} (2.40) 

I'~" """' v2WJl I \··{):;( ...... t -:- Ou - 240°) 

For a balanced load the phase currents are 

i" = h i/pi COR(wt + 9d 
I" = 1.I'211J!1 w~(wt + fJ j - 120°) 

T" = v2IJp l cos(wt + fJi - 240°) 

(2.41) 
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where IVpl and IIpl are the magnitudes of the nns phase voltage and current, re­
spectively. The total instantaneous power is the sum of the instantaneous power of 
each phase, given by 

(2.42) 

Substituting for the instantaneous voltages and currents from (2.40) and (2.41) into 
(2.42) 

P3¢ = 2IVpllIpi cos(wt + ell) cos(wt + fJ;) 

+2lVpll Ipl cos(wt + fJ" - 120°) cos{wt + fJi _ 120°) 

+2lVpll Ipl cos(wt + 0" - 240°) cos{wt + 0i _ 240°) 

Using the trigonometric identity (2.4) 

P3¢ = IVpIIIpl[cos(fJ" - Od + cos(2wt + 0" + 0d] 

+1V,IIIplico,(o" - eo) + co,(2wt + 0" + e, - 240")J 

+lVpIlIpl[cos(O" - oil + cos{2wt + 0" + Oi - 480 0 )J 
(2.43) 

The three double frequency cosine tcnns in (2.43) are out of phase with each other 
by 120

0 

and add up to zero, and the three-phase instantaneous power is 

(2.44) 

() = 0" - 0, is the angle between phase voltage and phase current or the impedance 
angle. 

Note that although the power in each phase is pulsating, the total instanta­
neous power is constant and equal to three times the real power in each phase. In­
deed, this constant power is the main advantage of the three-phase system over the 
single-phase system. Since the power in each phase is pulsating, the power, then, 
is made up of the real power and the reactive power. In order to obtain fonnula 
symmetry between real and reactive powers, the concept of complex. or apparent 
power (S) is extended to three-phase systems by defining t~e three-phase reactive 
power as 

Q34> = 3IVpllIpisinB 

Thus, the complex. three-phase power is 

0' 

(2.45) 

(2.46) 

83", = 3VpI; (2.47) 

Equations (2.44) and (2.45) are sometimes ex.pressed in tenns of the rrns 
magnitude of the line voltage and the nns magnitude of the line current. In a Y_ 
connected load the phase voltage IV pi = IVLI//3 and the phase current Ip = h. 

.l..'.l.. HALANl;JoU I HKJoJo·rHA "''' I'"UW"'" CJ" 

In the .0--connection Vp = VL and IIpl = Ihl//3. Substituting for the phase volt­
age and phase currents in (2.44) and (2.45), the real and reactive powers for either 
connection are given by 

(2.48) 

and 

(2.49) 

A comparison of the last two expressions with (2.44) and (2.45) shows that the 
equation for the power in a three-phase system is the same for either a Y or a .0-
connection when the power is expressed in tenns of line quantities. 

When using (2.48) and (2.49) to calculate the tOlal real and reactive power, 
remember that () is the ph<lse angle between the phase voltage and the phase current. 
As in the case of single·phase systems for the compmation of power, il is best 10 

use the complex power expression in lenns of phase quantities given by (2.47): 
The rated power is customarily given for the three-phase and rated voltage is the 
line-lo-line voltage. Thus, in using the per-phase equivalent circuit, care must be 
taken to use per-phase voltage by dividing the raled volt<lge by /3. 

Example 2.7 

A three-phase line has an impedance of2 + j1. n as shown in Figure 2.19. 

,. ----¥.¥r~~-t---t--,~, 

" 
FIGURE 2.19 

30 11 

j40n 

Three·phase circuit diagram for Example 2.7. 

The line feeds two ba1anced three-phase loads that are connected in parallel. The 
first load is Y-connected and has an impedance of30+ j40 n per phase. The second 
load is .0--connected and has an impedance of GO - j45 n. The line is energized 
at the sending end from a three-phase balanced supply of line voltage 207.85 V. 
Taking the phase voltage Va as reference, detennine: 

(a) The current, real power, and reactive power drawn from the supply. 

• 
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(b) The line voltage at the combined loads. 
(c) The current per phase in each load. 

(d) The toW real and reaetive powers in each load and the line. 

(a) The ~-connected load is transfonned into an equivalent Y. The impedance per 
phase of the equivalent Y is 

60 - j45 
Z1 = =20 -j I5 n 

3 
The phase voltage is 

" 207.85 
YI = ,J3 = 120 V 

The single-phase equivalent circui f is shown in Figure 2.20, 

+ I, 1, 

1', = 120LO" V V, 
300 20 0 

j400 - j 150 

"~---------~-L _ __ ---J 

i"IG URE 2.20 
Sll~);!c·pha$e ct(uivalcOi CIrCUli for E:ump!c 2.7. 

The total impedance is 

z = 2 + .-. + (30 + j40)(20 - jlS) 
, (30 + j40) + (20 jlS) 

= 2 + j 4 + 22 - j4 = 24 n 
With (he phase voilage Van as reference. the current in phase a is 

1= VI = 120LO° = 5 A 
Z 24 

The three· phase power supplied is 

S = 3V, r = 3(I20LOO)(5LOO) = 1800 W 

(b) The phase voltage 111 the load terminal is 

V, = 120LO" - (2 + j 4)(5 LOO) = 110 - j20 

= 111.8L-IO.3° V 

The line voltage at the load terminal is 

\11,,6' = ,J3 L3D" V1: = V3 (1l1.8)L 19.7" = 193.64 L 19.r V 

(c) The current per phase in the Y·connected load and in the equivalent Y of the 6 
load is 

V2 n o - j20 
1\ = z\ = 30 + ) 40 == 1 - j2 = 2.23G L - 63.4" A 

V, 1~1l_) _--",,,,· 2~O = 4 + ,·2 = 4.472 L26 cGO A 
[2 = Z,l = 20 - ) 15 ." 

The phase current in the origillal a-connected load, i.e .. I"b is gi ven by 

(d) The thn~~-phas~ power absorlx:d by each load is 

8, = 3\/1:1; = 3( 111.1:1 L - 1O.;1°)(:2.2JtiLG3.4°) = 4&0 W + jGOOvar 

S'l = 3V2 / ; = 3{I I U)/ - 1O.3" )(<I .'17U - 2G.56°) = 1200 W - j900var 

Th~ three-phase powl!r ahsorhl!d by the line is 

SL = 3(11,_ + j.Ydl/ l:! = 3 (2 + j.I)(5)2 = 150 W + j:.JIKI var 

It is ckar that the sum of load powers and lin~ losses is equal to the power delivered 
from the supply, i.e., 

5, + S,+ S, = (45.H j 6oo) + (1200 - j9DO) + (150 + j300) 

= 1800 W + jOvar 

Ex~pJe 2.8 

A three-phase line has an impedance of 0.4 + j2.7 n per phase. The line .feeds two 
balanced three-phase loads that are connected in parallel. The first load IS absorb­
ing 560.1 kVA at 0.707 power factor lagging. The second load absorbs 132 kW at 
unity powcr factor. The line-to· line voltage at the load end of the line is 3810.5 V. 
Detennine: 

(a) Ihe magnitude of the line voltage at the source end of the line. 
(b) Total real and reactive power loss in (he line. . 
(c) Real power and reactive power supplied at the sending end of the Ime. 
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I 0.4 + j2.70 
a~~~~~ __ ~~ ____ , 

n ____________ -=~ ____ ~ 
FIGURE 2.21 

Single-phase equivalent diagram for E!lamplc 2.8. 

(a) The phase voltage at the load tenninals is 

3810.5 
V2 =--=2200V 

13 

The single-phase equivalent circuit is shown in Figure 2.21. 
The tOlal complex power is 

SU(:loP) = 560.1(0.707 + jO.707) + 132 = 528 + j396 

= 660L36.87° kVA 

With the phase voltage V2 as reference, the current in the line is 

I = SR(aoP) = 660, DOOL -36.87° _ _. ° 
3V; 3(2200LOO) - IOOL 36.87 A 

The phase voltage <llihe sending end is 

VI = 22DOLO° + (OA + j2.7)lOOL-36.87° = 2401.7L4.58° V 

The magnitude of the line voltage at the sending end of the line is 

iVI d ~ v'3iVd ~ 13(2401.7) ~ 4160 V 

(b) The three-phase power loss in the line is 

SL(3¢) ~ 3RIJI' + j3XIIl' ~ 3(OA)(I00)' + j3(2.7)(100)' 

= 12 kW + j81 kvar 

(c) The three-phase sending power is 

S8(.11» = :H'ii' = 3(2401.7 L4.58°)(100L36.87°) = 540 kW + j477 kvat 

It is clear that the srI d .. . um 0 ou powers and the Ime losses IS equal to the power 
dehvered from the supply, i.e., 

S8(:lo) = SR{:l"") + Sq3<Pl = (528 + j396) + (12 + j81) = 540 kW+j477 kvar 

2.12. BALANCED THREE·PHASt: PUWEK 'U 

PROBLEMS 

2.1. Modify the program in Example 2.1 such that the following quantities can 
be entered by the user: 

2.2. 

2.3. 

The peak amplitude Vm • and the phase angle ()v of the sinusoidal supply 
v(t) = V,1l cos(wt + ()v), The impedance magnitude Z. and the phase angle 
I of the load. 

The program should produce plots for i(t), v(t), p(t), Pr(t) and P:r(t). sim­
ilar to Example 2.1. Run the progr.l.m for Vm = 100 Y, ()v = a and the 
following loads: 

An inductive load, Z = 1.25L60on 
A capacitive load, Z = 2.0L -30°\1 
A resistive load, Z = 2.5LOon 

(a) From Pr(t) and Pr(t) plots, estimate the real and reactive power for each 
load. Draw a conclusion regarding the sign of reactive power for inductive 
and capacitive loads. 
(b) Using phasor values of curren! and voltage, calculate the real and reactive 
power for each load and compare with the results obtained from the curves. 
(c) If the above loads are all connected across the same power supply, deter­
mine the total real and reactive power taken from the supply. 

A single-phase load is supplied with a sinusoidal voltage 

v(t) = 200cos(377t) 

The resulting instantaneous power is 

p(t) = 800 + lOOOcos(754t - 36.87°) 

(a) Find the complex power supplied to the load. 
(b) Find the instantaneous current itt) and the nns value of the current sup­
plied to the load. 
(c) Find the load impedance. 
(d) Use MATIAB to plot v(t), p(t). and i(t) = p(t)/v(t) over a range of 
a to 16.67 ms in steps of 0,1 ms. From the current plot, estimate the peak 
amplitude, phase angle and the angular frequency of the current. and verify 
the results obtained in part (b), Note in MATIAB the command for array or 
element-by-element division is.J. 

An inductive load consisting of R and X in series feeding from a 2~OO-Y 
nns supply absorbs 288 kW at a lagging power factor of 0.8. Detennme R 
andX. 

' .. 
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2.4. 

2.5. 

2.6. 

v + 

An inductive load consisting of R and X in parallel feeding from a 2400-V 
nns supply absorbs 288 kW at a lagging power factor of 0.8. Determine R 
and X. 

Two loads connected in parallel are supplied from a single-phase 240-V rms 
source. The two loads draw a total real power of 400 kW at a power factor 
of 0.8 lagging. One of the loads draws 120 kW at a power factor of 0.96 
leading. Find the complex power of the other load. 

The load shown in Figure 2.22 consists of a resis[a/lce R in parallel with a 
capacitor of reactance X. The load is fed from a single-phase supply through 
a line of impedance 8.4 + j11.2 n. The rms voltage at the load terminal is 
1200LO° V nns, and the load is taking 30 kVA at 0.8 power factor leading. 
(a) Find the values of Rand X. 
(b) Detennine the supply voltage V. 

8.4 + )11.2 n 
1 

1200LO" V R -jX 

FiGURE 2.22 
Circuit for Problem 2.6. 

2.7. Two impedances, ZI = 0.8+ j5.6 nand Z2 = 8-)16 n, and a single-phase 
motor are connected in paralkl across a 200·Y nns. 6O-Hz supply as shown 
in Figure 2.23. The motor draws 5 kVA at 0.8 power factor Jagging. 

+ 1 I, I, 
0.8 8 

200LO" V 83 = 5 kVA 

j5.6 -j16 
at 0.8 PF lag 

FIGURE 2.23 
Circuit for Problem 2.7. 

2.8. 

(a) Find the complell powers 51. S2 for the two impedances, and 5~ for the 

motor. d 
(b) Detennine the total power taken from the supply, the supply current, an 

the overall power factor. d h 
(c) A capacitor is connected in parallel with the loads. Find t~e kvar a~ t e 
capacitance in pF to improve the overall power factor to Unity. What IS the 
new line current? 

Two single-phase ideal voltage sources are connected by a line of impedance 
of 0.7 + j2.4 n as shown in Figure 2.24. V1 = 500LI6.26" ". and \'2 = 
585L 0" V. Find the complex power for each machine and detennme whether 
they are delivering or receiving real and reactive power. Also, find the real 
and the reactive power loss in the line. 

cF9 5UOL16.26"Y ~ 585LO"Y 

FJ(;1!RE 2.24 
Ci,. "i, r.." PLubl..:Ln .c..S. 

2.9. 

2.10. 

Write a MATlAB program for the system of Example 2.6 such that the volt­
a!!e mal.'nilude of source 1 is changed from 75 percent to 100 percent of 
the give-n value in steps of I V. The voltage magnitude of source 2 and the 
phase allgk~ of the two sources is to be kept constant. Comp~te the complex 
power for each source and the line loss. Tabulate the reactive powers and 
plot QI. Q"2. and QL vers~s voltage magnitude IVIi. From .the result:, show 
that the flow of reactive power along the interconnection IS detennmed by 
the magnitude difference of the tenninal voltages. 

A balanced three-pha~e source with the following instantaneous phase volt-
agc-s 

t'an = 2500cos(wt) 

tibn = 2500cos(wt - 120") 

11m = 2500 cos(wt - 240") 
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supplies a balanced Y-connected load of impedance Z == 250L36.870 n 
phase. J' per 

(a) Using MATUS, plot the instantaneous powers P d th . 
versus wt over a range of 0:0.05; 27r on the sa a. Ph" cPc an elr Sum 

. me grap. ommenl on the 
nature of the Instantaneous power in each phas d th 
real power. e an e total three-phase 

(b) Use (2.44) to verify the total power obtained in part (a). 

2.11. A 4157-V nTIS, three-phase supply is applied to a balanced Y 
thre~~phase load consisting of three identical impedances of 48;~~~;cot~d 
Taking the phase to neutral voltage V<ln as reference calcul t '. 
(n) The phasor currents in each line. .' a e 

(b) The total active and reactive power supplied to the load. 

2.12. Repeat Problem 2.11 with the same three-phase i d . 
. T'-" mpe anees arranged In a .6. 

connection. UlI.e Vab as reference, 

2.13. A balanced delta connectcd load of 15 + '18 r. h . 
th d f J " per p ase IS connected at 

e en 0 a three-phase line as shown in Fig"" 2 25 Th ,. . d . 
1'2 n . '. . . e me Impc ance IS . + J . per phase. The hne IS supplied from a three-phas . h . 
hne-to-lme voltage of 20785 V. e source Wit a 
fOllowing: . rms. Takltlg Va" as reference, determine the 

(a) Current in phase n. 

(b) Total ~omplex power supplied from the source. 
kl ?\bgnHllde of the line to-line voltagt: at the load terminal. 

1 + j211 
"'------~~~~------------~a 
W" ~ 207.85 V 

b~-~~~ ___ ~b 
15 + j1811 

FIGURE 2.25 
Circllit for Problem 2.13. 

2.14. Three parallel lh hi' 
three.phase supp~yeTh-p as,' doadS are supplied from a 207.85-V rms, 60-Hz 

. e oa s are as follows: 

Load I:A ISh 
. 0.6 lagging pow~r~~~~~r~perating at full-load, 93.25 percent efficiency, and 

2.12. BALANCED THREE·PHASE POWER 47 

Load 2: A balanced resistive load that draws a total of 6 kW. 
Load 3: A V-connected capacitor bank with a total rating of 16 kvar. 

(a) What is the total system kW, kvar, power factor, and the supply current 
per phase? 
(b) What is the system power factor and the supply current per phase when 
the resistive load and induction motor are operating but the capacitor bank is 
switched off? 

2.15. Three loads are connected in parallel across a 12.47 kV three-phase supply. 

Load I: Inductive load, 60 kW and 660 bar. 
Load 2: Capacitive load, 240 kW at 0.8 power factor. 
Load 3: Resistive load of 60 kW. 

(a) Find the total complex power, pmi.'er factor, and the supply current. 
(b) A V-connected capacitor bank is connected in parallel with the loads. 
Find the tOlal kvar and the capacitance per phase in J.l.F to improve the overall 
power factor to 0_8 lagging. What is the new line current? 

2.16. A balanced ll-connected load consisting of a pure resistances of 18 11 per 
pha~e is in parallel with a purely resistive balanced Y-connected load of 12 n 
per phase as shown in Figure 2.26. The combination is connected to a three­
phase balanced ~upply of 346.4I-V nns (line-to-line) via a three· phase line 
having an inductive reactance of )3 n per phase. Taking the phase voltage 
V;'" as reference, determine 
(a) The current, real power, and reactive power drawn from the supply. 
(b) The line-to· neutral and the line-lo-Iine voltage of phase a at the combined 
load terminals. 

j3 fl 
~----~~-------,----~~a 

IVLI ~ 346.41 V 
b 18 fl 

12n 

n 

FIGURE 2.26 
Circuit for Problem 2.16. 

_.- '--~-., 
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CHAPTER 

3 
GENERATOR AND 
TRANSFORMER MODELS; 
THE PER-UNIT SYSTEM 

3.1 INTRODUCTION 

Before the power systems network can be solved. it must first be modeled. The 
three ·ph~e balanced system is represented on a per-phase basis, whkh was de­
scribed in Section 2.10. The single-phase representation is also used for unbalanced 
systems by means of symmetrical components which is treated in a later chapter. 
In this chapter we deal with the balanced system. where transmission lines are rep­
resenled by the tr model as described in Chapter 4. Other essential components 
o f a power system are generators and transformers; their Iheory and construction 
~e discussed in standard electric machine textbooks. In this chapter. we represent 
simple models of generators and trnnsfonners for steady-state balanced operation. 

Next we review the one-Hne diagram of a power system showing generators. 
transformers, transmission lines. capacitors. reactors, and loads. The diagram is 
usually limilt:d to major transmission systems. As a rule, distribution circuits and 
small loads are not shown in detail but are taken into account merely <I:) lum~d 
loads On subst3.tion busses. 

4. 

3.2. SYNCHROI'IOUS CENERATORS 49 

In the analysis o f power systems. it is frequently convenient to use the per­
unit system. 1be ad vantage of this method is the elimination of transformers by 
simple impedances. The per.unit syste m is presented, followed by the impedance 
diagram of the network, expressed to a common MVA base. 

3.2 SYNCHRONOUS GENERATORS 

Large-scale power is generated by three-phase synchronous generators, known as 
alternators, driven either by steam turbines, hydroturbines, or gas IUrbines. The 
armature windings are placed on the stationary part calkd stator. The armature 
wind ings are designed for generation of balanced three-phase voltages and are ar­
ranged 10 devdop the same number of maglll.": tic poles as the field winding that is 
00 the rotor. The field which requires a relatively small power (0.2- 3 percent of the 
machine rating) for its elicit ation is placed on the rOlor. TIlt: rotor is also equipped 
with one or more short-circuited windings known as damper willdings. The rotor is 
driven by a prime mover at const'ln! speed and its field ci rcuit i~ excited by direct 
current. The excitation may be provided through slip rings and brushes by means of 
de generators (referred to as cxc:iterJ) mounted on the same shaft as the rotor of the 
5ynchronous machine. However, modem excitation systems usually use ac gener­
a(Ors with rotating rectifiers, and arc known as bTl/sh/us excitation. The generator • excitation system maintains generator voltage and contro ls the reactive power flow. 

The rotor of the synchronous machine may be of cylindri(.;al or SOIlient con­
struc tion. The cylindrical type of rOlor, also called WI/lid rofor, has one distributed 
winding and a uniform air gup. These generators arc driven by steam turbines and 
are designed for high speed 3600 or 1800 rpm (two- and four-pole machines, re­
spectively) operation. The rOlor of these generators has a relatively large axial 
length and small diameter to limit the centrifugal forces. Roughly 70 percent of 
large synchronous generators are cy lindrical rotor type ranging from about 150 to 
1500 MVA. The salient type of rotor has concentrated windings on the poles and 
nonunifonn air gaps. It has a relatively large number of poles, short axial length. 
and large diameter. The generators in hydroelectric power stalions are dri\'en by 
hydraulic turbines, and they have salient-pole rotor construction. 

3.2.1 GENERATOR MODEL 

An elementary two-pole three-phase generator is illustrated in Figure 3.1. The sta­
tor contains three coils, aa' , bb' , and ce, displaced from each other by 120 elec­
trical degrees. The concentrated futl-pitch coils shown here may be considered to 
represent distributed windings producing sinusoidal mmf waves concentrated on 
the magnetic axes of the respective phases. When the rotOr is excited to produce 
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FIGURE 3.) 

F, 

a" , 

, 

Elemenl3ty [ .... 'o-pol<: thlee· ph.:u.c synchronous gcneraloc. 

n 

an ai~ gap flux of ¢ per pole and is revolving at ~Olls(ant angular velocity w , the 
f1u~ linkage of the coil varies with the position of the r()(or mmfaxis wi, where 
w i IS measured in electrical radians from coil aa' magnetic axis. The HUll linkage 
for an N-tum concentrated co il aa' wi ll be maximum (N4)) at wt == 0 and uro 
aI ~t == 7r j 2. Assuming distribtUed winding. the flux linkage >'0 will vary as the 
cosine of ~ angle wt. Thus, the flux linkage with coil a is 

.\0 == N¢cos wt 

The voltage induced in coil Qa' is obtained from Faraday's law as 

d" 

where 

eQ == -7ft == wN¢sinwt 

.= Emazsinwt , 
== Em= cos(wt - -) 

2 

Emo% = wN¢ == 2rr/Nr/J 

(3 . 1) 

(3.2) 

3,2. SYNCHRONOUS GENERATORS 51 

Therefore, the rms value of the genenlled voltage is 

E ~ 4.44fN¢ (3.3) 

where f is the frequency in hertz. In actual ac machine windings, the armature 
coil of ~ach phase is distributed in a number of slots. S ince the emfs induced in 
different slOis are nOl in phase, their phasor sum is less than their numerical sum. 
Thus. OJ rr:duetion factor K .... called the winding /aelor. must be applied. FOf most 
three-phase windings K ", is about 0.85 to 0.95. Therefore. for a distributed ph~ 
winding. the nns value of the generated voltage is 

E = 4.44/(.., / N¢ (3.4) 

The magnetic field of the rotor revolving at constant speed induces three-phase 
sinusoidal voltages in the armature. displaced by 27r/ 3 radians. The frequency of 
the induced armature voltages depends on the speed at which the rotor runs and 
on the number of poles for which the machine is wOund. The frequency of the 
armature voltage is given by 

Pn 
f~--

260 
(3.5) 

where 11 i~ the rotor speed in rpm. referred to as synchronOlIS :rpud. During nonnal 
conditions, the generator operates synchronously with the power grid. This results 
in three-phase balanct..'d currents in the armature . Assuming current in phase a is 
lagging the gener.tted emf e" by an angle .p, which is indicated by line mn in 
Figure 3.1. the inslantancous annalure currents arc 

i" = I.,...nx s in (lo.It - tb ) 
2, 

i" = 1m ,,%. si n(lo.I t - 1/1 - 3 ) 
4" 

i l = 1m" x sin(wt - 1/1 - "3) 

(3.6) 

According to (3.2) the generated emf e", is maximum when the rotor magnetic axiS 
is under phase Q. Since i" is lagging e" by an angle t/J. when line mn reaches 
the axis of coil aa', current in phase a reaches its maximum value. At any instant 
of time, each phase winding produces a sinusoidally distributed mmf wave with 
its peak along the axis of the phase winding. These sinusoidally distributed fields 
can be represented by vectors referred to as space plw:ror:r. The amplitude o~ the 
sinusoidally distributed mmf /",(8) is represented by the vector F" along the axiS of 
phase a. Similarly, the amplitude of the mmfs Jb(8) and / e(8} are shown by vectors 
F" and Fc along their respective axis. The mmf amplitudes are proportional to the 
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instantaneous value of the phase current, i.e., 

Fa = Kia = Klmozsin (wt - 'IjJ) = Frn sin(wt - t/J) 

r K · KI . ( 27r . 21f 
q = Ib = maz SHlwt -I/J -T)=Fmsm(wt - t/J - T) (3.7) 

F K · K I . ( 41f 41f 
c = Ie = m(lr SIIl wt - ¢ - 3) = Fmsin(wt - t/J - 3) 

where K is proponionaJ to the number of armaltne turns per phase and is .a funClion 
of the winding type. The resuhant armature mmf is the vector sum of the above 
IIImfs . A suitable .method for finding the resullant mmf is 10 project these mmfs on 
Ime 11111 ~nd otxam tho! resu!!ant in-phase and quadrature-phase components. The 
resuham HI-phase componems are 

FI == Fm .siu(wt - 1/-') cos( •• ,:t - 1/J} + Fm sin(wt - 1/1 _ 211") 
3 

( 2. h h 
cos wt -1j; - -3 ) + Fm s in(wt - t/J - -) cos(wt - 1/J __ ) 

3 3 
Using the trigonometric identit)' s ill (\' cos Q = (1/2) sin 20; the above expression 
becomes 

F FUI[. 2. 
1 = T 5m2(w! - t/J) +sin2(wt -tjJ- 3) 

. 2( 4. 
+Slll wi - .p- 3)] 

Th~ :lbove expression is Ihe sum of three sinusoid:!1 functions displaced from cat.:h 
Oth~r by 2r. /3 radian s, which adds up 10 uro, i.e., FI = O. 

The sum of quadrature components results in 

F"J. ::: F,,, .$in(wt - ¢) sin(wt - r/J) + Fm sill(wt _ '" _ 211") sin(wl - 'I/J _ 211" ) 
3 3 

F . ( 411" 411" + "Ism wi - 1/.1 - - )sin(wt - ¢ __ ) 
3 3 

Using Ih~ t . . ·d · , n gonometnc I entity s in 0 = (1/ 2) ( I - cos 20}. the above expression 
b..!comcs 

~ Frn[ 2~ 
q = 2"" 3 - cos2(wt - TjJ) +cos2(wt - TjJ - 3 ) 

4. + cos 2(wt - '" - _ )[ 
. 3 

The sinusoidal terms f th b . . 271"/3 ' 0 e a ove expressIOn are displaced from each other by 
I radians and add up to zero, with F2 = 3/2Fm . Thus, the amplitude of the 

resu tanl armature mmf or Slator mmf becomes 

3 
Fs = "2Fm (3.8) 

FIGURE 3.2 
Combined phasorfvcclor diagram for one phase of a c)'linJlic31 roto r generalor. 

We thus conclud~ th:lt the result.)nl armature mmf has a Con~lant amplitude 
perpendicular to line mn, nnd rmales III a t.:onstunl speed nnd in synchronism 
with !.he field mm f Fr . To see a !kmonstrJ.tion of the rotating magnetic field , type 
rolfield at the MA.TLAB prompt. 

A typical synchronous machine fidd alignmeOl for oper.ttion as a generator is 
shown in Figure 3.2. using space vectors ( 0 represent the various fie lds. When the 
rotor is revolving at synchronous speed and the armatur.: current is zero. the field 
mmf Fr produces the no-load generated emf E in ettch phas.:. The no-load gen­
erated voltage which is proportion:li to the fie ld current is known as the excitation 
volrage. The phasar voltage for phase Q , which is lagging Fr by 90" . is combined 
with the mmf vector diagram as shown in Figure 3.2. Thi s combined phasor/vectar 
diagram leads to a circuit model fo r the synchronous machine. It must be empha­
sized that in Figure 3.2 mmfs are space vectors, whereas the emfs are time phasars. 
When the armature is carrying balanced three-phase currents, Fs is produced per­
pendicular to line mn. The interaction of annature mmf and the field mmf, known 
as armature reaction. gives rise to the resultant air gap mmf Fsr . The resultant mmf 
F~" is the vector sum of the field mmf Fr and the armature mmf F&. The resultant 
mmf is responsible for the resultant air gap flux tP,r that induces the generated emf 
on-load, shown by E s r . The annature mmf F. induces the emf Ef1.p known as the 
armafur!" r!"action voltag!", which is perpendicular to Fs. The voltage Ef1.r leads 
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10. by 90° and Ihus can be represented by a voltage drop across a reactance Xar 
due to the currenl 10 , Xar is known as the reactance of the armature reaction . The 
phasor sum of E and Eor is shown by Esr perpendicular to Fsr• which represents 
the on-load generated emf. 

(3.9) 

Tilt: lenninal voltage V is less than E3 r by the amount of resistive voltage drop 
R .. /" and leakage reactance voltage drop XC/a. Thus 

E= V + [Ro + i( X, + X .. IJ/o (3. 10) 

'" 
(3. 11 ) 

where X~ = (Xl + X ar ) is known as the synchronous reactallce. The cosine of the 
angle between I and V , Le .• cos () represents the power factor at the generator ter­
minals. The angk between E and Esr is equal to the angle between the rotor IIlmf 
F,. and the air gap mmf F~,.. Sho\';'n by Jr. The power developed by Ihe machine 
is proportional to Ihe product of Fr. F~r and sin Jr' The relative positions of these 
mmfs dictates the action of the synChronous machine. When Fr is ahead of F..r by 
an angle Jr . the machine is operating as a generator and when F,. falls behind F~r. 
the machine will act as a motor. Since E and E3r are proportional to Fr and FAr . 
respectively, the power deve loped by the machine is proportional to the product..; of 
E. F:sr . and sin J/". The angle Or is thus known as the power Wigle . This is a very 
important n:sull because it relates the time angle between the phasor emfs with 
till! spU\:e angle between the magnetic fi e lds in the machine. Usually the developed 
power is expressed in It:nns of the exc itation vollage E. the lenninal voltage V. 
and ~i ll J. The angle J is approximately equal to Jr because lhe leakage impedance 
is very small compared to me magnetiullion reactance_ 

OUC' 10 the n(lnli~arity of the machine magnetization curve. the synchronous 
reactance is not constant The unsaturated synchronous reactance can be found 
from the open- and Short-circuit data. For operation at or near rated tenninal volt­
age, it is usually assumed that the machine is equivalent to an unsalUrJted One 
whose magnetization curve is a straight line through the origin and the rated vo lt­
age point on the open-circuit Characteristic. For steady-state analysis, a constant 
value known as the saluralt'd value of the synchronous reactance corresponding to 
the rated voltage is used. A simple per-phasc model for a cylindrical rotor genera. 
tor based on (3.11) is Obtained as shown in Figure 3.3. The armature resistance is 
generally much smaller Ihnn the synchronous reactance and is often neglected. The 
equivalent circuit connected to an infinite bus becomes that shown in Figure 3.4, 
and (3.11) rt:duces to 

(3 .12) 

+ 

E v 

fiGURE 3.3 
Synchronous machine cquiVlllenl circuit. 

E 

FIGURE 3.4 

X J .f 

V 

Syn~hronous machine conne~tcd loan infinite bus. 

Figure 3.5 shows the phasor diagram of the generator with te~ina1 voltage 
a.." reference forexcilations correspbnding to lagging. unity, and leadmg power fa~­
tors. The voltage regulation of an ai{emator is 3 figure: of merit used for compan· 

E A )%(?\> 
I.. V V • 

I. 

(a) Lagging pf load (b) Upf load (c) Leading pf load 

FIGURE 3.5 
Syr.o::hronous geocrator pharor diJgr~m. 

son with other machines. It is defined as the percentage: change in terminal voltage 
from no-load 10 rated load. This gives an indication of the change in field current 
required to maintain system voltage when going from no-load to rated load at some 
specific power factor. 

VR - IVnd -I¥ratedl x 100 = IEI - lVro.udl x 100 (3.D} 
- IVraudl IVra!~dl 

The no-load voltage for a specific power factor may be determined by operat~ng 
the machine at rated load condilions and then removing the load and observmg 
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the no-load voltage. Since thi s is not a practical method for very large machines. 
an accurate nnalytical method recommended by IEEE as given in reference {43] 
may be used. An approximate method that provides reasonable results is to con. 
sider a hypothetical linearized magnetiUllion curve drawn 10 intersect the actual 
magndizalion curve OIl rated voltage. The value of E calculated from (3. 12) is then 
used to find the field curren{ from the linearized curve. Finally, the no-load vohage 
corre:sponding to Ihis fi eld current is found from the actual magnetization curve. 

3.3 STEADY-STATE CHARACTERISTICS­
CYLINDRICAL ROTOR 

3.3.1 POWER FACTOR CONTROL 

Most synchronous machines arc connected to large interconnected electric power 
networks. These networks have the imponant characteristic that the system VOltage 
at the point of connection is constant in magnitude, phase angle, and frequency. 
Such a point in a power system is referred to as an infinite blls. That is, the voltage 
at the generator bus will not be altered by changes in the generator's operating 
condition. 

The ability to vary the rOtor excitation is an important feature of the syn­
chronous machine. and we now consider the effect of such a variation when the 
machin~ operates :t~ a generator with constant mechanical input power. The r<r­
phase equivalent circuit of a s>,nchronau.~ generator ..:unn..:..:t<.oJ II) un illfinit<:; bu) I ~ 
shown in Figure 3.4 , Neglecting the armaTure resiSlan<:e. the ot.ltptH power i!'i cqual 
to the power developed. which is assumed 10 remain constal1l g iven by 

(3.14) 

where V is the phase.to· neutralterminal voltage nssuml!d to ft!main ,,;oll:.lalll. FrUin 
0 . 14) we see fhat for conslanc developed power at a fixed terminal voltage V , 
i o cosO must be constant. Thus. Ihe tip of the annature current phasor must (all on 
a venicalline as the power (actor is varied by varying the field current as shown in 
Figure 3.6. From this diagram we have 

(3.15) 

Thus Elsino1 is a constant, and the locus of E1 is on the line ef. In Figure 3.6. 
phasor diagrams are drawn for three armature currents. Application of (3.12) for a 
lagging power factor IUTTIllture current 101 results in E 1. If 8 is zero. the generator 
Operates at unity power factor and annature current has a minimum value, shown 
by ~02' which results in E2. Similarly, E3 is obtained corresponding 10 1(13 al a 
leadmg power factor. Figure 3.6 shows that the generation of reactive power com 

J3. STEADY·STATE CHARACTER[STlCS- CYLINDRICAL ROTOR S7 

103 E , , e - - -----, f 

., 

1., 

FIGURE 3.6 
VariJtiOll of fidd current Jl COmIJn\ power. 

be controlled by means of the rotor excitation while maintaining a constant real 
power output The variation in the magnitude of armaturt! current as the excitation 
voltage is varied is best shown by a curve. Usually the field current is used as the 
abscissa instead of excitation voltage becaust! the field current is readily measured. 
The curve of the armature current as the function of the field current resembles the 
letter V and is often referred to as the V Cllrvt of synchronous machines, These 
curves constitute one of the genCr.lIOr'S most impon:ml characteristics. There is. of 
course, a limit beyond which the excitation cannOI be reduced. This limit is reached 
when J = 900

. Any reduction in excitation below (he stability limit for a parti<:ular 
load will cause the rotor to pull out of synchronism. The V curve is illustrated in 
Figure 3.7 (page 62) for the machirk! in Example 3.3. 

3.3.2 POWER ANGLE CHARACTERISTICS 

Consider the per-phase eqoivalt!nt circuit shown in Figure 3.4. TIle three-phase 
complex power at the gene rator tenninal is 

S~ = 3VI: (3.16) 

Expressing the phasor voltages in polar fonn. the annature current is 

IEIL, - WILD 
I. = I Z, I L~ (3.17) 

Substituting for I; in (3.16) results in 

(3.18) 

-------.. .' 
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Thus, the real power P3¢ and reactive power Q3¢ are 

_ IEIIVI lVI' h¢ - 3-
IZ 

I cos(-y - 0) - 3- cos"( 
, IZ,I (3.19) 

" _. IEIIVI . lVI' . 
Q.'.¢ - 3 IZ I smb -0) -3-sIn"( 

, IZ,I 0.20) 

If R" is neglected, then Zs = jXs and "( = 90°. Equations (3.19) and (3.20) reduce 
10 

(3_21 ) 

(3.22) 

~q~::ion 0.21) sh~ws lhat if lEI and IVI are held fixed and the power angle 6" 
. ' . ~ged by. varymg the mechanical driving torque, the power transfer varies 
"ohusOI.dally wIth the angle J. From (3.21), the theoretical maximum power occu,' 
weno=9Uo " 

<3.23) 

T~e behavior of ~he synchronous machine can be described as follows. If we start 
wlthJ-ooad md"" m - /J mc~ease e nvmg torque, the machine accelerates, and lhe rotor 
. ~f Fr- a.dvances with respect 10 the resultant mmf Fsr-. This results in an increase 
In ,causmg the machine to deliver electric power. At some value of J the machio" 
reaches Tb . h • 

, . equl I num were the electric power output balances me increased me-
chamcal power' h' . . oWing to I e Increased Jnvmg torque. It is clear that if an attempt 
were .made to advance 6 further than 900 by increasing the driving torque the 

del~c~nc power output would decrease from the Pmaz point. Therefore the e;cess 
nvmg to . , 

. rque continues 10 accelerate Ihe machine, and the mmfs will no longer be 
magnetically coupl d Th h' . 
d. . e. e mac me loses synchronism and aulomatic equipment 

ISconnects It from Ih T . 
. ,. . e system. he value Pmaz IS called the steady-state stabil-
Ity Emu or static Sf bT I' . [ 

h
al Ity 1111/1. n general, stability considerations dictate that a 

sync ronous mach' h' 
bl 

Ine ac leve steady-state operation for a power angle at consid-
era y less than 900 Th 

. e control of real power flow is maintained by Ihe generator 
governor thro h Ih f 

. ug e requency-power control channel. 
EquatIOn (3 22) sho Ih· f I Ii' . 

P
o . ws at or sma I ,cos 6 IS nearly umty and the reactive 

wer can be approximated to 

(3.24) 

/ 

From (3.24) we see mat when lEI > IVI me generator delivers reactive power 
to the bus, and the generator is said to be overexcited. Ir lEI < lVI, me reactive 
power delivered to me bus is negative; that is, the bus is supplying positive reac­
tive power to the generator. Generators are nonnally operated in the overexcited 
mode since the generators are the main source of reactive power for inductive load 
throughout the system. Therefore, we conciude mat the flow of reactive power is 
governed mainly by me difference in the excitation voltage lEI and the bus bar 
voltage IVI. The adjustment in the excitation voltage for the control of reactive 
power is achieved by me generator excitation system. 

Example 3.1 

A 50-MVA, 30-kV, three-phase, 60-Hz synchronous generator has a synchronous 
reactance of 9 n per phase and a negligible resistance. The generator is delivering 
rated power at a 0.8 power factor lagging at the rated tenninal voltage to an infinite 
bus. 
(a) Determine the excitation voltage per phase E and the power angle 6 . 
(b) With the excitation held constant at the value found in (a), the driving torque is 
reduced until the generator is delivering 25 MW. Detennine the armature current 
and the power factor. 
(c) If the generator is opcr.lting at the excitation voltage of part (a), what is the 
steady-state maximum power the machine can deliver before losing synchronism? 
Also, find the annalure current corresponding to this maximum power. 

(a) The three· phase apparent power is 

S:l~ = 50Lcos- 1 0.8 50L3G.87° MVA 

= 40 MW + j30 Mvar 

The rated voltage per phase is 

The rated current is 

Sj¢ 
Ia = -- ~ 

3V' 

V = 3~ = I7.3UO° kV 
',13 

(50L-36.87)10
3 ~ 962.25L-36.87" A 

3(17.32LO") 

The excitation voltage poer phase from (3.12) is 

E = 17320.5 + (j9)(962.25L-36.87) = 23558Ll7.Io V 

The excitation voltage per phase (line to neutral) is 23.56 kV and the power angle 
~17P. . 

• 
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(b) When the generator is delivering 25 MW from (3 .2 1) the power ang!!! is 

, . - I [ (25)(9) 1 
Q = sm 

(3)(23.56)( 17.32) 
= 10.591° 

The ann~lIure current is 

(23. 558 L 10.59 1" - 1 •. 320LOO) 
1(1 = )9 = 807.485L - 53.43° A 

The power faclOJ is given by cos(53.-13) = 0.596 laggi ng. 

(c) The maximum power OCcurs at J = 9(}O 

n _ 31SlIV I _ .,(23.56)( 17.32) . . 
r",,,:.:(:jQ) - - _ oJ = 13G MW 

X~ 9 

The annalUre current is 

I _ (2:i .. 558[90" - 17. J20LOO) 
" - jD :::: 3248.85L30.32" A 

The power faclor i~ given by t"Os(3G.32) = O.805i leading. 

E X;jm pll! 3.2 

The gener-.lIor of Ex;unph= 3. 1 is delivering 40 MW a\ a tc nninal vohagc of 30 l V. 
Com.pute. the power ilngle, annalUre current. and power facto r when the fidd cur­
rent IS adjusted for the fo llowing excitations. 
(a) The excitation v(lhage is decreased to 79.2 percent of the value found in Exam­
ple 3. 1. 

(b) The excitation voltage is decreased to 59.27 percent of the value fou nd in Ex. 
ample 3.1. . 

(c) Find the minimum excitation below which the generato r will lose ~ynchronisO\. 

(a) The new excitation voltage is 

E = 0.792 x 23,558 = 18,657 V 

From (3.2 1) the power angle is 

6 = <; 11 - I [ (40)(9) 1 = 21.8° 
(3)( 18.657)(17 .32) 

~ .)_ " I "AU' · " I A I e '-M .... IV''- J " ]\ ,11 ,, ,-;">- .. , .. u~u ,,' .......... "UIU" .. ~ 

The annature current is 

[ ( 18657'21.8° -17320'0°) ° A 
° = j9 = 769.8 '0 

The power factor is given by cos{O) = I . 

(b) The new excitation vollage is 

E = 0.5927 )( 23 , 558 = 13.963 V 

From (3.2 1) !:he power angle is 

6 = ' ;11- 1 [ (40)(9) 1 = 29.748° 
(3)( 13.963)( 17.32) 

The annature current is 

(13, 9G3L2!J.748° - 17, 320LOO) 
Ia = j 9 = 962.3L36.87" A 

From current phase angle. the power faclor is cos 36.87 = 0.8 leading. The gener­
ator is underexcited and is actually receiving reactive power. 

(c) From (3.23). the minimum excil:uion corresponding 10 0 = 90° is 

_ (40)(9) _ , V 
S - (3)( 17.32)(1), - 6.9 _8 k 

The annalure current is 

[0 = ,(6,928'90" ~ 17, 32Ol 00) = 2073l 68.2" A 

The current phase angl.! shows lhat the power faclor is cos 68.2 :::: 0.37 leading. 
The generator is underexcited and is receiving reactive power. 

Example 3.3 

For !:he generator of Example 3. 1, construct the V curve for the rated powcr of 40 
MW with varying field excitation from 0.4 power factor leading to 0.4 power factor 
lagging. Assume the open-circuit characteristic in the operating region is given by 
E = 2000fJ v. 

The following MATIAB command resultS in the V curve shown in Figure 3.7 . 
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10 , 

'A 

p '" 40; 
V ~ 3D/sqrt(3)+ j - O; 
Zs • j.9; 
ang ... aC 08(0 . 4 ); 

• Yo real po .... er, MW 
I. phase voltage, kV 

;. s ynchronous impedance 

theta-ang : - O.O l : - ang;I.Angle 0 . 4 leading to 0.4 1a i n t 
P • P*oneS(l,length(theta»;7,generates array of gg g ,p 
I p /(3 same Slze 
am· . ·abs(V).Cos ( theta»; % current lIIagni t d kA 

1a · Iam . *(cos(theta) + j-sin ( tbeta»- Xc ube 
E - V + Zs -la ' • . . urrent p as or 
~_ " I. eXC l tation vOltage phasor 
~ - abs(E)' 'l." • • eXCltatlOQ voltage magnitude kV 
If • Em.l000/2000; ~. f'.'d . 
1 ( I f I ) I . ~ current, A 

p at , am, grid, xlabel('If - A» 
ylabel<'Ia - kA' ), text(3.4 , 1, 'Leading pf') 
teH03, 1, 'Lagging pt'), text(9, .71, 'Upf') 

2.0 

18 

16 

lA 

1.2 
/ 

LO Leading pf ".-/ lagging pf 

0 .8 

0.6
2 6 

Upf 

12 14 16 18 

FlGUREl.7 

V ClJr~'o: ror gener-liof of E~~mplc lJ. 

3.4 SALIENT-POLE SYNCHRONOUS GENERATORS 

The model developed' S' . . 
with u 'f . In eetlOn 3.2 IS only valid for cylindrical rotor generators 
netic ~~u~:m au gr'PthS' T~e sal ient-pole rotor results in nanunifarmilY of the ma". 

ancea ealrgap Th. I,· _ . , . ' referred to as the r . ',. re uc dllLt' a ong the polar a.'([S, commonly 
OlOT d/"~r:t axiS, IS appreciably less than that along the interpolar 

axis. commonly referred to as the qlladralllrt axis. ThereFore, the reactance has 
a high value Xd along the direct axis. and a low value Xq along the quadrature 
axis. TIlese reactances produce voltage drop in,the armature and can be taken into 
account by resolving the annature current 10 into two components Iq. in phase, 
and ld in time quadrature. wjth the excitatio n voltage. The phasor diagram with the 
armature resis tance neglected is shown in Figure 3.8. It is no longer possible to rep-

a I, d 

Id 
FIGURE 3.K 

-c , , 
E 

V·'>-- -"'X"', /:-d- -...I 

Phasor diagram fur a sali~n(-pulc g~ncra(or. 

~escnt the machine by a simple equivalent circuit . The excitation voltage magnitude 

" 
(3.25) 

The three-phase real power at the generator terminal is 

0.26) 

The power compoll<.!nt of the armature current can be expressed in terms of [d and 
lq as fo llows. 

1/,,1 cos 0 = ab+ (Ie 

= Iy cos 6 + iJ sinO 

Substituting from (3.27) into 0.26), We have 

P = 3jV l(Iq cos 6 + Iii sin 6) 

Now from the phasor diagram given in Figure 3.8, 

0 ' 

I , ~ IVI,in' 
X, 

--~-~-~----- ~-,,--. - .~. 

(3.27) 

(3.28) 

(3.29) 

(3.30) 
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Also. from (3.25), Id is givt:n by 

1<1 = lEI- WI''''· 
13.31 ) 

Substituting for 1d and Iq from (3 .31) and (3.30) into (3.28), the real power with 
armature current neglected becomes 

IEIWI ,X, - X, . 
p~ = 3-- "iu 5 + 31V1 '). sm 26 

Xli _X"Xq 
(3.32) 

Tho! power equation cOnlains an additional lenn known a .. the Tt!/lIt"1WICt! pOI\"t'r. 

Equations (3.25) and (3.32) C'1Il be utiliz.ed for steady-stace analysis. For shon­
circuit analysis. assuming a high X / n ratio, the power (actor approaches Zl;!fO 

and tht.! quadrature component of current can oftl!n be neglected. In such a case, 
XI mer!!]y replaces the X" used for the cylindrical rotor machine . Generators an~ 
thus modded by their direct axis reactance in series with a constant· voltage power 
source. Later in the text it will be shown that Xd takes on different valu~s, depend­
ing upon the tr.l1lsient time following the shon circuit. These reactances are usually 
expressed in per-unit and are avaiklbk from the manufacturer's dat;l . 

3.5 POWt;R TRANSFORMER 

Transfonners are essential elements in • .my power system. They allow Ihe ~latively 
low voltages from genemtors to b..: r;tised to a very high level for efficient power 
transmission. At the user end of the system, transformers reduce the voltage to 
values mosl suitable for utilization. In modem utility systems. the energy may un­
dergo four or five transformations bel ween generator and ultim:ue user. As a result. 
a given System is likely to have about fi ve times more kVA of installed capacity of 
lransfonn«s than of gencr:uors. 

3.6 EQUIVALENT CIRCUIT OF A TRANSFORMER 

The eqUivalent circuit model of a single-phase transformer is shown in Figure 3.9. 
The equivalent circuit consists of an ideal transformer of ratio Nl:N2 together with 
elements which represent the imperfections oflhe real transformer. An ideal trans­
former would have windings with zero resistance and a lossless. infinite perme­
ability core. The voltage E. across the primary oflhe idealtransfonner represents 
the ~s voltage induced in the primary winding by the mutual nux ¢ . This is the 
PO"IOII of IDe Core flux which links both primary and secondary coils. Assuming 

3.6. EQL'JVAUNT CIRCUIT OF A TRANSFORMER 65 

Z J = R J +jX\ 

+ I, -fI, 
1< 

V, Rd jXmJ E, 

I r 
flGURE3.9 
E'lui"lio:nt circuit of a transformer. 

sinusoidal flux ¢ = ~,na% cos wt. tho! instantaneous voltage e t is 

where 

. d¢ 
el = .\ 1-d, 

= -.vNl~maIsinwt 
= E1maI cos{wt + 9(t) 

or tile rms voltage magnitude E: is 

I, 

V, 

(3.33) 

(3 .34) 

(3.35) 

11 is important to note that the phasor flux is lagging the induced voltage E\ by 
90°. Similarly the rms voltage £2 across the secon~a?, of the ideal transformer 
represents the voltage induced in the secondary wmdmg by the mutual flux ¢. 
given by 

(3.36) 

In the ideal transformer. the core is assumed to have: a uro reluc~ance and there 
. 'mfbalan--" between the primary and secondary. If l~ represents the IS an exac m ,xu . _ 

component of current to neutralize the secondary mmf, then 

1~Nt = 121'12 

Therefore. for an ideal transformer. from (3.35) through (3,3 7) we have 

EI 12 ."'II 
f4=1~ = N'! 

(3.37) 

(3.38) 
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In a real transfonner, the reluctance of the core is finite , and when the secondary 
currenl h is zero, the primary current has a finite value. S ince at no- load, induced 
voltage El is almost equal to the supply voltage Vl, the induced voltage and the 
flux are sinusoidal. However, because of the non linear char:l.cteristics of the ferro­
magnetic core, the no-load current is not sinusoidal and comains odd harmonics . 
The third harmonic is particularly troublesome in certain three-phase connt.":ctions 
of transfonncr5. For the purpose of modeling, we assume a sinusoidal no-load cur­
rent with the nns value of 1o, k.nown as the n.o-Ioad current. This current has a 
component I"" in phase with flux, known as the magnetizing current, to set up 
the core flux. Since ftux is lagging the induced voltage EI by 90°, 1m is also Jag. 
ging tho:! induced voltage EI by O{)0. Thus, this component can be represented in 
the circuit by the magnetizing reactance jXml . The other component of 10 is Ir. 
which supplit!S the eddy-current and hysteresis losses in the COtc. Since this is a 
power component, it is in phase with EI and is represenled by the resislance Rd 
as shown in figure 3.9. 

In a real transfonner with fin;II! reluctance , all of the flux is not common to 
both primary and sccondary windings. The flux has three components: mutual flux. 
primary Je-.d:agc flux. and secondary leakage flux . The leakage flux associated wjlh 
onl! winding does nO( link thl.: other, and the VOltage drops caused by the kakagt: 
flux. are expressed in tcrms of leakage reactanCes X! and X;2. Finally, R! and R:J 
arl! mdudl!d to rl!presem the primary and secondary winding resistances. 

To obtain IhC" pC",fO IlUUlIl·C char;tneristks of U u:ansforrm.'.r, il is COn\·elucni 
to use an equivalent circuit moc.ld refl'nl!d to nile side of the transfonner. From 
Kirchhoff's voltage law (KVL), Ihe voltage equation or the secondary side is 

(3.39) 

~rom the relationship (3.38) dl!\"cloped for Ih¢ ideal transfonner, the secondary 
l~duced vohage anu currelll are £2 = (/Y'2iNt} Et and 12 "" (NdN2) J1., respec­
TIvely. Upon substitution. (3.39) reduces to 

(3.40) 
whe~ 

( \
' ., , 

, ., I I • Nt 
Z2 ==.it..? + JX~ = -,) n~ + j (-,) X, ,\"}. t.. "}. 

Relation (3.40) is the t( VL equ;ttivll of the secondaT)' sick referred to the primary 
~~.q~l . . .. . ' 

Iva ent CircUit 01 Figure- ] .9 can be redrawn as shown in Figure 3 JO 

ond
so 

the same effect~ are produced in the prim:lry as would be produced in the ~c: 
ary. 
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z, = R t +jX, Z2 = R2+jX2 

+ 1, fl' + 12 = ~12 J 
I, 1m 

V, R" jX",l E, V2 = ~V2 

I I 
FIGURE 3.10 
Exatl t:qU1V31cnl circuit refelled 10 Ihe primary side. 

On no-load, the primary voltage drop is very small, and V1 can be used in 
p lace or EI for computing the no·load current 10. Thus, the shunt branch can be 
moved to the left of thl! primary series impedance with very little loss of accuracy. 
In this manner, the primary quamities RI and Xl can be combined with the referred 
secondary quantities R~ and.\""1 to obtain the equivalent primary quantities Rd and 
X~ I . The equivalent circuit is shown in Figure 3.11 where we have dispensed with 
the coils of the idealtr.msfonne r. From Figure 3. 11 

+ 
I,,, 

I 
nGURE3.1l 
Approximate c:quivaicol cirCU li rcfcrr~ 10 the prima.ry. 

(3.41) 

where 

The equivalent circuit referred to the secondary is also shown in Figure 3.12. From 
Figure 3,12 the referred primary voltage V{ is given by 

(3.42) 
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Z e2 = R~2 + jXe2 

+ I' /To I, , 
I ' , I:" 

V' , R" jXmZ V, 

I 
FlG URF: 3.12 

Approxi mate equi~aknt ci rcui t rcfcrrc(l to the secondary. 

Power transfomlt~rs are generally designed with very high permeability core and 
very $rnall core loss. C~n.sequent l y. a funher approximation of the equivall!nI cir­
CUli ea? b.:. made by om tttlng the shunt branch, as shown in Figure 3. 13. The equiv­
alent cm:Ult refe rred to the secondary is also shown In Figure 3.13 . 

Z,.[ = R, .• + i X,-[ 

+ I, + 

V ' - !!..:i." I - Nt 1 

o 

FU ;mu:J.1j 

Simplitied .:ircutl\ rckrrcd 10 one ~id.:. 

3.7 DETERMINATION OF EQUIVALENT 
CIRCUIT PARAMETERS . 

The p;~rarr:eters of the approx imate equivalent ci rcuit are readily obtained from 
o~n-cucull and shon-c ircuit tests. In the open-circuit test, rated voltage i ~ ap­
p.lied.ill the terminals of one winding while the other winding tenninals are Opcn­
~lTcu!led. Instruments are connected to measure the input voltage VI the no-- lo."ld 
mput CUrrent 1 and th . R . ' 

f 0, e Input power o. If the Sttondary IS open-circuiled. the 
: ~rred secondouy current I~ will be zero, and only a small no-load current wil! 

I rawn from the supply. Also, the pri mary voltage drop (RJ + jXdlu can IX' 
neg cct.ed, and the equivalent circuil reduces to the fann shown in F igure 3.14 . 

S ince the secondnrv . d· I ( " . 
- J Win 109 copper a ss resistive power loss) [S zero and thl.: 
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10 jIo 
I , 

R" 

I 
FlGURE).14 

1m 
jXml 

Equivalent circuit for the open-circuit test. 

primary copper loss R I/0l is neg ligible, the no-load input power Po repre~lIIs lhe 
transfonner core loss commonly referred to as iron loss. The shunt elements Rr. 
and X ... may then be detennined from the relations 

V,' 
Rd = Po 

The two components of the no-load current are 

Therefore. the magnt!tizing reactance is 

V, 
'\"""'1 = 1m 

(3.4 31 

(3.44) 

(3.45) 

(3.46) 

In the shon-circuit test. a reduced voltage VJ<: is applied at the tenninals of one 
winding while the other winding tenninals are shan-circuited. Instruments are con­
nected to measure the input voltage V,c. the input current Isc. and the input power 
r.." . 1l;e 'lpplied voltage is adjusted unti l rated currents are flowing in the wind­
ings. The primary voltage required to produce rated current is only a few pe~c~nt 
of the rated voltage. At the correspondingly low value of core flux. the exclung 
current and core losses are entirely negligible. and the shunt b:ranch can be omit­
ted . Thus. the power input can be taken to represent the winding copper lo~s. The 
IrJ.nsfonner appears QS a short when viewed from the primary with the eqUIvalent 
leakage impedance Z~l consisting of the primary leakage impedance. and the re­
femd secondary leakage impedance as shown in Figure 3.15_ The senes elements 
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70 3. GENERATOR AND TRANSFORMER MODELS: THE PER·UNIT SYSTEM 

l'IGURJ.:J.15 
EquiV3l..:nt circuit fur the shon-(Ircuu tesl. 

Rd and _Yd may then ~ determined from the relations 

and 

z _ V~l' 
.:I - J 

" 

? p~~ 
I '" = (J )' .... , 

Therefore. thc equivalent lea].; ;lge reactance is 

, .j' 2 -\: ,' 1:::: Zel - Rid 

3,8 TRANSFORMER PERFORMANCE 

(J.47) 

(l.48) 

The equivaknc circuit can now be used to predict the perfonnance characteris_ 
tics of the transfonncr. An important aspect is the !nlnsfonner efficiency. Power 
tmnsfomler effici t!ncies very from 95 percent to 99 percent, the higher efficiencies 
being obtained from transformers with the greater ratings. The actual efficiency of 
a transfonner in percent is given by 

9utput power 
1/ = . 

Input power 
(J,49) 

~d.the conventional efficiency of a transfonner at n fraction of the full-load Power 
IS given by 

n x S x PF 
~= T(n~x'S'x~P~F~)~+~n~'~x~p.~=~+~p.~, (350) 
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where S is the full-load rated volt-ampere, Pc\j is the full -load copper loss, and for 
a three-phase transfOfmer, they are given by 

S = 31V,1I1,1 
Pcu :::: 3Rc2111 12 

and Pc is the iron loss at rated voltage. For varying 12 at constant power factor. 
maJl:imum efficiency occurs when 

For the above condition. it can be easily shown that maJl:imum efficiency occurs 
when copper loss equals core loss at n per-unit loading given by 

(3,51) 

Another important perfonnance chlr.lCteristic of a transformer is change in the 
secondary voltage from no-load to full-load. A figure of merit used to compare the 
relative perfomlunee of different transfonners is the voltage regulation. Voltage 
regulation is defined as the change in the magnilUdc of the secondary terminal 
voltage from no-load to full-Iold c;\prcssl..-d as a percent:lge of the full-load value. 

. IV,",I - IV>! 
Regulauon == 1V21 x 100 (352) 

where \'2 is the full-load rated voltage. Vlnl in (3 .52) can be calculated by using 
equi\'alent circuits referred to either primary or secondary. When the equivalent 
circuit is referred to the primary side. the primary no-load voltage is found from 
(3AI). and the voltage regulatio~ becomes 

, IVd - lVii 
Regulation = IV;I x 100 (3.53) 

When the equivalent circuit is referred to the secondary side, the secondary no-load 
VOltage is found from (3.42), and the voltage regulation becomes 

, IV{I-IV,I 
RegulatIOn = 1V21 x 100 (354) 

A n interesting feature arises wilh a capacitive lOad. Because partial resonance is set 
up between the capacitance and the reactance, the secondary voltage may actually 
tend 10 rise as the capacitive load value increases. 
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A program called trans is developed for obtaining the tmnsfonner ~rfor­
mance characteristics. The command trans displays a menu with three options: 

Option 1 calls upon the function [Re, XmJ = troet(Vo, la, Po) which prompts 
the user to enter the no-load test data and returns the shunt branch parameters. Then 
Ze = trset(Vsc, Isc, Psc) is loaded which prompts the user to enter the short-circuit 
test data and returns the equivalent leakage impedance. 

Option 2 calls upon the function [Zclv, Zchv] = wz2cqz(Elv, Ehv, Zlv, Zh't') 
which prompts the user to enter thc individual winding impedances and the shunt 
branch. This function returns the referred equivalent circuit for both sides. 

Option 3 prompts the user to enter the parameters of the equivalent circuit. 

The above functions can be used independently when the arguments of the 
functions are defined in the MATl.AlJ environment. If the above functions arc typed 
without the parenthesis and the arguments, the user will be prompted to enter the 
required data. 

After the selection of any of the above options, the program prompts the user 
to enter the load specifications and proceeds to obtain the transfonner perfonnance 
characteristics including an elTu:iency curve from 25 to 125 percent of full-load. 

Example 3.4 

Data obtained from short-circuit and open-circuit tests of a 240-kVA, 48001240-V, 
60-Hz transfonner are: 

Open-circuit test, 
low-side data 
V,-240V 
10 = 10 A 
Po = 1440 W 

Short-circuit test, 
high-side data 
Vsc = 187.5 V 
13c =50A 
P~c: - 2625 W 

Determine the parameters of the equivalent circuit 

The commands 

trans 

display the (allowing menu 
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Type of parameters for input 
To obtain equivalent circuit from tests 
To input individual winding impedances 
To input transformer equivalent impedance 
To quit 

Select number of menu -> 1 
Enter Transformer rated power in kVA, S - 240 
Enter rated loy voltage in volts"' 240 
Enter rated high voltage in volts "' 4800 

Open circuit test data 

Select 
1 
2 
3 
o 

Enter 'lv' yithin quotes for data ref. to loy side or 
enter 'hv' yithin quotes for data ref. to high side -> 'lv' 
Enter input voltage, in volts, Vo - 240 
Enter no-load current in Amp, 10 ~ 10 
Enter no-load input poYer in Vatt, Po Z 1440 

Short circuit test data 
Enter 'lv' yithin quotes for data ref. to loy side or 
enter 'hv' yithin quotes for data ref. to high side -> 'hv' 
Enter reduced input voltage in volts, V. c - 187.5 
Enter input current in Amp, Isc ,. 50 
Enter input poyer in Watt, p.~ = 2625 

Shunt branch ref. to LV side 
Rc ~ 40.000 ohm 
Xm "' 30.000 ohm 

Series branch ref. to LV side 
Ze = 0.002625 + j 0.0090 ohm 

Hit return to continue 

Shunt branch ref. to HV side 
Rc 16000.000 ohm 
Xm "' 12000.000 ohm 

Series branch ref. to HV side 
Ze Z 1.0500 + j 3.6000 ohm 

At this point the user is prompted to enter the load apparent power, power factor, 
and voltage. The program then obtains the performance characteristics of the trans­
fanner including the efficiency curve from 25 to 125 percent of full load as shown 
in Figure 3.16. 

Enter load kVA, 52 "' 240 
Enter load poyer factor, pf - 0.8 
Enter JIg' within quotes for lagging pf 
or 'ld' within quotes for leading pf -> 'lg' 
Enter load terminal voltage in volt, V2 "' 240 
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Transfonner Efficiency, pf = 0.8 

98.2 

98.06 

97.8 

97.6 
Percenl 

97.4 

97.2 

!,Ii .O 

96.8 

9G G ·40 60 SO 100 120 140 160 180 200 220 2-10 

OutpUI Power, KW 

FJGUREJ.16 
Eflicicncy curve or EXlmpk 3.4. 

Secondary load voltage 240.000 V 
Secondary load current 1000.000 A u -36.87 degrees 
Cur rent ref, t o pr ima ry 50.000 A at - 36.87 degrees 
Primary no - load curren t : 0. 516 A a t -53 . 13 degrees 
Primary input current 50. 495 A a t -37.03 degrees 
Pr imary i nput voltage 4951 . 278 V a t 1.30 degrees 
Voltage regulation 3 . 152 Yo 
Transformer efficiency 97 . 927 'l. 

Maximum efficiency is 98.015 percent, oc~urs at 117 . 757 kVA 
with 0.80 pf . 

At the end o( this analysis the program menu is displayed. 

3.9 THREE-PHASE TRANSFORMER CONNECTIONS 

Three-~hase power is tr::lnSf0n11<:d by usc of lhr<:e-phasc units. However, in large 
extra hlg~ VOltage (EHV) II nits. th~ insulation clear . .mces and shipping limilations 
may reqUire a bank o( three s in ~de-phase transfonners connected in three-phase 
arrdngements. 

3.9. THREE·PHASE TRANSFORMER CONNECTIONS 7 S 

The primary and secondary windings can be connected in either wye (Y) or 
delta (ll) configurations. This results in four possible combinations of connections: 
Y- Y, ll-ll, Y-ll and-ll-Y shown by the simple schematic in Figure 3.17. In this 
diagram, transfOf'lller windings are indicated by heavy Jines. The windings shown 
in paralle l are located on the same core and theil voltages are in phase. The Y - Y 

A57~C C . a 

B n n b 

FIG URE 3.17 
Threc·phasc tran$furmcr cOIlrx ... ·tions. 

connection otTe~ adv-.mtages 'of decreased insulation costs and the availability of 
the neulnd for groonding purposes. However. because of problems associated with 
third harmonics and unbabnccd oper3tion, this connection is rarely used. To e limi­
nate the harmonics, a third set of windings, called a (~niary winding. connected in 
II is nonnally fiued on Ihe core 10 provide a path for the third hannonic currents. 
This is known as the Ihree-windi,lg ICJ.ns(onncr. The tertiary winding can be loaded 
with switched reac lo~ or capacitors for reactive power compensation. The ll-ll 
provides no neutral connection and each transfontler must withstand (ull line-to­
line voltage. The 6. conneclion does, however, provide a path (or third harmonic 
CUrrents to flow. This connection has the advantage that one transformer can be re­
moved (or repair and the remaining two can continue to deliver three-phase power 
at a reduced rating o( 58 percent o( the original bank. This is known as the V 
connection. The most common connection is the Y- ll or ll-Y. This connection is 
more stable with respect to unbalanced loads, and if the Y connection is used on the 
high voltage side, insulation costs are reduced. The Y-ll connection is commonly 
used to step down a high voltage to a lower vollage. The neutral point on the high 
voltage side can be grounded. This is desirable in most cases. The ll-Y connection 
is commonly used (or stepping up 10 a high voltage. 
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3.9.1 THE PER. PHASE MODEL OF 
A THREE·PHASE TRANSFORMER 

In Y- Y and 6.-6 connections. the ratio or the line voltages on HV and LV sides are 
Ihe same as the rat io o r the phase voltages on lhe -HV and LV sides. Funhermore. 
(here is no phase shirt betwec n the corresponding line voltages on the HV and LV 
sides. However. the Y- 6 and tho: ~-Y connections will result in a phase shirt or 
3(}0 betw~n the primary and secondary line-to-line vollages. The windings are 
arranged In accordance 10 the! A$A (A merican Standards Associ.:uion) sIKh thaI 
the line volt:1ge on the HV side leads the corresponding liRe vollage on the LV side 
by 30" . rcg~rdless of which si~~ is Y or 6.. Consider the Y-6. schematic d iagram 
shown In fi gure 3. J 7. The pos Ltlve phase seque nce voltage phasor diag r:lm (or thi s 
connecti on is shown in Figure 3.18. where VAn is taken as reference. LeI the Y 

r --- - VI/J , , , , , 
j----~ V';.b 

-FIGU RE .1. IK 

:10
0 

phas.: Sh,rl ill lin.:: ·IO· lillc voll:ll1"s uf Y-oll ~"olIflI.-':liO(l. 

connection ~ the high voh .. gc silk shown by leiter H and the 6. connection the 
l?w voltage !<: Idc shown by X. We consider phase a only and use subscript L (or 
Ime and P for ph· . . . f . . ase qU.tOtl(ICS. I N H 15 the number of turns on one phase of 
the hIgh voltage windi ng ur>d Nx is the number o( turns on one phase of the low 
volt:~ge w.inding. the transformer turns ratio is a:::: NH / Nx = VHP / V"(p. The 
relatlOnshLp be, h I· ' ween t e me VOltage and phase voltage magnitudes is 

VHL :::: v'3 VHP 

VXL :::: Vxp 

Therefore the rat" f h , . . 
, lOOt e Inc voltage magnitudes for Y-6. transformer is 

VRL '" V
XL 

:::: v3 a (3 .55) 

Because the core los d . . 
th -' ses an magnetIzatIOn current for power transformers are on 

e Oluer of I percent of th . . e ma:c:lmum ratings, the shunt impedance is neglected 
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and only the winding resistance and leakage reactance are used to model the Irans­
fonner. In dealing with Y-ll. or 6 - Y b;mks, it is convenient to replace the f). 

connection by an equivalent Y connection and then work with only one phase. 
Since for balanced operations, the Y l'ICutral and the neutral o f the equiV'.dent Y 
of the f). connection are 011 the same (>O'cntial. they can be connected together and 
represented by a neutral conductor. When the equiva lent series impedance of one 
transfonner is referred to the delta side. the 6 connected impedances of !,he tr.ms­

former are replaced by equivalent V-connected impedances. given by Z y = Zll. / 3. 
The per phase equivalent model with the shunt branch neglected is shown in Fig­
ure 3. 19. Z", and Z ",2 arc the equivalent impedances based on the line-to-neutral 
connections. and the voltages are the line-to· neutral values. 

Zd = R", + jXd 

V' - liJ.. \/ 
2 - "', 2 

FIG URE 3.19 
Tl~ ~~f pfias.c equivalent c lfcuit. 

3.10 AUTOTRANSFORMERS 

+ 1, 

Tran~ fonners can be constructed so that the primary and secondary coils areeleclri­
cally connected. This type o( tmosfonner is called an autOCransformer. A conven­
tional two-winding transfonner can be changed into an autotransformer by con­
necting the primary and secondary windings in series. Consider the two-winding 
tmnsformer shown in Figure 3.20(01). TIte two· winding transfo rmer is converted 
to an autotransformer arrangement as shown in Figure 3.20(b) by connecting the 
two windings electrically in series so that the. polari ties are additive. The winding 
from XI to Xz is called the series winding. and the winding from HI to Hz is 
called the common winding. From an inspection of this figure it follows that an 
autotransfonner can operate as a step-up as well as a step-down transformer. In 
both cases, winding part HIHz is common to the primary as well as the secondary 
side of the transformer. The performance of an autotransformer is governed by the 
fundamental considerations already discussed for transformers having two separate 
winding~. For determining the power rating as an autotransformer, the ideal trans­
former relations are ordinarily used, which provides an adequate approximation to 
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the actual transfonner values. 

IH 
~ 

+ ,. 

I I N ' N h 
N , V, I I, 

I h 

:,J't 
X, ~ 

~, :, 
VH H, . 

+ 
N, V, II, \'1. 

X H- H 

(a) (b) 

nGUREJ.20 

(J) Twu.winJifll; transformer. (b) rc~ulUk:c lcd ;l~ In Jl,llulransfurmcr, 

From Figure 3.20(a), Ihe two-winding voltages and currents are related by 

Vj N l 
- ~ - ~ a (3 .56) 
V2 N'l 

and 

(3 .57) 

wher..! ( t is the turns ratio o f Ihe Iwo-winJing lmnsformer. From Figure 3.20(b). we 
have 

VII == \1.1 + VI 

Substitut ing for VI from (3.56) imo (3.58) yields 

V • N, 
fl == V2+ - V, 

N, 

(3.58) 

(3.59) 

Since V2 == VL • the voltage relationship between the two sides of an autotrans­
fonner becomes 

(3.60) 
0' 

(3.61) 
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Since the transfonner is ideal. the mmf due to I I must be equal and opposite to the 
mmfproduced by 12. As a result. we have 

(3.62) 

From Kirchhoff's law. /1 "'= h - II. and the above equalion becomes 

(3.63) 

0' 

(3 .64) 

Since II = IH, the current relationship between the two sides of an autotrans­
fanner becomes 

h - = 1 +a 
III (3.65) 

The ratio of the apparent power rating of an autotransformer to a two-winding 
transfonner, k.nown as the power rating udvantage, is found from 

(3 .66) 

From (3.66), we can see that a higher I'"J.tiog is obtained as an autotmnsfonner 
wich a higher number of turns of the common winding ( N 2). The higher r~ting 
as an autOlranSfonner is a consequence of the ract thac only S2_V} is lransformed 
by the eleclromagnetic induction. The resl passes from !he primary 10 secondary 
without being coupled through the trans fonner'S windings. This is k.nown as ~ 
conducted pDWl!r. Compared with a two· winding transformer of the same rating, 
autotransformers are smaller, more efficient, and have lower internal impedance. 
Three.phase autotransformers are used ex.tensively in power systems where the 
voltages of the two systems coupled by the transformers de not differ by a factor 
greater than about three. 

Example 3.5 

A two--winding transfonner is rated at 60 kVA, 240/1200 Y, 60 Hz. When oper­
ated as a convenlional two-winding transfonner at rated load. 0.8 power fac tor, its 
efficiency is 0.96. This transfonner is to be used as a 144011200.v step-down au­
totransfonner in a power distribution syStem. 
(a) Assuming ideal transfonnef, find the transfonner kVA rating when used as an 
autotransfonner. 
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(b) Find the efficiency with the kVA loading of part (a) and 0.8 power factor. 

The two-winding transformer rated currents are: 

60,000 
I l = --=250 A 

240 
I - 60,000 - A 
2- 1200 -50 

The autotransformer connection is as shown 'in Figure 3.21. 

+ • 
)250 A 240 V 

h = 300A 
1440 V • I------=+~' 

1200 V t 50 A 1200 V 

FIGURE 3.21 
Autu tran~furmer connection for Example 3.5. 

(:1) Th~ :1utotransformer secondary current is 

IL = 250 + 50 = 300 A 

With windings carrying rated currents, the autotransformer rating is 

s ~ (1200)(300)(10-3 ) ~ 360 kVA 

Therefore, the power advantage of the autotransfonner is 

Sauto = 360 = 6 
S'l_w 60 

(b) When operated as a two-winding transformer at full-load, 0.8 power factor, the 
losses are found from the efficiency formula 

(60)(0.8) _ 0 96 
(60)(0.8) + IIo .. - . 

Solving the above equation, the total transformer loss is 

p ~ 48(1 - 0.96) _ 
1033 0.96 - 2.0 kW 
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Since the windings are subjected to the same rated voltages and currents as the two­
winding transformer. the autotransformer copper loss and the core loss at the rated 
values are the same as the two-winding transformer. Therefore. the autotransformer 
efficiency at rated load, 0.8 power factor, is 

(360)(0.8) 
'I ~ "(3"'60")"'(0'".8"')"-+-02 x 100 ~ 99.31 percent 

3,10.1 AUTOTRANSFORMER MODEL 

When a two-winding transformer is connected as an autotransformer, its equiva­
lent impedance expressed in per-unit is much smaller compared to the equivalent 
value of the two· winding connection. It can be shown that the effective per-unit 
impedance of an autotransformer is smaller by a factor equal to the reciprocal of 
the power advantage of the autotransformer connection. It is common practice {Q 

consider an autotransfonner as a two-winding transfonner with its two winding 
connected in series as shown in Figure 3.22, where the equivalent impedance is 
referred to the !VI-tum side. 

• + 

IVl Vll Vr, 

O'--____ ~_L________O 
FIGf...1RE 3.22 
AUlotransfonner equivalent circuit. 

3.11 THREE-WINDING TRANSFORMERS 

Transfonners having three windings are often used to interconnect three circuits 
which may have different voltages. These windings are_called primary, secondary, 
and tertiary windings. Typical applications of three-winding transformers in power 
systems are for the supply of two independent loads at different voltages from the 
same source and interconnection of two transmission systems of different voltages. 
Usually the tertiary windings are used to provide voltage for auxiliary power pur­
poses in the substation or to supply a local distribution system. In addition, the 
switched reactor or capacitors are connected to the tertiary bus for the purpose 
of reactive power compensation. Sometimes three-phase Y-Y transformers and Y-
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82 J. GENERATOR AND TRANSFORMER MODELS; THE PER-UNIT SYSTEM 

connect~d autotran.sfonners are provided with 6.--connected tertiary windings for 
harmomc suppressiOn. 

3.11.1 THREE· WINDING TRANSFORMER MODEL 

If the e."(~iting c~rrent of a thre~-winding transformer is neglected, it is possible to 
draw a simple smgle-phase eqUIvalent T-circuit as shown in Figure 3.23. 

Z, 

z, + 
+ z, 

v, \' + , v, 
o, ____________________________ ~=_~ 
. 0 

FIGURE 3.23 
Equivalent circuit of three-winding transformer. 

, Three short-circuit tests are carried out on a three-winding transformer with 
~\~ .. ~V .• .' and Nt tu~s per phase on the three windings, respectively. The three tests 
an; s.lmdar.m that 10 each case one winding is open, one shorted, and reduced volt­
ag::- IS :l~phl?d to t1w rl~m;tining winding, The following impedances arc mcasured 
ut! th.: SIJ<.: lu which the voltage is applied. 

Zp. :::: impedance measured in the primary circuit with the secondary 
short-circuited and the tertiary open, 

Z"t :::: it.npe~ance measured in the primary circuit with the tertiary short­
o,;IH':UlIcJ dml the secondary open. 

Z~t -= impedance measured in the secondary circuit with the tertiary 
. ;hort-circuited and the primary open. 

Refemng Z!t to the primary side, we obtain 

Z (N,)" !t:::: lV$ Z.t (3.67) 

IfZ Z dndZ .1-.' . P' ". t are UJe Impedances of the three separate windings referred to the 
pnmal)' Side, then 

ZPS = Zp + Z. 

Zpt = Zp+Z, 

Zs/ = Z. +Zt 
(3.68) 
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Solving the above equations, we have 

1 
Zp = "2(Zps + Zpt - Z,t) 

1 
Zs = 2"(Zp, + Z.t - Zpt) (3.69) 

1 
Zt = 2:(Zpt + Zst - Zp.) 

3.12 VOLTAGE CONTROL OF TRANSFORMERS 

Voltage control in transformers are required to compensate for varying voltage 
drops in the system and to control reactive power flow over transmission lines. 
Transformers may also be used to control phase angle and, therefore, active power 
flow. The two commonly used methods are tap changing transformers and regulat­
ing transformers. 

3.12_1 TAP CHANGING TRANSFORMERS 

Practically all power transfonners and many distribution transfonners have taps in 
one or more windings for changing the turns ralio. This method is the most popular 
since it can be used for controlling VOltages at aU levels. Tap changing, by altering 
the voltage magnitude, affects the distribution of vars and may therefore be used to 

control the flow of reactive power. There are two types of tap changing transformers 

(i) Off-load tap changing transformers. 
(ii) Tap changing under load (TCUL) transformers. 

The off-load tap changing transformer requires the disconnection of the trans­
former when the tap setting is to be changed. Off~load tap changers are used when 
it is expected that the ratio will need to be changed only infrequently, because of 
load growth or some seasonal change. A typical transfonner might have four taps 
in addition to the nominal setting, with spacing of 2.5 percent of full~load voltage 
between them. Such an arrangement provides for adjustments of up to 5 percent 
above or below the nominal voltage rating of the transformer . 

Tap changing under load (TCUL) is used when changes in ratio may be fre­
quent or when it is undesirable to de-energize the transformer to change a tap. A 
large number of units are now being built with load tap changing equipment It is 
used on transformers and autotransfonners for transmission tie, for bulk. distribu­
tion units, and at other points of load service. Basically, a TCUL transformer is 
a transformer with the ability to change taps while power is connected. A TCUL 
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tr.msfonner may have buill-in voltage sensing circuitry that automatically changes 
taps to keep the system voltage cOnStant. Such special transfonners are very com­
mon in modem power systcms. Specialt3p changing gear are required for TCUL 
IralL~ fofmers. and !.he position of l.lps depends on a number of factors and requires 
special consideration 10 arrive at an optimum location for the TCUL equipment 
Step-down unilS usually have TCUL in the low vohage winding and de-e~rgiled 
laps in the high voltage winding. For example, the high voltage winding might be 
equipped with a nominal vo ltage lums ratio plus four 2.5 percent fi xed tap setlings 
10 yield ±5 percent buck or boost voltage. In addition to this, there could be pro­
vision, on the low voltage windings. (or 32 incremental steps of i each, gi ving an 
automatic range o r ± 10 perce nt. 

Tapping on both ends of a radial transmission line can be adjusted to com. 
pensat~ for the vohage drop in the linc. Consider one phase of a three-phase trans­
mission line with a step-up transformer at the sending cnd and a step-down trans­
fanner at the receiving e nd of the line. A single-line representation is shown in 
hgure 3.24, when~ ts and til arc the tap setting in per-unit. In this diagram, Vi is 
the supply phase voltage referred to the high vollage side, and V; is the load phase 
voltage. also referred 10 the high voltage side. The impedance shown includes the 

Y-3 >--tvs _ _ 'NVv-""",,-__ V+R_~ Hi 
I : ts 

FI(:UR.: 3.24 

A radi:ll line wi lh l:1p ch3ncifla: lrans(omlC r~:l1 wh ends. 

line impedance plus the rderred impedances of the sending end and the recei ving 
end tr.lnsformers to the high voltage side. If Vs and VR are the phase voltages at 
both ends of the line . we have 

• 
· 1 

F'IGURE3.25 
Voltage phas.or diagram. 

a b 
V i' - r 

R RJ I 

d 

Vs 

., 

, 

3.12, VOLTACE CONTROL OF TRANSFORMERS 85 

VR = Vs + (R + j X) 1 (3 .7Q) 

The phasor diagram for the above equ.:uion is shown in Figure 3.25. 
The phase shift 6 between the two ends of the line is usually small. and we 

can neglect the vertical component of Vs. Approximating Vs by its ho rizontal com· 
ponent results in 

IVsl ~ IVRI + ab + de 

~ IVRI + I/ lR cooO + IIIX , 'nO (371 ) 

Substituting for III from Pf! = IVnll l l cos 6 and Qo = IVRIlII sin 0 will result in 

Since Vs 
becomes 

0 ' 

Iv I ~ IV 1+ RP. + XQ. 
s R IVRI (3.72) 

tsV{ and VR = tRVj. the above' relation in tcnns of Vr. and Vj 

(3.73) 

(3 .74) 

Assuming the product of ts and tn is unity. i.e .. ts tR = 1. and substituting for tR 
in (3.74), the following expression is found for ts. 

ts = (3.75) 
1 

Example 3.6 

A three-phase transmission linc is feeding from a 23f230-kV transfonner at its 
sending end. The line is supplying a 150-MVA. 0.8 power factor load through a 
step-down transformer of 230123 kY. The impedance of the line and transfonners 
at 230 kV is 18 + j60 rl. The sending end IrtUlsfonner is energized from a 23-kV 
supply. Determine the tap setting for each transformer to maintain the voltage at 
the load at 23 k V. 
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The load real and reactive power per phase are 

?, ~ ~(150)(0.8) ~ 40 MW 

1 
Q, ~ 3(150)(0.6) ~ 30 My", 

The source and the load phase voltages referred to the high voltage side are 

IV'I ~ 11"1 ~ (230) (23) ~ 230 
1 2 23 v'3 v'3 

From (3.75), we have 

ts = 

and 

1 
11-=-Ill~'~)(~,"~I~+16'~60~)(~30[) = 1.08 pu 

{230/ ,,;3j1 

1 , 
tn = -0- = 0.926 pu 

1. 8 

3.12.2 REGIll,ATlNG TRANSFORMERS OR BOOSTERS 

R<!gulaling transformers, also known as boosters, are used to change the voltage 
magnitude and phase angle at a certain point in the system by a small amount. A 
booster consists of an exciting transformer and a series transformer. 

VOLTAGE MAGNITUDE CONTROL 

Figure 3.26 shows the connection of a regulating transformer for phase a of a three­
phase system for voltage magnitude control. Other phases have identical arrange­
ment. The secondary of the exciting transformer is tapped, and the voltage obtained 
from it is applied to the primary of the series transformer. The corresponding volt­
age on the secondary of the series transformer is added to-the input voltage. Thus, 
the output voltage is 

(3,76) 

Since the voltages are in phase, a booster of this type is called an in-phase booster. 
The output voltage can be adjusted by changing the excitation transformer taps. 
By.changing the switch from position 1 to 2, the polarity of the voltage across the 
senes transformer is reversed. so that the output voltage is now less than the input 
voltage. 
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, ______ ~ar-______________ ~~~~J'~n~----_o 
+ + 

c::::::;~!--:-;;;;~ Series t ~6 transformer 

ExcLUng tran~formcr 
'------~n------------------------------O 

FIGl'RF. 3.26 
Regubling lran,formcr for milage magnitude control. 

PHASE ANGLE CONTROL 

Regulating transfonners are also used to control the voltage phase angle. If the 
injt~cted voltage is out of phase with the input voltage, the resultant voilage will 
have a phase shift with respect to the input voltage. Phase shifting is used to control 
active power flow at major intertie buses. A typical arrangement for phase a of a 
three-phase system is shown in Figure 3.27. 

n ~V"" 
0 ~ 0 

+ + 

Vall 
0 b V' ,n 

+ t Series 
V"" t l' transformer 

2 
0 c 

0 n Exclllng transformer 
0 

FIGURE 3.27 
Regulating lfallsfonncr for voltage phase angle controL 

The series transformer of phase a is supplied from the secondary of the exciting 
transformer be. The injected voltage ~ Vbc is in quadrature with the voltage v~n, 
thus the resultant voltage V;n goes through a phase shift cr, as shO\vn in hgure 3.28. 

The output voltage is 

(3.77) 

Similar connections are made for the remaining phases, resulting in a balanced 
three phase output voltage. The amount of phase shift can be adjusted by changing 
the excitation transformer taps. By changing the switch from position I to 2, the 
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v. 

),cr"'--~IVan , 
on 

, 
V" ) , , , , , , , , , 

Vi>< 

fIGURE 1.211 
Vol!~¥c ph~sor diagram showing phJSC shirnng cffcCI for phase o. 

OUlput vohage can be made 10 lag or le<ld the input voltage. The advantages of the 
Tt!'gul<lting transformers are 

I. The main IrJJ1sfonners are free from lappings. 

2. The regulating Iransfonners ~an be u~ed ill any intennediate point in the 
system. 

3. The .regulating transfonners and the tap changing gears can be laken out of 
service for maintenance withoul affecting the system. 

3.13 THE PER-UNIT SYSTEM 

The SOlulion of an incerconnecled pOw~r Syslem having several different voltage 
levels requires the cumbe~me transformation of all impedances to a single volt­
age leve l. ~owever, power system engineers have devised the pu-unir n'stem such 
that the van h' al . . - , 

ous P YSIC quantHJe~ such as power. voltao-C!, current anu impedance 
are e~preSSed as a decimal fraction or multiples of base "'quantities. In this system, 
the different voltage levels disappear, and a power network involving generators 
~ansfonners. and lines ~of differenl voltage levels) reduces 10 3. system of simpl~ 
Impedances. The per-umt value of any quantity is defined as 

Quantity in per-unit = actual quantity 
base value of qu:mlilY (3.78) 

3.11. THE PER·UNIT SYSTEM 89 

For example. 

1 
Ipl> =­

IB 
Z 

and ZPI> = ZB 

where the numerators (actual vJ.lues) are phasor quantities or comple)( values and 
the denominators (base values) are always real numbers. A minimum of four base 
quantities are required to completely define a per-unit syslem: voll.ampere, volt· 
age. current. and impedance. Usually. the three-phase base volt-ampere Sn or 
MVAu and the line-to-hni.': base vohage VB or kVB are selected. Base current 
and base impedance are Ihen dependent on 5B and Vn and must obey the circuit 
laws. These are givc" by 

and 

I -~ 
D - vf:j l'u 

Z 
Vo/JJ 

/1= 
IH 

Substituting for III from (3 .79) . the ba.'ie impedance becomes 

ZIJ = (Vuf' . 
SH 

(Wn)' 
ZlJ = MFA/J 

(3.79) 

(3.80) 

(3.81 ) 

The phase and line quantities expressed in per-unit are the same. and the circuit 
laws are valid, i.e .. 

(3.82) 

and 

(3.83) 

The load power at its rated voltage can also be expressed by a per-unit impedance. 
If SL(J4>J is the comple)( load power, the load current per phase at the phase voltage 
Vp is given by 

SL(3tPl = 3VpI;' 

The phase current in tenns of the ohmic load impedance is 

Vp 
Ip = -

Zp 

(3.84) 

(3.85) 
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Substituting for Ip from (3.85) into (3.84) results in the ohmic value of the load 
impedance 

Zp = 3IVpl2 
Si{3<I» 

IVL~LI2 

Si(3¢) 

From (3.81) the load impedance in per-unit is 

oc 

z _ IV,"I' 
1''' - S. 

L{p") 

3.14 CHANGE OF BASE 

(3.86) 

(3 87) 

(3.88) 

The impedance of individual generators and transformers, as supplied by the man­
ufacturer, are generally in terms of percent or per-unit quantities based on their own 
rating~. The impedilnce of transmission lines are usually expressed by their ohmic 
values. For power system analysis, all impedances must be expressed in per unit on 
a common system base. To accomplish this, an arbitr.:uy base for apparent power is 
selected; for example. 100 MVA. Then, the voltage bases must be selected. Once a 
voltage base has been selected for a point in a system, the remaining voltage bases 
are no longer independent; they are determined by the various transformer turns 
ratios. For example, if on a low-voltage side of a 34.51115-kV transformer the base 
voltage of 36 kV is selected, the base voltage on the high-voltage side must be 
36(115/34.5) = 120 kV. Nonnally, we try to select the voltage bases that are the 
same as the nominal values. 

Let Z~~d be the per-unit impedance on the power base S~d and the voltage 
base Vffd, which is expressed by 

Zold _ Zn _ Z S~d 
pu - Z'id - n (V~ld)2 (3.89) 

Expressing Zn to a new power base and a new voltage base, results in the new 
per-unit impedance 

(3.90) 

3.14_ CHANGE OF BASE 91 

From (3.89) and (3.90), the relationship between the old and.the new per-unit val­
ues is 

S"'W (V"")' zn~w = ZOld_B_ _B_ 
Pu pu Sold vnew 

B B 
(3.91 ) 

If the voltage bases are the same, (3.91) reduces to 

(3.92) 

The advantages of the per-unit system for analysis are described below. 

• The per-unit system gives us a clear idea of relative magnitudes of various 
quantities, such as voltage, current, power and impedance. 

• The per-unit impedance of equipment of the same general type based on their 
own ratings fall in a narrow mnge regardless of the rating of the equipment. 
Whereas their impedance in ohms vary greatly with the mting. 

• The per-unit values of impedance, voltage and current of a transformer are 
the same rel!ardk~~ of whether they are referred to the primary or the sec­
onda!)' side~ This is a great advantage since the different voltage levels dis­
appear and the entire system reduces to a system of simple impedance. 

• The per-unit systems are ideal for the computerized analysis and simulation 
of complex power system problems. 

• The circuit laws are valid in per-unit systems, and the power and voltage 
equations as given by (3.82) and (3.83) are simplified since the factors ofJ3 
and 3 are eliminated in the per-unit system. 

Example 3.7 demonstrates how a per-unit impedance diagram is obtained for 
a simple power $Y$tem network. 

Example 3.7 

The one-line diagram of a three-phase power system is shown in Figure 3.29. Select 
a common base of 100 MVA and 22 kV on the generator side. Draw an impedance 
diagram with all impedances including the load impedance marked in per~unit. The 
manufacturer's data for each device is given as follow: 
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TJ 
2 3 

T, 
4 t I Lille I 

I 5 220kV 

G M 7, 
5 6 

t I Line 2 
I Lo,d 

I JOkV 

FJGURE3.211 
Onc·li~ diagram (or Example 3.1. 

G, 90MVA 22 kV X=18'70 
T 1: 50MVA 221220 kV X=IO% 
T2: 40MVA 22011 1 kV X =6.0 % 
13: 4QMVA 22/1 10 kV X = 6.4 % 
T4: 40MVA 110111 kV X = 8.0% 
M: 66.5 MVA 10.45 kV x = 18.5 % 

Th.: thr.:c-phase load at bus 4 absorbs 57 MVA, 0.6 power factor Jagging at 10 .45 
kY. Line I and line 2 have reactances of 48.4 and 65.4 3 n, respectively. 

First. the voltage bases must be <ktcnnincd for all sections o f the network. Th.: 
generator rated voltage is given as th.: base vohage at bus I. This fixes the voltage 
bases for the remaining buses in accordance (0 the transformer turns ratios. The 
base voltage VBI on the LV side o f T . is 22 kv. Hence the base on its HV side is 

This fixes the base on the HV side o f T2 at VB3 = 220 kV, and on its LV side al 

VB. = 220(2~~) = 11 kV 

Similarly, the voltage base at buses 5 and 6 are 

11 0 
VO~ = VD6 = 22(2"2) = llO kV 

3.1". CHANGE OF BASE 930 

Since generator and transformer voltage bases are the same as their rated values. 
their per-unit reactances on a 100 MVA base, from (3 .92) are 

G, X = 018 (~~) = 020 pu 

T .: X =01O(~) = 0.20 p. 

T2: X ~ 006(~~) =015 pu 

T3: (,00) . X = 0.()64 40 = 0.16 p. 

'T.j : X = 0.08 ( 14~) = 0.2 p. 

The motor reactance is exprl!ssed on its nameplate rating of 66.5 MVA and 10.45 
kV. However. the base voltage at bus 4 for the motor is 11 kY. From (3.91) the 
motor reactance on a 100 MVA, ll-kV base is 

(
100) (10.45)' AI: X = 0.185 66.5 - 11- = 0.25 pu 

Impedance bases for lines I and 2. (rom (3.8 1) are 

(220)' _ 484 11 
Z lJ2 = """'i(j() -

Zu' = (110)' = 121 11 , 100 
Line I and 2 pt: r-unit reactances are 

Line I : 

Line 2: 

X = (~~)=OlOpu 
X = (65.

4
3) = 0.54 p. 

121 

The load apparent power at 0.6 power factor lagging is given by 

SL{3<f» = 57L53.13° MVA 

Hence, the load impedance in ohms is 

(VL-L)' = (10.45)' = 1.1495 + j l.53267 11 
ZL = Si(3<f» S7L-53.13" 
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The base impedance for the load is 

(11)' 
ZS4 = 100 = 1.21 n 

Therefoce. the load impedance in per-unit is 

1.1495 + j 1.53267 . 
ZL(pto) = 1.21 = 0.95 + ]1.2667 pu 

The per-unil equivalent circuit is shown in Figure 3.30. 

jO.2O )0 lO jO 15 4 

)0.54 )0.20 
)0.2 JO.25 

~ [m 
0.95 

jIe M Em 
j1.2667 

E, G 

FIGUR1-: 3.30 
pc(-unil im~o.bnct c.lilSr.l.rn for Eumplt 3.7. 

Example 3.8 

The RlOl:or of Example 3.7 operates at full-load 0. 8 power factor leading at a tenni­
nal voltage of 10.45 kY. 

(a) De!eml~ne the voltage :11 the generator bus bar (bus I). 
(b) Deterrmne the genem(or and the motor internal emfs. 

(a) The per-unit voltage at bus 4, taken as reference is 

10.45 
V4 = 1"1 = O.95LO° pu 

The motor appO-nt po e t 0 8 . . . ~... w r a . power factor leading IS gIVen by 

S 
66.5 

m = 100 L -36.8'r pu 

3. 14. CHANGE OFBA$E 95 

Therefore," current drawn by the motor is 

[m = S,"'n = O.665 L36.87 = 0 6 ·0.42 n .. 
Vol" O.95LQ<> .5 + J 1"'-

and current drawn by ~he load is 

Vol 0.95LIf' 
It = ZL = 0.95 + j1.2GG7 = 0.36 - jO.48 pu 

Total current drawn from bus 4 is 

[ ~ [m + Ie ~ (0.5u + i0.42) + (0 .3u - jO.'8) ~ 0.92 - jO.Ou pu 

The equivalent reactance of the paralld branches is 

x = 0.45 )( O.B = 0.3 pu 
II 0.45 + 0.9 

The generator tennina! voltage is 

\/1 = v.1 + ZUI = 0.95 LO° + jO.J(O.!l'2 - )0.00) = 0.968 + jO.276 

= l.OLl5.91o pu 

= 22Ll5.91° kV 

(b) The generator imemal emf is 

1::y == VI + Zgi .= O.!JG8 + jO.'l7G + )0.20(0.92 - jO.OG) = 1.0826L25.14° pu 

= 23.82L25. 14° kV 

and the motor i.mernal emf is 

E", = Vol - Zmi", = 0.95 + jO - )0.25(0.56 + jO.42) = L0G4L-7.56° pu 
= lL71L - 7.56° kV 

PROBLEMS 

3.1. A three.phase, 3IS.75-kVA, 2300·V alternator has an armature resistance of 
0.35 O/phase and a synchronous reactance of 1.2 n/phase. Detennine the 
no-load line-la-line generated voltage and the voltage regulation at 

(a) Full-load kVA, O.S power factor lasging. and rated voltage. 

(b) Full-load kVA, O.6power factor leading, and rated voltage. 
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3.2. A 6O-MVA, 69.3-kV, three-phase synchronous generator has a synchronous 
re!"actancc of 15 flIphase and negligible armature resistance. 

(a) The gen\!rator is delivering rated power al 0.8 power factor lagging at the 
rate!"d lenninal vollage to an infinite bus bar. Detennine the m.lgnitude of the 
ge!"nerated emf per phase and the power angle b. 

(b) If the gener;:ued emf is 36 kV per phase. wh:u is the maximum three . 
phase power that the generator can deliver before losing its synchronism? 

(c) The generator is delivering 48 MW 10 the bus bar at the nnoo voltage 
wilh it!> field currene adjusted for a generated emf of 46 kV per phase. Deter. 
mine the annatuI'C current and the power factor. State whether power factor 
is laggi ng or leading? 

3.3. A 24,00Q·kVA, 17.32·kV, 60·Hz, three-phase synchronous generator has a 
synchronous renctano.:c of 5 n/phase and negligible armature resistance . 

(a) At a certain excitation. the generator delivers rated load, 0.8 power factor 
lagging to an infinite bus bar at a line-to-line voltage of 17.32 kV. Detennine 
the!" excitation votl:lgc per phase. 

(b) The!" excitmion votmgc is maintaine!"d at 13.4 kV/phase and the tenninal 
voltage at 10 kV/phase. Whm is the maximum three-phase real power thai 
the generator can develop bt!forc pulling out of synchronism? 

(l:) [)etennine lhe armatu re current for the condition of p<U1 (b). 

3.4. A J..t.64.kV, 60·MVA. three-phase salient-pole: synchronous generalor has a 
direct axis reactance of 13.5 n .lnd a quadrature-allis reactance of 9.333 O. 
The armature resistance is negligible. 

(a) Referring to the phasor di'lgram of a salient-pole generator shown in Fig. 
ure 3.8, show thaI the power anglc J is given by 

c= ti\1l-1( Xqllll[cosO ) 
V + Xq[IlIlsinO 

(b) Compute the load angle 6 and the per phase excitation voltage E when 
the generator delivers rated MVA, 0.8 power factor lagging to an infinite bus 
bar of 34.64·kV line· to· line voltage. 

(c) The generator excitation voltage is kept constant at the value found in 
part (b). Use MATLAB to obtain a plot of the power angle curve, i.e .• equa. 
tion (3.32) over a range of 6 =: 0:0.05:180°. Use the command Pmax, k = 
max(P); druax = d(k), 10 obtain the steady-state maximum power Pmax 
and the corresponding power angle dmax. 

0.2 + j0.45 {1 

+ I, t I, 
I, 1m 

V, 1000 !l jl500 !l 

I 

I' , l 
E, 

r 
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0.002 + jO.OO45 n 

V, 
150 kVA 
0.8 lag 

FlGUREJ .. :n 
TflilUformcr circuit (0( Problem 3_5 

3,5. A 150-kVA, 2400/240--V single·phase transfonner has the parameters as 
shown in Figure 3.31. 

(a) Determine the equivalt!nt circuit referred 10 the high-voltage side. 

(b) Find the primary voltage and voltage regulation when transformer is op­
erating at full load 0.8 power faclor lagging and 240 V. 

(c) Find the primary voltage and voltage regulation when the transformer is 
operating at full-load 0.8 power factor leading. 

(d) Verify your answers by running the trans program in MATLAB and ob­
tain the transfonner efficiency cnrve. 

3,6. A 6O-kVA. 4~OOf1400-V single-phase transformer gave the following test 
results: 

I. Rated voltage is applied to thl! low voltage winding and the high volt­
-age winding is open-circuited. Under this condition, the current into the low 
voltage winding is 2.4 A and the power laken from the 2400 V source is 
3456 W. 

2. A reduced voltage of 1250 V is applied to the high voltage winding and 
the low voltage winding is shon-circuited. Under this condition, the current 
flowing into the high voltage winding is 12.5 A and the power taken from 
the 1250 V source is 4375 W. 

(a) Determine parameters of the equivalent circuit referred to the high volt­
age side. 

(b) Determine voltage regulation and efficil!ncy when transformer is ?perat­
ing at full-load. 0.8 power factor lagging. and a terminal voltage of 2400 V. 

(c) What is the load kVA for maximum efficiency and the maximum effi­
ciency at 0.8 power factor? 

(d) Determine the efficiency when transfonner is operating at 3/4 full-load, 
0.8 power factor lagging, and a tenn inal voltage of 2400 V. 
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(e) Verify your answers by running the trans program in MATUB and obtain 
the transformer efficiency curve. 

3.7. A two-winding transfonner r,ued at9·kVA, 120190.Y, 6O-HZ has a COI-e loss 
of 200 Wand a full ·load Copper loss of 500 W. 

(a) The above transformer is to be: connected as an aUlo transformer to supply 
a load at 120 V from a 210-V source. Whacl:.VA load can be: supplied without 
excttding the curren( rating o f the windings? (For this pan assume an ideal 
transforme r.) 

(b) Find the efficiency with the kVA loading of part (a) and 0.8 power factor. 

3.8. Three identical 9· MVA. 7.2-kV/4.16-kV, single-phase transformers are con­
nected in wye on the high-voltage side and delta on the low voltage side. The 
equivalent series impedance of each transformer referred to the high-voltage 
side is 0.12 + jO.82 n per phase. The transformer supplies a balanced three­
phase loud of 18 MVA, 0.8 power factor lagging at 4.J61:.V Determine the 
lin~- to-line voltage at the high-voltage terminals of the transformer. 

3.9. A 400-MVA, 240· kV/24_kV, three-phase Y-.0.. transformer has an equivalent 

series impedance of 1.2 + j6 n per phase referred to the high-voltage side. 
The tr,lOsformer is supplying a three-phase load of 400-MVA , 0.8 power 
factor lagging at a terminal VOltage of 24 kV (line to line) on its low-voltage 
~ide. The primary is supplied from a fccder with an impedanec of 0 .6 + 
j1.2 n per phose. DelenHine lhe line- to-line voltage at the high-voltage ter­
minals of the transformer and the sending-end of the feeder. 

3.10. In Problem 3.9, with transfonner rated values as base quantities, express all 
impedances in per·uni!. Working with per-unit values, delermine the line. to. 
line voltage at the high· voltage lerminals o (the transfonner and Ihe ~nding. 
end of the feeder. 

3.1 L A three-phase, Y·connected. 7.5-M VA, 27-kV synchronous generator has a 
synchronous reactance of 9.0 n per phase. Using rated MVA and voltage as 
base values, determine the per·unit reactance. Then refer this per-unit value 
to a J(X)·MVA. 30·kV base. 

3.12. A 40-MYA, 20-kV/400·kV, single-phase tmnsfonner has the following se. 
ries impedances: 

Zl = 0.9 + j l.8 n and Z2 = 128 + j288 n 

Using the transfonncr rating as base, detennine the per-unit impedance oflhe 
transformer from the ohmic value referred to the low-voltage side. Compute 
the per-unit impedance using the ohmic value referred to the high-voltage 
side. 
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I · stem shown in Figure Draw an impedance diagram for the e ectnc power sy 20 kV 
332 showing all impedances in per unit on a lOO-MVA base. Choose .-
~ the voltage base for generator. The three· phase power and line-line ratmgs 
are given below. 

G I : 90MVA 
T I : 80MVA 
12 : 80MVA 
G 'l : 90MVA 
line: 
Load: 

20kV 
20nOOkV 
200120l:.V 
18 kY 
200 kV 
200 kV 

X = 9% 
X = 16% 
X = 20% 
X=9% 
X = 120 n 
S = 48 MW +j64 Mvar 

&--3~~~hr--___ L_in_e_---tf_~'t--@ 
, j Lo,d 

FIGURE J.J2 
One-line diagram for Problem 3.13 

3.14. l1lc one-line diagram of a power system is shown in Figure 3.33. 

T, 
3 

T, 
4 

t 
2 

3 I Line 1 
I 220kV 

G T, 
T3 

5 
Line 2 

6 

II OkV 

FlGUREJ.JJ 
One-line diagram for Probkm 3.14 

The three-phase power and line-line mtings are given below. 
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C, 80MVA 22kY X= 24% 
Tl : 50MYA 221220 kY X = 10% 
T2: 40MVA 220122 kV X = 6.0% 
T3: 40MVA 22/110 kV X = 6A% 
Line I: 220 kV X = 121 f1 
Line2: 110 kV X ~ 42.35!1 
AI: 68.85 MVA 20kV X = 22.5% 
Load: 10 Mvar 4kV ~-connected capacitors 

The three-phase ratings of the three-phase transformer are 

Primary: V-connected 40MVA, 110 kV 
Secondary: V-connected 40 MVA, 22 kV 
Tertiary: .6.-connected 15 MYA, 4 kV 

The per phase measured reactances at the terminal of a winding wim the 
second one short-circuited and the third open-circuited are 

Zp , = 9.6% 40 MVA, 110 kV/22 kV 
ZP! = 7.2% 40 MYA, 110 kY/4 kV 
Z~l = 12% 40 MVA. 22kV/4 kV 

Obtain the T-circuit equivaknt impedances of the mree-winding transformer 
to the common IOO-MVA base. Draw an impedance diagram showing all 
impedances in per-unit on a lOO-MVA base. Choose 22 kV as the voltage 
base for generator. 

3.15. The three-phase power and line-line ratings of the electric power system 
shown in Figure 3.34 are given below. 

}o'IGURE 3.34 

One-line diagram for Problem 3,15 

Gl : 60MVA 20kV X=9% 
Tl : 50 MVA 20/200 kV X = 10% 
T 2 : 50 MVA 200120 kV X = 10% 
M: 43.2MYA 18 kV X = 8% 
Line: 200 kV Z = 120 + j200 n 

(a) Draw an impedance piagram showing all impedances in per-unit on a 
IOO-MVA base. Choose 20 kV as the voltage base for generator. 
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(b) The motor is drawing 45 MVA, 0.80 power factor lagging at a line-to-line 
terminal voltage of 18 kY. Determine the terminal voltage and the internal 
emf of the generator in per-unit and in kV. 

3.16. The one-line diagram of a three-phase power system is as shown in Figure 
3.35. Impedances are marked in per-unit on a 100-MVA. 400-kV base. The 
load at bus 2 is 52 = 15.93 MW -j33.4 Mvar, and at bus 3 is 53 = 77 MW 
+j14 Mvar. It is required to hold me voltage at bus 3 at 400LO° kV. Working 
in per-unit. determine the voltage at buses 2 and 1. 

v, 
jO.5 pu 

~ 
JOA pu 

8, S3 

FIGURE 3.35 
One·line di~gram for Problem 3.16 

3.17. The one-line diagram of a mree-phase power system is as shown in Figure 
3.36. The transformer reactance is 20 percent on a base of 100 MVA. 231115 
kV a"d me line impedance is Z = j66.125f1. The load at bus 2 is 52 = 184.8 
MW +j6,6 Mvar, and at bus 3 is 53 = 0 MW +j20 Mvar. It is required to 
hold the voltage at bus 3 at 115LO° icY. Working in per-unit, determine me 
vultage at buses 2 and 1. 

s, 
8, 

FIGUREJ.36 
O~c·line diagram fur Prublcm 3.17 
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CHAPTER 

4 
TRANSMISSION 
LINE PARAMETERS 

4. 1 INTRODUCTION 

The ptJrp<bC! of a Ir.lnsmissioo nelwork is 10 Ir.:msfer eJeclric energy fro m gene ral. 
ing unils 31 various localions 10 Ihe distribution syslem which uhimalely supplies 
the load. Tran~ mi~~ ir'fl lint's also inierconneci neighboring uti lities which perroils 
001 only e£OI\omic dispatch of" power within regions during normal conditiuns, but 
also transfer of power between regions during emergencies. 

AlIlransmission lines in a power system'exhibit the electrical properties of 
resistance, inciuctar\Ce, capacir:lnce. and conductance. The inductance and cap.:)c .' 
ilanee are due to the effects of magnetic and electric fields around the conductor. 
These parameters i1/e esstntial for the development of the transmission line mod­
els usoJ in powt:r ~ystem analysis. The shunt conductance accounts for leakage 
currents fiowing acrOSS insulators and ionized pathways in the air. The leakage 
currents are negligib l ~ compared to the current flowing in the transmission Jines 
and may be n~glcctl!d . 

The first pan of thi s chapt~r deals with the detennination of inductance and 
cap3ci~nce of overhead lines. The concept of geometric mean radius, CMR and 
gMmnric mean distfllJ('t' CUD aro.! discussed, and the function [GMD, GMRL, 

102 

4.2. OVERHEAD TRANSMISSION LINES 11)3 

GMRC] = gmd is developed for the evaluation of CMR and CMD. This function 
is very usefu l for computing the inductance and capacitance of single.circuit or 
double.circuit transmission lines with bundled conducton. Alternatively, the func­
rion [L, C) = gmd2LC returns the line inductance in mH per km and the shunt 
capacitance in pF per km. Finally the effects of electromagnetic and electrostatic 
induction are discussed. 

4.2 OVERHEAD TRANSMISSION LINES 

A transmission circuit consist~ of conductors, insulators, and usually shield wires, 
as shown in Figure 4.1. Transmission lines are hung overhead from a lower usually 
made of steel, wood or reinforced concrete with its own right-of-way. Steel tow­
ers may be single-circuit or double-circuit designs. Multicircuit steel towers have 
been built, where the tower supports three to ten 69· kV lines over a given width 
of right-of-way. Less than I percent of the nalion's total transmission lines are 
placed underground. Although underground ac tronsmission would present a solu­
tion to some of the environmental and aeSthetic problems involved with overhead 
transmission lines, there are technical and economic reasons that make the use of 
underground ac transmission prohibitive. 

. . '. , . 
. ,. ,. 

· , · . '. • . • • • •• . • 

FlGURE4.1 
Typicallattice-typc: structure for 3:4S-I:.V II"ln.sminion line. 
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The selection ofan ~onomical voltage level for the transmission line is based 
on lhe amounl of po"'er :1Jld the distance of transmission. The voltage choice to. 
gether with the selection of conductor size is mainly a process of weighing R/2 
losses, audible noise. and radio interference level against fixro charges on the in. 
vestment. Standard transmission voltages are established in the Unitro States by 
the American National Sundards Institute (ANSO_ Transmission voltage lines op­
er.ning at more than 60 l;V are standardized al 69 kV, 115 kY, 138 kV, 161 kY, 
230 kV, 345 kV, 500 kYo i65 kV line-to-line. Transmission voltages above 230 kV 
are usually referred to as i.xlm·high voltage (EHV) and those at 765 kV and above 
are referred to as u/lra-r.igh \'o/t{Jge (UHV). The most commonly used conductor 
materials for high voltage transmission lines are ACSR (aluminum conductor steel­
reinforced), AAC (all-aluminum conductor), AAAC (all-aluminum alloy conduc. 
tor),. an? AC~R (aluminum conductor alJoy-reinforced). The reason for their pop_ 
ulanty IS their low relati"e COSt and high strength-to-weight ratio as compared to 
~op~r ~onductors. Also. :lluminum is in abundant supply, while Copper is limited 
In quantity. A table of w most commonly used ACSR conductors is stored in file 
acsr.m Characteristics oi other conductors can be found in conductor handbooks 
or manufacturer's literature. The conductors are stranded to have flexibility. The 
ACS~ conductor consists of a center core of steel strands surrounded by layers of 
alummum as shown in figure 4.2. Each layer of strands is spiraled in the opposite 
direction or its adjacent byer. This spimling holds the strands in place. 

FIGURE 4.2 
Cross-sectionat yiew of a 241i ACSR condllctor. 

Conductor manufacturers provide the characteristics of the standard conduc. 
~ors with conductor sizes expressed in cirCU{(/r mils (emil). One mil equa.ls 0.001 
Inch, and for a solid roUnd conductor the area in circular mils is defined as the 
square of diam Ie' 'Is 

. e r In nu . As an example, 1. 000, 000 emil represents an area of 
a sohd round conductor I inch in diamckr. In addition. code word~ (bi rd names) 
have been assigned 10 each conductor for easy reference. 

At voltages above 230 kY, it is preferable to use more than one conductor 
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per phase, which is known as bundling of conductors. The bundle consists of two. 
three, or four conductors. Bundling increases the effective radius of the line's con­
ductor and rrouces the electric field strength near the conductors, which reduces 
corona power loss, audible noise, and radio interference. Another important ad­
vantage of ~ndling is reduced line reactance. 

4.3 LINE RESISTANCE 

The resistance of the conductor is Yery imponant in transmission efficiency eval­
uation and economic studies. The dc resistance of a solid round conductor at a 
specified temperature is giv!!n by 

where p ;:; conductor resistivity 
I = conductor length 

pi 
Rdc = -

A 

A = conductor cross-sectional art!a 

(4.1) 

The conductor resistance is affected by three factors: frequency, spiraling, 
and tem~rature. 

Wh~n ac flows in a conductor, the current distribution is not uniform over 
the conductor cross-sectional area and the current density is greatest at the surface 
of the conductor. This causes the ac resislance to be somewhat higher than the de 
resistance. This beh.wior is known as ski,. effect. At 60 Hz, me ac resistance is 
about 2 percent higher than the de resistance. 

S ince a stranded conductor is spir:lIed, each strand is longer than the finished 
conductor. This results in a slightly higher resistance than the value cakulaled from 
4.1. 

The conductor resistance increases as temperature increases. This change can 
be considered linear over the range of temperature normally encountered and may 
be calculated from 

(4.2) 

where R'l and RI are conductor resistances at t2 and t1-CO, respectively. T is a 
temperature constant that depends on the conductor material. For aluminum T ~ 
228. 

Because of the above effecLS , the conductor resistance is best determined from 
manufacturers' data. 
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4.4 INDUCTANCE OF A SINGLE CONDUCTOR 

A current<arrying conduclor produces a magnelic field around !he conductor. The 
magnelic flu x lines are concenlric closed circles with direction given by the right. 
hand rule. With the thumb pointing in the direclion of the current, the fingers of the 
right hand encircled the wire poinl in the direction of the magne{ic field . When the 
c urrent changes. the flu x changes and a voltage is induced in the circuil. By defi · 
nilio n. for nonmagnelic maleria l. the inductance L is the ratio of its total magnelic 
flux linkage 10 the current I , g ive n by 

>. 
L ~ -

1 

where! ), = flux linkages, in Weber lums. 

( • . 3) 

Consider a long round conductor with radius r. carrying a current I as shown 
ill Figure ~.3. 

, , 
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, , 
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Flu:. ti nh&e of:l long (oul'IIl ConduClCr. 

The magnetic fi eld intensity H x , around a circle of radius x, is constant and 
tangent to the circle. The Ampere's law relating Hz to the current Iz is given by 

Hz = .!=-
2n 

(4.4) 

(4.5) 

whe~ lz is, Ihe current enclosed at radius x. As shown in Figure 4.3. Equation 
(4.5) IS all that is required for evaluating the flux linkage A of a conductor. The 
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inductance of the conductor can be defined as the sum of contributions from flux 
linkages internal and external 10 the conductor. 

4.4.1 INTERNAL INDUCTANCE 

A simple expression can be obtained for the internal flux linkage by oeglecling the 
skin effect and assuming unifonn currenl density throughout lhe conductor cross 
section, i.e .• 

SubstitUling for Ix in (4.5) yields 

1 I. 
1I"T2 = l'I"x'2 (4.6) 

1 
Hz = 27l"r2x (4.7) 

For a nonmagnetic conductor with constant penneability P.o, the magnetic flux 
density is given by Bx = 110Hz:. or 

J10I 
Bx = -2 ,x 

" 
(4.8) 

where 1J.o is the penneability of free space (or ai r) and is equal to 471" x 1O-7HJm. 

The differential flux do for a small region of thickness dx and one meter length of 
Iht'" conductor i~ 

(4.9) 

TIle nu x dtPr links only the frJ.c tion o f the conductor fro m the center to radius x , 
Thus, on the assumption ofunifonn current density. only the fraction 1fx'l/rrr'2 of 
th~ l('1(al l, tlrr~nl is linked by !he flux. i.e., 

x'2 JJo / 
d),x = ('2 )d¢x = --.x3dx 

T · 21'1'T" 

The total flux linkage is found by integrating d).,z from 0 to T. 

~ol J,' 3 Ain! = - -4 :t dx 
211"T 0 

= pof WhIm 
8. 

From (4.3), the inductance due to the inlema1 flux linkage is 

J10 1 _7 IV L i ,,/ = - = - x 10 . m 
8. 2 

;'\iOte that L"'t is independent of the conductor radius T. 

(4.10) 

(4.11) 

(4.12) 
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4.4.2 INDUCTANCE DUE TO EXTERNAL FLUX LINKAGE 

Consider Hx external to the conductor al radius x > r as 'shown in Figure 4.4. 
Since Ihe circle at radius x encloses the entire current, Ix = I and in (4.5) I~ is 
replaced by / and the flux density al rad ius x becomes 

, , 
, , , , , , 

, , 
, , , 

, , 

F"1(;mu; .t.J 

. --'- . 

.' .. '. . , 
, " /' " \ 

~
'"'''''' , " , , " , 
X~ f-I 

" : :d:r ,' 

I " :,' " " , ...... ' D\/' 

Hu.\ hnbge ~lwCCfl 1)1 alll.llJ~ . 

(4. 13) 

Since the entire current I is linked by (he flu x outside the condoctor, (he ftux link. 
age. dAr is ~umerically equal 10 the nux (l¢~. The differenllal flu x dI/Jz for a small 
regIOn of thickness d:r and one meter length of the conductor is then give n by 

d>.x = d¢~ = Drdx. I = 110
1 dx 

211":1: 
(4.14) 

The exte~l Rllx linkage bc!tween two points D j and D2 is found by integrating 
d>.x from Dl to D2. 

),exi = - -dx 1101 1D
, 1 

2" D, x 

= 2 X 10-7 lin D2 Wblm 
D, 

The inductance between two points external to a conductor is then 

Lext = 2 x 1O- 71n D2 
D, Wm 

(4.15) 

(4.16) 

, , 

, 
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4.5 INDUCTANCE OF SINGLE-PHASE LINES 

Consider one meter length of a single-phase line consisting of two solid round 
conductors of radius Tl and T2 as shown in Figure 4.5. The two conductors are 
separaled by a distance D. Conduclor I cMrie5 the phasor current It referenced 
into the page and conductor 2 carries rerum currenl 11 = -I,. These currents sel 
up magnetic fie ld lines thai links between the conductors as shown. 

I, " 0 /" 
, , , , -- -. , , , .. --.. 
- , , , , 

---~ , , , , , , _ .. . ~ , , , , , , , , , , , , , 
, I 

, I I , I , . , , , , , 
• 

, , , , • 
, , , , , , , , , , , , , , , , , , , , , , 

D 

FIGURE 4.5 
Single-phase two-wire line. 

Inductance of conductor 1 due to internal flux is given by (4. 12). The flul( 
beyond D linh a n!!1 current of zero and df'l'c nN CflO1 riNne to fhl' net magnetic 
flul( linkages in the circuit. Thus. to ohllin the inductance of conductor I due: to 
the net eKtemll flUl( linkage, il is necessary to evaluate (4. 16) from 1J1 = r l to 
D'1=D. 

_ D 
LI (nt j = 2 x 10- ' In - HIm '. 

The IOtal inductance of conductor I is then 

1 D 
Ll = ~ X 10-7 +2 x 1O- 7 In - HIm 

2 " 

Equation (4.18) is often rearranged as follow ;.: 

(4. 17) 

(4.18) 

(4.19) 
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Let r~ = rl e- i, the inductance of conductor I becomes 

_ 1 _ D 
LI = 2 x 10 71 n -, + 2 x 10 71n ~ HIm 

" I 
(4.20) 

Simi larly, the inductance of conductor 2 is 

_ I _ D 
L2 = 2 x 10 7In -+ 2 x 10 71n _ HIm (4.2 1) 

,; I 

If th~ two conductors ar~ identical, T I = '1 = , and Ll = L2 = L, and the 
inductanc~ per phase per meter Icnglh of the line is given by 

- 7 I 7 D L = 2 x 10 In - + 2 x 10- III - HIm 
" I 

(4.22) 

Examination of (4.22) reveals that the first term is only a function of the conductor 
radius. This term is considered as Iht! induclance due to both the internal flu ."( and 
that eXlemallo conductor J to a radius of I Ill. The second term of (4.22) is depen­
dent only upon conductor spaci ng. This term is known as the indl/ctance ~1}(lcillg 
file/or. The above temlS arc usually expressed as inductive reactances al GO Hz and 
are available in the manufacturers table in English units. , 

The term r' = T(:-:; is known mathematically as the selj·geomerri(: me/ln 
lli~·tnnCf! of a circle with radius ,. and is abbreviated by CMR. ,.' can be considered 
as the radius of a fictitious condUCtor assumed to have no internal flux but with [h l~ 
same inductance ilS [he a~'[ua! conductor with radius r. GMR is commonly referred 
to a.~ gf!omelric iliu m mdflf~· and will be cksigmued by D $. Thus, the inductance 
per phase in millihenries per kilometer lx..'Com(..'S 

D 
I~ = 0.2 111 - mHlkm 

D, 

4.6 FLUX LI NKAGE IN TERMS OF 
SELF- AND MUTUAL INDUCTA NCES 

(4.23) 

The series inductance per phase (or the above single-phase two-wire Iin~ can be 
<!xpre.~sed in temls of Self-inductance of each conductor and their mutual induc­
tance. Consider one meier length of the single-phase circuit represented by two 
coils characterized by the self-inductances LlI and L22 and the mutual induclance 
L

12
. The magnetic polarity is indicated by dot symbols as shown in Figure 4.6. 

The flu x linkages ),] and ),2 are given by 

),1 = LIlI] + LI212 

.\2 = L2111 + L22/2 (4.24) 

4_6. FLUX LINKAGE IN TERMS OF SELF· AND MUTUAL INDUCTANCES 

fiG UR E 4.6 
The singk ·piusc tinc viewed as IWO magnel ically coupled coi ls. 

Since 12 = -I1. we have 

.\1 = (LIl - L[2)II 

.\~ = (- L21 + Ln }I2 

III 

(4.25) 

Comparing (4.25) with (4.20) and (4.2 1), we conclude the following equivalent 
expressions for the self- and mutual inductances: 

0· , J 1 L 1[=2 )( 1 II , 
" . , I 

L 22 = 2 x 10 In, 
" 

(4.26) 

The concepl of self· and mutual inductance c.al) be extended 10 a group of n con­
ductors. Consider n conductors carrying phasor currents I I, 12, . . . , I .. > such that 

It + h+ ... + Ii + ... + In = 0 

Generalizing (4.24), the flux linkages of conductor i an: 

" L I "I I )' "'. i .\i = ii i+ ~ ~i; j 
j - I 

( 
I " I ) .Ai = 2 X 10-1 1,ln"/ + Elj ln-

D
. 

T j j:: [ 11 

(4.27) 

(4.28) 

j:F i (4.29) 
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112 4. TRANSMISSION LINE PARAMETERS 

4.7 INDUCTANCE OF THREE-PHASE 
TRANSMISSION LINES 

4.7.1 SYMMETRICAL SPACING 

Consi<kr one meier length of a Ihree-phase line wilh three conductors, each with 
radius r, symmetricaJly spaced in a triangular configuration as shown in Figure 4.7. 

I . 

J\ 
D D 

cLD~ 
FIGURE 4.7 
Three.phase line with symmetric~l spacing. 

Assuming balanced mree-phase cu rrents, we have 

I" + h + Ie = 0 

From (4.29) tl\c ltlt.J1 11u\ !inLlgc uf vlla~<! 'lcunductor is 

_, (I I I ) >'0. = 2 )( 10 I" In ;:; + IIJ In D + I~ III D 

Subsliluling for h + Ie = -10. 

'\a = 2 X 10-7 (la -In.!. - la In.!:.) 
r' D 

_ D 
= 2 x 10 7/a In­

r' 

(4.30) 

(4.31 ) 

(4.32) 

Because of symmetry, Ab = >'c = A,;;, and the three inductances are idenIiC:l1. 
Therefore, the inductance per phase per kilometer length is 

D 
L = 0 .210 - mHlkm 

D, (4.33) 

where r' is the geoml!uic mean radius. CMR, and is shown by D,. For a solid 

round conductor. D, = re-± for stranded conductor D$ can be evaluated from 
(4.50). Comparison of t4 .:l3) with (4.23) shows that inductance per phase for a 
~ree-phase ,circuit with equilateral spacing is the same as for one conductor of a 
smgle-phase circuit . 
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4.7.2 ASYMMETRICAL SPACING 

Pmcticai transmission lines cannot maintain s),mmetricaJ spacing of conductors 
because of construction considerQtions. With asymmetrical spacing, even with bal­
anced currents, the voltage drop due 10 line inductance will be unbaJanced. Con­
sider one meIer length of a three-phase line with three conductors. each with radius 
r. The Conductors are asymmetrically spaced with distances shown in Figure 4.8. 

FIGURE 4.8 
Th.re~·phas~ line with as)'mmctrkal sp:lcing. 

The application of (4.29) will result in the following flux linkages. 

_( 1 1 I) Aa = 2 x HI-I 1,,111- + I b1n -D + I~!n-D 
r' 12 II 

( 
1 1 I ) AJ, = 2 X 10-1 1(1 In -D + hln- +/~ ln-D 
12 r' 23 

'( 1 1 1) >..: = 2 x 10- 1(1 In -D + Ibln -D + Ie In -, 
13 23 T 

or in matrix rorm 

>. = LI 

where the symmetrical inductance matrix L is given by 

[

In -:, In r1i; In If.; 1 
L~2xlO-' In$ 1n;'. InJ,; 

In D'ii In -dn In ~ 

For balanced three-phase currents with Ill. as rererence, we have 

Ib = lQ. L240° = 0.'110. 

l~ = la L120° = ale>. 

(4.34) 

(4.35) 

(4.36) 

(4.37) 
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114 4. TRANSMISSION LINE PARAMETERS 

where the operator a = lL1200 and a2 = lL240°. Substituting in (4.34) results in 

La = Au = 2 X 10-7 (ln~ +a2 In_l_ +aln-I-) 
Ia r' Dl2 Dl3 

Lb = Ab = 2 X 10-7 (a1n _1_ + ln~ +a2In_I_) 
Ib DJ2 1·' D 23 

Ar -7( 2 1 1 1) LC=-I =2x1O a In-+aln-+ln-
c Dl3 D 23 r' 

14.38) 

Examination of (4.38) shows that the phase inductances are not equal and they 
contain an imaginary tenn due to the mutual inductance. 

4.7.3 TRANSPOSE LINE 

A per-phase model of the transmission line is required in most power system anal­
ysis_ One way to regain symmetry in gocx:l mcasure and obtain a per-phase model 
is to consider transposition. This consists of interchanging the phm;e configuration 
every one-third the length so that each conductor is moved to occupy the next phys­
ical position in a regular sequence. Such a transposition arrangement is shown in 
Figure 4.9. 

I" 
a 

! 

b a 

, b a 

1- -II- -III-

FlGURE4.9 
A transposed threc-phase lioc. 

Since in a transposed line each phase takes all three positions, the inductance 
per phase can be obtained by finding the average value of (4.38). 

L= La+Lb+Lc 
3 

Noting 0 + 0 2 = 1 L 120° + 1 L240° = -1, the average of (4.38) bt::comes 

L = 3In--ln--1n--1n-2 x 10-
7 
(1 1 1 1 ) 

3 r' Dl2 D'23 Dt:l 

(4.39) 
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0' 

'( 1 I) L = 2 X 10-' In - - In , 
r' (DJ2D'l3 D 13)5 

or the inductance per phase per kilometer length is 

where 

GAfD 
L = 0.21n ~~ mHlkm 

Do 

14.40) 

(4.41) 

(4.42) 

This again is of the same form as the expression for the inductance of one phase 
of a single-phase linc. C.UD (geometric mean distance) is the equivalent con­
ductor spacing. For the above three-phase line this is the cube root of the prod­
uct of the three-phase spacings. D. is the geomctric mean radius, CAIR. For 
stranded conductor D~ is obtained from the manufacturer's data. For solid con-, 
duetor, Ds = 1.1= re-:t. 

In modem transmission lines, transposition is not generally used. However, 
for the purpose of modeling, it is most practical to treat the circui,t as transposed. 
The error introduced as a result of this assumption is very small. 

4.8 INDUCTANCE OF COMPOSITE CONDUCTORS 

In the evaluation of inductance. solid round conductors were considered. However, 
in practical transmission lines, stranded conductors are used. Also, for reasons of 
economy, most EHV lines are constructed with bundled conductors. In this section 
an expression is found for the inductance of composite conductors. The result can 
be used for evaluating the G MR of stranded or bundled conductors. It is also useful 
in tinding the equivalent GMR and CMD of parallel circuits. Consider. a si?gle­
phase line consisting of two composite conductors x and y as shown III Figure 
4.10. The current in x is 1 referenced into the page, and the return current in y is­
- I. Conductor x consists of n identical strands or subconductors, each with radius 
r I. Conductor y consists of m identical strands or Sllbcondllctors, each with radius 
t·, . The current is assumed to be equally divided among the subconductors. The 
c~rrent per strand is lin in x and 11m in y. The application of (4.29) will result in 
the following expression for the total flux linkage of conductor 0 
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, 
0 b' , 

'0 0 0' 
Od 

aO 0 ,0 0 
a m 

n 

~ ~ , , 
HGURE4.10 
Singk·phasc line with tWO cO!nposi(~ conductors. 

.\, = 2 x IO ~ 7 ~ (Ill ~ + In DI + In _1_ + ... + In _1_) 
1l r:r ub D"c Dan 

-2 X 10-7 i (In _1_ + In _1_ + In _1_ + ... + In _1_) 
1H Dw1' Dub' Dac' D"", 

(4.43) 

The inductance of subconductor (! is 

(4.44) 

Using (4.29), the inductance of other subconductors in x are similarly oblained. 
For example, the inductance of the subconductor n is 

L A" -7 _m~V'~D~""~'~D~"~W~D~";c: .. ~·~D~";m n = II" = 2n x 10 In 
, \/r~DnaD"b· .. Dnc 

(4.45) 

The average inductance of anyone subconductor in group x is 

L _ La+Lb+Lc+···+Ln 
"" - n 

(4.46) 

Since all the subconductors of conductor x are electrically parallel, the inductance 
of x will be 

L:r= La1J = La+Lb+Lc+···+Ln 
n n' 

(4.47) 

substituting the values of La, Lb, Lc,· .. , L'I in (4.47) results in 

L -7 GMD 
x = 2 x 10 In -G Hlmcter 

MR" (4.48) 
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where 

(4.49) 

",d 

(4.50) 

where Dan = Du,· .. = D"" = r~ 

GJID is the mnth root of the product of the mnth distances between n strands of 
conductor x and m strands of conductor y. GwfRI is the n Z root of the product of 
n 2 terms consisting of r' of every strand times the distance from each strand to all 
other strands within group x. 

The inductance of conductor y can also be similarly obtained. The geometric 
mean radius GMR y will be different. The geometric mean distance GMD, how­
ever, is the same. 

Example 4.1 

A stranded conductor consists of seven identical strands each having a radius r as 
shown in Figure 4.11. Determine the G1UR of the conductor in terms of r. 

·FIGURE 4.11 
Cross sc:ction of a stranded conductor. 

From Figure 4.11, the distance from strand I to all other strands is: 

Dl2 = Dl6 = DI7 = 2r 

Dl4 = 4r 

Dl3 = D lS = ,j Dr4 - Dls = 2.../3 r 

From (4.50) the G MR of the above conductor is 

GMR = \I(r'. 2r· 2V3r. 4r· 2.../3r· 2r· 2r)6. r'(2r)6 
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~ rl/(e)-l (2)'(3)1 (2)1 

= 2.1767r 

With a large number of stmnds Ihe calculation of GMR can become very tedious. 
Usually tht:se are available in the manufaclUrer's data. 

4.S.1 GMR OF BUNDLED CONDUCTORS 

Extra-high voltage Ifam:mission lines are usually constructed with bundled con­
ductors. Bundling reduces (he line reactance. which improves the line perfonnance 
and i ncrea~es the power capability of the line. Bundling also reduces the voltage 
surface gradient. which in tum reduces corona loss, radio interference, and surge 
impedance. Typical!y, bundled conductors consist of two, three, or (our subcon. 
ductors symmetrically arranged in configuralion as shown in Figure 4. 12. The sub­
conductors within a bundle are separated at frequent intervals by spacer-dampers. 
Spacer-dampers preVent cla~hing. provide damping, and connect the subconduclors 
in paralle!. 

G-d-f) 

"·fGURE4.12 

Eu.mples o( hllndkd ;IITlngemerus. 

The GAIR of the equivalent single conductor is obtained by using (4.50). If 
Ds is the cAlR of each subconductor and d is the bundle spacing. we have 

for the two-subconductor bundle 

D~ = \I(D~ x dJ2 = VD3 X d 

for the three-subconductor bundle. 

D! = fI(D. x d x d)3 = ?lD~ x rF 

for the four~subconductor bundle 

(4.S I) 

(452) 

(4.S3) 

-4.9. INDUCTANCE OF THREE·PHASE OOUBLE·CIRCUIT LINES 

4.9 INDUCTANCE OF THREE-PHASE 
DOUBLE-CIRCUIT LINES 

119 

A three-phase double-circuit line consists of two idenlicallhree-phase circuits. The 
circuits are operated with a 1-«'2 , bl~, and CI --<2 in parallel. Because of geomet­
rical differences belween conduc tors, voltage drop due to line inductance will be 
unbalanced. To achieve balance, each phase conductor must be transposed within 
its group and with respect to the parallel three-phase line. Consider a three-phase 
double-circuitline with relative phase positions a tbICI - c2i>-:za"l. as shown in Figure 
4.13. 

G c, 
FIGURE 4.13 

, 
S" 

---E)", 

E) 
", 

Tr;lmpos.:t.I doobtc:-circuit line. 

The method of GMD can be used to find the induc tance per phase. To do 
this. we group idenlical phases logether and use (4.49) to find the GAID belween 
each phase group 

DAB = 1D(J ,b, D(J,b,. DU1b , DQ1b,. 

DBC = ;,fDbIC , Db1 Cl Dtnc:, Dtn0 

DAc = {jD41 C: IDCllelDCll c:,DCl1"'J 

The equivalem G MD per phase is Ihen 

G MD == ?I~D-A-D~D-B-C~D-A-C 

Similarly. from (4.50), the G MR of each phase group is 

DSA = 1(D~D4'(>1)2 = J D!D(J\(J2 

DSB = «(D~Db'bl)2 = /D!Db'b,. 

Dsc = 1(IY;Dc' '''J)2 = JD!Dc,Cl 

(4.54) 

(4.5S) 

(4.S6) 
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where D~ is the geometric mean radius of the bundled conductors given by (4.51}­
(4.53), The equivalent geometric mean radius for calculating the per-phase induc­
tance to neulml is 

GAfRL = ijDSADsBDSC 

The inductance per phase in millihenries per kilometer is 

L = O.21n GMD 
GMRL 

4.10 LINE CAPACITANCE 

mHlkm 

(4.57) 

(4.58) 

Transmission line conductors exhibit capacitance with respect to each other due to 
the potential difference between them. The amount of capacitance between con­
du~tors is a function of conductor size, spacing, and height above ground. By ddi­
nlllOn, the capacitance C is the ralio of charge fJ 10 the voltage V, given by 

C=2.. 
V (4.59) 

Consider a long round conductor with radius r. carrying a charge of q coulombs 
per meter length ,IS shown in Figure 4.14, 

, , , , 

, , 

FIGURE 4.14 

-----

Ekctric field around a long round conductor. 

. The charge on the conductor gives rise to an electric field with radial flux 
hnes. The total electric flux is numerically equal to the value of charge on the 

4.11. CAPACITANCE OF StNGLE.PHASE LINES 121 

conductor. The intensity of the field at any point is defined as the force per unit 
charge and is termed electric field intensity designated as E. Concentric cylinders 
surrounding the conductor are equipotential surfaces and have the same electric 
flux density. From Gauss's law, for one meter length of the conductor, the electric 
flux density at a cylinder of radius x is given by 

D=!!..=-q­
A 2,,(1) 

The electric field intensity E may be found from the relation 

D 
E~ -

'0 

(4.60) 

(4611 

where co is the penniltivity of free space and is equal to 8.85 x 10- 12 F/m. Substi­
tuting (4.60) in (4.61) results in 

E ~ -'1- (4.62) 
21fE"ox 

The potential difference between cylinders from position D\ to D"2 is defined as 
the work done in moving a unit charge of one coulomb from D2 to Dl through the 
electric field produced by the charge on the conductor. This is given by 

jlJ~ jLl, q q D2 
V11 ... b'rh = --dx = -- In -

I), v, 2"EuX 2"£0 DI 
(4.63) 

The notation Vl2 implies the voltage drop from 1 relative to 2, that is, 1 is under­
stood to be positive relative to 2. The charge q carries its own sign. 

4.11 CAPACITANCE OF SINGLE-PHASE LINES 

Consider one meter length of a single-phase line ctmsisting of two long solid round 
conductors each having a radius r as shown in Figure 4.15. The two conductors are 
separated by a distance D. Conductor I carries a charge of ql coulombs/meter 
and conductor 2 carries a charge of q2 coulombs/meter. The presence of the sec­
ond conductor and ground disturbs the field of ihe first conductor. The distance of 
separalion of the wires D is great with respect 10 T and the height of conductors 
is much larger compared with D. Therefore. the distortion effect is small and the 
charge is assumed to be unifonnly distributed on the surface of the conductors. 

Assuming conductor 1 alone 10 have a charge of qt. the voltage between 
conductor 1 and :2 is 

'I' D --111-
2J!"Eu r 

(4.64) 
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FI(;l!RE .U S 
S,agl( ·p!usc two· wire line. 

Now a~suming onl), conduclor 2. having a charge or Q-l. Ihe vo ltage ht:lwecn con­
ductor.> 2 and t is 

(4 .65) 

From the principle of sup!!rpos itioll. the potential difference due to presence of 
both charges is 

V " \ ' q, I D q"l I r I"t = ~I '" l ..... '1" ( \ = - - 1\ - + -- n ­.·IJ. · -'/l ' 2;rc:u ,. 2n-€o D 

For a single-phase line IJ'! = -III = -q, and (4 .66 ) reduces 10 

q D 
V,;! = - III - F/m 

;;:0 r 

From (4.59), the capacitance between conduclors is 

"0 
Gil = ----v F/m 

In -, 

(4.66) 

(4.67) 

(4.68) 

Equation (4.68) gives the line-Io.line capacitance between the conductors. For the 
purpose of transmission line modeling, we find it convenient to define a capaci tance 
C between each coniJuctl)r and a neutrJ.I as illustrated in Figure 4.16. Since the 

1 C12 2 

O- --jll>--------<O 
1 C C 2 
0---1 '-I ---.:n~1 f-O 

flGURE4.16 
ll1uMr:ation of capaeilince to n.:ulral. 

4.12. PGrENT1AL DlFFEkENCE IN A MULTICONOUCTOR CONFIGURATION 123 

vollage to neutral is half of V12 • the capacitance to neutral C = 2C11 • or 

C = 21ff"O F/m (4.69) 
In e , 

Recalling EO = 8.85 )( 10- 12 F/m and convert ing to JLF per kilometer. we have 

C ~ ~ pFlkm (4.70) 
Inr 

The capacitance per phase contai ns tenns ana.logous to those derived for inductance 
per phase . However, unlike inductance where the cooductor geometric mean radius 
(C.HR) is used, in capacitance fonnula Ihe accual conduclor radius r is used. 

4.12 POTENTIAL DIFFERENCE IN A 
MULTI CONDUCTOR CONFIG URATION 

Consider n parallel long conductor.> with charges IJI ' Q2, ... , IJ" coulombs/meter as 
shown in Figure 4.17. 

q, 
0 

q, 
0 

q,O Qq .. 

.9 q, 
FIGURE 4.17 
MlIlliconduclor configuration. 

Assume that the distortion effeCI is negligible and the charge is unifonnly 
dis tributed around the conductor, with the rollowing consu-aint 

91+ Q'l+"' + q,, =O (4.71) 

Using superposition and (4.63), potentia l difference between conductors i and j 
due to the presence of all charges is 

1 Il Dk . 

Vij = --L qk ln~D 
271"Eo h'l ki 

(4.72) 

When k = i, Dii is the distance between the surface of the conductor and its center, 
namely its radius r. 
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4.13 CAPACITANCE OF THREE-PHASE LINES 

Consider one meter length of a three-phase line with three long conductrn-s, each 
with radius r. with conductor spacing as shown Figure 4. 18. 

qo 

rD12 
a c b 

b 
D1J ~% a c 

eI/'" c b " q, 

1- -II- -III-
FiGURE4.llI 
l1ucc-phasc transmission linc. 

Since we have a balanced three-phase system 

(4.73) 

W.: shall neglect the effect of ground and the shield wires. Assume thai the line is 
transposed. We proceed with the calcul:l!ion of the pOlential difference belween a 
and b for each section uf Ir.msposifieon. Applying (4.72) to the first section of the 
IrJnsposilion , Vab is 

V I (DI"l r D13 ) ,.,b( 1J = -2 q" ln - +qt;ln- +qt:1n­
r.~o r DI2 D 1J 

Similarly, (or the second section oi the transposition, we have 

V I (D1J r DIJ) ab(fl l = -2 q .. lll- +%In- +qcln-
lTt"o r D 2J DI2 

and for the last section 

V 1 (D13 r D(2) a6(JII) = -2- qaln - +qbln-+I}clll _ 
.. f"o T Du D 23 

The average value of VQ6 is 

(4.74) 

·(4.75) 

(4.76) 

(4.77) 
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I' - 1 ( I (DL2D2JD I:)) ~ + q In r ) "' - -- qa ll b I 
21rtO T (D11D:uDIJ) 

(4.78) 

Note that the GMD of the conductor apfll!an> in the logarithm arguments and is 
given by 

Tht:reforl'. V"f, is 

1 (GhlD , ) \;,b = - - 1]" III - - + q" III G'ID 
211"£0 T H 

Similarly, we find the averag.: voltage t~'r as 

1 (GhlD ,. ) 
]..~'r = -- q" III - - + fJ~11l. G\ D 

270£0 r if 

Adding (4.80) and (4.8\) and substituting for fJb + q~ = .... qt"l, we have 

1 (GMD J' ) 3qa GAJD \.;", + \,-;". = 27re 2q" In - ,-. - - 1/" In GMD = 211"£0 In - -,-

ror balanced thf~-ph;l~c voltag.:s. 

Therefor.:. 

\~,I. = \r"" LOo _ \<;", L-L20° 

\~'r = \~", L {)O - \~OIt L-2'10" 

Substituting in (4.82) the capacitance (Xf phase to neutrnl is 

C - ~ - 21fEO F/m 
- - GAID Van In -,-

Of capacitance to neutral in j.!F per kilometer is 

0.0556 
C = GMD ILFlkm 

In-,-

(4.79) 

(480) 

(4.81 ) 

(4.82) 

(4.83) 

(4.84) 

(4.85) 

(4.86) 

This is of the same fonn as the expression for the capacitance of one phase of 
a single-phase line. G MD (geometric mean distance) is the equivalent conductor 
spacing. For the above three-phase line this is the cube root of the product of the 
three-phase spacings. 
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4.14 EFFECT OF BUNDLING 

The procedure for finding the capacitance pet phase for a three-ph'. t ed 
I· . h b dl d ...,e ranspos 
me wit un e can uctors follows the same steps " the ptoced . S . . ure In ecllOn 

3.13. The capacilance per phase is found to be 

C _ 211"£0 
- In GAID 

--;r-
F/m (4.87) 

The effect of bundling is to introduce an equivalent radius rb Th . I d· . b· .. . .. • e eqUlva ent Ta­
. IUS r IS sl~llar to the G.MR (geometnc mean radius) calculated earlier for the 
Inductan~e with the exCept.lOn that radius T of each subconductor is used instead of 
D .•. If d IS the bundle spacmg, we obtain for the two-subconductor bundle 

1·b=~ 

for the three-suoconductor bundle 

rb = V,. x d~ 

for the four-subconductor bundle 

4.15 CAPACITANCE OF THREE-PHASE 
DOUBLE-CIRCUIT LINES 

(4.88) 

(4.89) 

(4.90) 

Consider a three-phase double-circuit line with relative phase positions alb c 
C2

b
2(1'2, as shown in Figure 4.13. Each phase conductor is transposed Withi~ ~ts 

group and with respect to the parallel three-phase line. The effect of shield wires 
~nd. the ground are considered to be negligible for this balanced condition. Fol­
owmg the procedure of section 4.13, the average voltages V(lb. Vac and Van are 

calculated and the per-phase equivalent capacitance to neutral is obtained to be 

C = 211"£0 
In GAID 

eMIl.; 

F/m 

or capacitance to neutral in /IF ~r kilometer is 

(4.91) 

0.0556 
C = I GMD pFlkm (4.92) 

nGMRc. 

!he. expression for GMD is the same as was found for inductance calculation and 
IS given by (4.55). The GMRc of each phase group is similar to the GMRL, with 
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the exception that in (4.56) rb is used instead of D!. This will result in the following 
equations 

,. A = jrb Da1 (l2 

rO = ..jrb Dblb2 

rC = ..jrb DqC2 (4.93) 

where rb is the geometric mean radius of the bundled conductors given by (4.88)­
(4.90). The equivalent geometric mean radius for calculating the per-pha"c capaci­
tance to neutral is 

CAfRe = (lr.4 rn rc (4.94) 

4.16 EFFECT OF EARTH ON THE CAPACITANCE 

For an isolated charged conductor the ekctric flux lines are radial and arc orthog­
onal to the cylindrical equipotential surfaces. The presence of earth will alter the 
distribution of electric flux lines and equipotential surfaces, which will change the 
dft:ctive capacitilnce or the line. 

The earth level is an equipotential surface, therefore the flux lines are forced 
to cut the surface of the earth orthogonally. The effect of the presence of earth 
Call lx: accounted for by the method of image charges introduced by Kelvin. To 
illustrate this method, consider a conductor with a charge q coulombs/meter at a 
height H ahove ground. Also, imagine.a charge -q placed at a depth H below 
the surface of earth. This configuration without the presence of the earth surface 
will produce the same field distribution as a single charge and the earth surface. 
Thus, the earth can be replaced for the calculation of electric field potential by a 
fictitious charged conductor with charge equal and opposite to the charge on the 
actual conductor and at a depth below the surface of the earth the same as the 
height of the actual conductor above earth. This imaginary conductor is called the 
Image of the actual conductor. The proce-dure of Section 4.13 can now be used for 
the computation of the capacitance. 

The effect of the earth is to increase the capacitance. But nonnally the height 
of the conductor is large as compared to the distance between the conductors, 
and the earth effect is negligible. Therefore, for all line models used for balanced 
steady-state analysis. the effect of earth on the capacitance can be neglected. How­
ever, for unbalanced analysis such as unbalanced faults. the earth's effect as well 
as the shield wires should be considered. 
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Example 4.2 

A ?OO-kV th.ree-phase transposed line is composed of one ACSR 1 272 000-
cmil, 45/7 BlCtern conductor per phase with horizontal conduct fi' : 
h . . or con guratlOn as 

s own In Figure 4.19. The conductors have a diameter of 1345' d G 
05328 ' F' dth . . man a MRof 

. In. m e mductance and capacitance pee ph", kil ' e per ometer of the hne. 

abc 
G-DI2 ~ 35' -?8+--D23 ~ 35'---8 

-----DI3 = 701----_ 

FIGURE 4.19 

Conductor layout for Eumple 4.2. 

Conductor radius is r = ~ - 0 056 f 
GAfD ' . . 2xl:.l -. t, and GMRL = 0.5328/12 = 00444 ft 

IS obta.med uSing (4.42) . . 

CAID = -&'35 x 35 x 70 = 44.097 ft 

From (4.58) the inductance per phase is 

44.097 
[, = O.2111 - = 1 38 mWkm 

U.U444 • 

and from (4.92) the capacitance per phase is 

Example 4.3 

0.0556 
C ~ 1 44.097::: 0.0083 j.lFlkm 

n 0.U56 

The line in Example 4.2 is replaced by two ACSR 636 OOO-cmil 24/7 Rook 
conduct h' h h ' , 
B . ors w IC ave the same total cross-sectional area of aluminum as one 

Ittern conductor The r . 
th . Ine spaCing as measured from the center of the bundle is 

e same as before and is shown in Figure 4.20. 

a 
0,0 

-18"_ 

b 
0,0 

:--D12 = 35"---'--D-l:l = 35'~ 
'-----DI3 = 70' I 

FIGURE 4.20 

Conductor layout for Example 4.3. 
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The conductors have a diameter of 0.977 in and a GMR of 0.3924 in. Bundle 
spacing is 18 in. Find the inductance and capacitance per phase per kilometer of 
the line and compare it with that of Example 4.1. 

Conductor radius is l' = O,~77 = 0.4885 in, and from Example 4.2 CNiD = 
44.097 ft. The equivalent geometric mean radius with two conductors per bundle, 
for calculating inductance and capacitance, are given by (4.51) and (4.88) 

GMR = Vd x D .. = V18 x 0.3924 = 0.??147 ft 
/. 12 12 -~ 

G \lf~ _ ~ _ V18 x 0.4885 _ 0 2 
j I." - _ _ • 471 ft 

. 12 12 

From (4.58) the inductance per phase is 

44.097 
L = 0.21n 0.22147 = 1.0588 mHlkm 

and from (4.91) the capacitance per phase is 

0,0556 
C = ,j.I.09; = 0.0107 tlFlkm 

In 0.:l-I71 

Comparing with the results of Example 4.2, there is a 23.3 percent reduction in the 
inductance and a 28.9 percent increase in the capacitance. 

The function [GI\ID, GMRL, GMRCJ = gmd is developed for the computa­
tion of GM D, G MR/.. and C.URc for single-circuit, double-circuit vertical, and 
horizontal transposed lines with up to four bundled conductors. A menu is dis­
played for the selection of any of the above three circuits. The user is prompted 
to input the phase spacing, number of bundled conductors and their spacing, con­
ductor diameter, and the C MR of the individual conductor. The specifications for 
some common ACSR conductors are contained in a file named acsl'.m. The com­
mand acsl' will display the characteristics of ACSR conductors. Also, the function 
[L, C] = gmd21c in addition to the geometric mean vaJues returns the inductance 
in mH per km and the capacitance in J.lF per km. 

Example 4.4 

A 735-kV three-phase transposed line is composed of four AC S R, 954, ODO-cmil, 
45/7 Rail conductors per phase with horizontal conductor configuration as shown 
in Figure 4.21. Bundle spacing is 46 cm. Use acsl' in MATLAB to obtain the con­
ductor size and the electrical characteristics for the Rail conductor. Find the induc­
tance and capacitance per phase per kilometer of the line. 
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a b , 
00 00 00 
0.0 0 .0 0,0 

-IS".... I 
r--DI1 = 44 .5' D23 = 44.5'--, 

'-- - - D13 = 89' 

FlGURE 4.21 
Conduclor 11yOUI (or E~3mpl~ 4.4. 

The command acsr displays the conductor code name and the area in cmi ls for tht 
ACSR conductors. The U$er is then prompted to enter the conductor code name 
within single quotes. 

Enter ACSR code 
Al Area Strand 

emil Al/St 
954000 45/7 

name vithin single quotes -> 'rail' 
Diameter GMR Resistance Ohm/km Ampacity 

em em 60Hz 25C 60Hz 50C Ampere 
2.959 1.173 0.0624 0.0683 1000 

The following comm:lrlds 

eCHO, CHRL, GMRC] : gmd; 
L: O. 2*log(CMD/GMRL) 
C - O.OS56/ l og(CHD/CMRC ) 

result in 

Yo mH/km 
Yo micro F/km 

Number of three-phase ci rcuits 
Single-circui t 
Double-circuit vertical configurat ion 
Double-circuit horizontal configuration 
To quit 

Select number of menu ~ 1 

Eq. (4.58) 
Eq. (4 . 92) 

Ol!ill. 
1 
2 
3 
o 

Enter spacing unit vithin quotes 'm' or 'ft' ~ 'ft' 
Enter rov Vector [012, 023, 013] ... (44.5 44.5 89] 
Condo size, bundle spacing unit: 'cm' or 'in' ~ 'cm' 
Conductor diametor in cm E 2.959 
Geometric Hean Radius in cm - 1.173 
No. of bundled cond o (enter 1 for single cond.) _ 4 
Bundle spacing in CIII .. 46 
GMO - 56 .06649 ft 
GMRL ~ 0.65767 It GMRC .. 0.69696 ft 
L .. 0.8891 
C .. 0.0127 
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Example 4.5 

A 3-J5-kV double-circuit three-phase lransposed line is ~om~d of two ACSR: 
I 431. OOO-cmil. 45/ 7 Bobolink COndUCIOrs per phase With ver1lcal conducLO.r con 
fi~ura~ion as shown in Figure 4.22. The conductors ~ave a d~ameter of 1.427 m M.d 
a CMR of 0.564 in. The bundle spacing in 18 in. Find the mductance and capaCI' 
lance per philse per ki lometer of the line. The (ollowing commands 

a .­
O,SII = 11 m-& O 

lll'!=7m 

b O~S" ~ lG5m-B-O b' 

Hn = u.5 m 

olr- S;I:\ = 12.5 m --Q- 0 
a' 

FIGURE 4.22 
Conductor layout for Example 4.5. 

(GMD, GMRL, GMRC] - gmd; 
L- 0.2*log(GMD/GMRL) 
C = O.0556/1 og(GMO/GMRC) 

'/. mR/ km 
Yo micro F /km 

Eq. (4.58) 
Eq . (4.92 ) 

r<!sull in 

Number of three-phase circuits 
Single-circuit 
Double-circuit vertical configuration 
Double-circuit horizontal c¢nfiguration 
To quit 

Select number of menu ~ 2 

Circuit Arrangements 
(1) abc-c'b'a' 
(2) abc-a'b'c' 

Enter (lor 2) ~ 1 

Y>rn: 
1 
2 
3 
o 

. h· te. 'III' or 'ft' -I'm' Enter spacing unit W1t 1n quo 
Enter rov vector [SI1. S22, S33) .. (11 16.5 12.5) 
Enter row vector [HI2, H23) = (7 6.5) . 

i " 'in I ~ '1n' Condo size, bundle. spacing un t: cm or 
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Conductor diameter in inch .. 1.427 
Geometric Hean Radius in inch .. 0.564 
No. of bundled condo (enter 1 for single 
Bundle spacing in inch K 18 

cond.) .. 2 

GMD '" 11.21352 m 
GHRL =0 1.18731 m GHRC '" 1.25920 m 
L 0.4491 
C = 0.0254 

Example 4.6 

~~ 34S-kV d~uble-circuit three-phase transposed line is composed of one ACSR. 
Oil?, SOO-clml. 2?/7.Dove conductor per phase with horizontal conductor configu­
ratIOn as shown In Figure 4.23. The conductors have a diameter of 0.927 in and a 
GAIR of 0.3768 in. Bundle spacing is 18 in. Find the inductance and capacitance 
per phase per kilometer of the line. The following commands 

a b , a' 

G- 8m --e- 8m -&Su~9m-e-- 8m 

FIGURE 4.23 
C.muuctor layout for Example 4.6. 

eGHD, GMRL, GMRC] ,., gmd; 
L~0.2*log(GMO/GHRL) " mH/km 
C 0.0556/logCGMO/GMRC) " micro 

result in 

Number of three-phase circuits 
Single-circui t 

b' 

--e-

F/km 

Double-circuit vertical configuration 
Double-circuit horizontal configuration 
To quit 

Select number of menu ~ 3 

Circuit Arrangements 
(1) abc-a'b'c' 
(2) abc-c'b'a' 

Enter (lor 2) ~ 1 

8m 

Eq. 
Eq. 

e 
--€J 

(4.58) 
C4.92) 

Enter 
1 
2 
3 
o 

Enter 
Enter 
Enter 

spacing unit within quotes 'm' or 'ft' 
roy vector (012, 023, 813] ., (8 8 16) 
distance between two circuits, 511 .. 9 

--lo 'm' 

-4.]7. MAGNETIC FIELD INDUCTION 133 

Condo size, bundle spacing unit; 'cm' or 
Conductor diameter in inch'" 0.927 
Geometric Hean Radius in inch'" 0.3768 
No. of bundled condo (enter 1 for single 
GMD .. 14.92093 m 
GHRL - 0.48915 m GMRC '" 0.54251 m 
L 0.6836 
C .. 0.0168 

4.17 MAGNETIC FIELD INDUCTION 

'in' --> 'in' 

cond.) .. 1 

Transmission line magnetic fields affect objects in the proximity of the line. The 
magnetic fields. related to the currents in the line. induces voltage in objects that 
have a considerable lenglh parallel to the line. such as fences. pipelines, and tele­
phone wires. 

The magnetic field is affected by the presence of earth return currents. Car­
son [14] presents an equation for compUlaJion of mutual resistance and inductance 
which are functions of the earth's resistivity. For balanced three-phase systems the 
total earth return current is zero. Under nonnal operating conditions. the magnetic 
field in proximity to balanced three-phase lines may be calculated considering the 
currents in the conductors and neglecting earth currenlS. 

Magnetic fields have been reported to affect blood composition, growth. be.­
havior. immune systems. and neural functions. There are general concerns regard­
ing the biological effects of electromagnetic and ele:ctrostatic fields on people. 
Long-tenn effects are the subject of several worldwide research efforts. 

Example 4.7 

A three-phase untransposed transmission line and a telephone line are supported on 
the same towers as shown in Figure 4.24. The power line carries a 60-Hz balanced 
.current of 200 A per phase. The telephone line is located directly below phase 
b. Assuming balanced three-phase currents in the power line, find the voltage per 
kilometer induced in the telephone line. 

From (4.15) the flux linkage between conductors 1 and 2 due to current Ia is 

D., 
A12{1,,) = 0.210. In -D mWblkm ., 

Since Db! = Db2. A12 due to Ib is zero. The flux linkage between conductors I and 

2 due to current Ie is 

mWblkm 
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a b c 

-& Gt 36m , , , , , , 

--11.2 mf--

'-IGURE 4.24 
ConduclOr JayoU! fOf Example 4.6. 

Total flux linkage between conductors I and 2 due to all currents is 

AI2 = 0.21a In Da2 + 0.2Ie In De2 mWblkm 
Dal Del 

For positive phase sequence, with Ia as reference, Ie = IaL-240° and we have 

AI2 = 0.2Ia (Ill Da2 + lL-24001n DC2) mHlkm 
Dal Del 

With Ia as reference, the instantaneous flux linkage is 

A12(t) = h 1>'121 cos(wt + a) 

Thus, the induced voltage in the telephone line per kilometer length is 

dA,,(t) "' 
v = dt = v2 wlAI21 cos(wt + a + 90°) 

The nils voltage induced in the telephone line per kilometer is 

V = W]AI2ILa + 90° = jWA12 
From the circuits geometry 

Dal = Da = (32 + 42)1 = 5 m 

Da2 = Del = (4.22 + 42 )1 = 5.8 m 
The total flux linkage is 

A12 = 0.2 x 200LOoin 5.8 +0.2 x 200L-2400ln~ 
5 5.8 

~ 10.283L - 30° mWblkm 

The voltage indueed in the telephone line per kilometer is 

V ~ jWAl2 ~ j2,60(1O.283L-300)(10-3) ~ 3.88L600 V/km 
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4.18 ELECTROSTATIC INDUCTION 

Transmission line electric fields affect objects in the proximity of the line. The 
electric field produced by high voltage lines induces current in objects which are 
in the area.of the electric fields. The effects of electric fields becomes of increasing 
concern at higher voltages. Electric fields, related to the voltage of the line, are the 
primary cause of induction to vehicles, buildings, and objects of comparable size. 
The human body is affected with exposure to electric discharges from charged 
objects in the field of the line. These may be steady current or spark discharges. 
The current densities in humans induced by electric fields of transmission lines are 
known to be much higher than those induced by magnetic fields. 

The resultant electric field in proximity to a transmission line can be obtained 
by representing the earth effect by image charges located below the conductors at 
a depth equal to the conductor height. 

4.19 CORONA 

When the surface potential gradient of a conductor exceeds the dielectric strength 
of the surrounding air, ionization occurs in the area close to the conductor surface. 
This partial ioniL;ltion is known as corona. The dielectric strength of air during fair 
weather and at NTP (25"C and 70 cm of Hg) is about 30 kY!cm. 

Corona produces power loss, audible hissing sound in the vicinity of the line, 
ozone and radio and television interference. The audible noise is an.environmental 
concern and occurs in foul weather. Radio interference occurs in the AM band. 
Rain and snow may produce moderate TVI in a low signal area. Corona is a func­
tion of conductor diameter, line configuration, type of conductor, and condition of 
its surface. Atmospheric conditions such as air density, humidity, and wind influ­
ence the generation of corona. Corona losses in rain or snow are many times the 
losses during fair weather. On a conductor surface. an irregularity such as a con­
taminating particle causes a voltage gradient that may become the point source of 
a discharge. Also, insulators are contaminated by dust or chemical deposits which 
will lower the disruptive voltage and increase the corona loss. The insulators are 
ch:ancd periodically to n:uuce th~ extent of the problem. Corona can be reduced by 
increasing the conductor siZt~ and the use of conductor bundling. 

The power loss associated with corona can be represented by shunt conduc­
tance. However, under nomlal operating conditions g, which represents the resis~ 
tive leakage between a phase and ground, has negligible effect on perfonnance and 
is customarily neglected. (i.e" g = 0). 
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PROBLEMS 

4.1. A solid cylindrical aluminum conductor 25 km long has an area of 336,400 
circular mils. Obtain the conductor resistance at (a) 20°C and (b) 5O"e. The 
r~islivity of aluminum al 2()<'c is 2.8 X 10-8 nom. 

4.2. A transmission·line cable consists of 12 identical strands of aluminum, each 
3 mm in diameter. TIle resistivity of aJuminum strand at 2O'"C is 2 .8 x 
10-

8 
nom. Find the SO"C ac resistance per km of .the cable. Assume a skin­

effecl comelion (actor o f 1.02 a! 60 Hz. 

4.3. A lhree·phase lransmission line is designed to deliver 190.5 MVA:u 220 kV 
over a distance of 63 km. The 10tal lransmission line loss is noc to exceed 
2.5 p!!rcent of cht: raled line MVA. If the resistivity of the conductor malerial 
is 2.84 x to -8 

n om , dclenninc the required conductor diameter and the 
conductor size in circu l:lr mils. 

4.4. A single-phase trJnsmi ssion line 35 km long consiscs of two solid round con­
ductors. e:lch h:lving a diameter of 0.9 cm. The conductor spacing is 2.5 m. 
Calculate Ihe equivalent di:ltncter of a ficticious hollow, thin-walh:::d conduc­
tor h:lving the same equivalent inductance as the original line. What is the 
value of Ihe inductance per conductor? 

4.5. Find the geomelric mean ro!dius of a conductor in tenns of the r.ldillS r of an 
individual strand for 

(a) Three equal strands as shown in Figure 4.25(a) 
(b) Four equal strnnds as shown ill Figure 4.25(b) 

00 ' , 
I~ _\ . 

(0) (b) 

FIGURE 4.25 

Cross !Cction of the ' llllnded conduCIOr for Problem 4.5. 

4.6. One circuit of a single-phase transmission line is composed of three solid 0.5-
c~ radius wires. The return circuit is composed of two solid 2.5.cm radius 
WIres. The arrangement of conductors is as shown in Figure 4.26. Applying 
the concept of the GMD and GMR, find the inductance of the complete line 
in millihenry per kilometer. 

4,19. CORONA 137 

~ ~B---- 10m -----e~5 m-E) G- 5 m --=-5 m - ___________ 

Conductor x Conductor y 

F1GURE4.U 
Conductor tayouc for Problem 4.6. 

4.7. A three- hase. 6O-Hz transposed transmission line has a. fl at horizontal c~n. 
figuralio~ as shown in Figure 4.27 . The line reactance IS 0.48~ n per kilo­
meter. The conductor geometric mean r.ldius is 2.0 cm. Detennme the phase 
spacing D in meters. 

" b , 
G-- D e D --E) 

2D 

FIGURE 4.27 
Con<.!uctar layout for Prohlem 4.7. 

4.8. A three-phase transposed line is composed o.f one ACSR. I 59.000-cmil. 54119 
Lapwing conductor p!!r phase with flal honz~ntal spa~lIlg of 8 m a.~ shown 
. F· 4'8 Th,CAIRofeach cOll(hlClnrIS 1.) I )cm. III Igure .- . . th r 
(a) Dclennine lhe induclance per phase per ~:llomeler of e .me. . 
(b) This line is to be ~placed by a (wo-<onduclOr bundle with 8 m spacmg 

. -, from the center of the bondles as shown in Figure 4.29. The spac-
measul\;u r . d t ce per 
. between the conduclOf!\ in lhe bundle is 40 em. If the me In uc an 
~nr!se is 10 be 77 percent of the inductance in part (a). what would be the 
G A·/ R of each new conduclor ill the oonJI,;? 

a b , 
G- D12 ~ 8m-8-Dn ~ 8 m-€) 

----D1J = 16 m 

FIGURE 4.28 
Conductor layout for Problem 4.8 (a). 

a b 
0 10 01 0 

, 
0 ,0 

"'40- I D 8-! 
~D12 = 8m--- 23 = m t 

'----D13 = 16m----' 

FIGURE 4.29 
Cooductor layout for Problem 4.8 (b). 
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4.9. A three-phase transposed line is composed of one ACSR. 1,431.000-cmil. 
47n Bobolink conductor per phase with flat horizontal spacing of 11 m as 
shown in Figure 4.30. The conductors have a diameter of 3.625 cm and a 
GMR of 1.439 cm. The line is to be replaced by a three-conductor bun­
dle of ACSR, 477,OOO-cmil, 26n Hawk conductors having the same cross­
sectional area of aluminum as the single-conductor line. The conductors have 
a diameter of 2.1793 cm and a GMR of 0.8839 cm. The new line will also 
have a flat horizontal configuration. but it is to be operated at a higher volt­
age and therefore the phase spacing is increased to 14 m as measured from 
the center afthe bundles as shown in Figure 4.31. The spacing between the 
conductors in the bundle is 45 em. Detennine 

(a) The percentage change in the inductance. 
(b) The percentage change in the capacilance. 

a b , 

G- DI2 = II m -+8-4- D~3 = 11 m--E) 
------ D13 = 22 m ----__ 

FIGURE 4.30 
Conductor layout for Problcm 4.9 (;,.). 

a b 

° ° 0 10 010 
- 45-

,--- DI2 = 14 m I, 

, 
° 0,0 , 

D~3 = 14 m ------..I , 
'------ Dl3 = 28 m ------' 

FIGURE 4.31 

Conduclor layout for Problem 4.9 (b). 

4.10. A single-circuit three-phase transposed transmission line is composed of four 
ACSR, 1,272,OOO-cmil conductor per phase with horizontal configuration as 
shown in Figure 4.32. The bundle spacing is 45 cm. The conductor code 
name is pheasant. In MATLAB, use command acsr to find the conductor di­
amet~r and its GMR. Detennine the inductance and capacitance per phase 
per kilometer of the line. Use function [GMD, GMRL, GMRC] =gmd, 
(4.58) and (4.92) in MATLAB to verify your results. 

a b 
00 00 00 
010 0 10 01 0 
-~- , 

r-Dl2 = 14 m----D23 = 14 m-----l , 
-----Dl3 = 28 m--------' 

FlGURE4.32 
Conductor byoul for Problem 4.10, 
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4.11. A double circuit three-phase transposed line is composed of two ACSR, 
2.l6,7000·cmii, TJJ7 Kiwi conductor per phase with vertical configuration 
as shown in Figure 4.33. The conduclOrs have a diameter of 4.4069 cm and a 
GAIR of 1.7374 cm. The bundle spacing is 45 cm. The circuit arrangement 
is ulbtcl, C2b2Ul. Find the inductance and capacitance per phase per kilo· 
metcr of the line. Find these values when the circuit arrangement is alblcl, 

a2b1c2. Use function [Gl\'lD, GMRL, GMRCl =gmd, (4.58) and (4.92) in 
MATLAB 10 verify your results. 

a, " Of Sal'l, = 16 m -&0 

Ih2=lOm 

hI O~ Sb!b, = 24 m 00 b2 

H 23 = 9 m 

ole- SC!Cl = 17 m -&0 

'I a, 
FIGURE 4.33 
Conduclor I;,.yout for Probtem 4.11. 

4.12. The conductors of a double-circuit three-phase transmission line are placed 
on the comer of a hex.agon as shown in Figure 4.34. The two circuits are 
in parallel and are sharing the balanced load equally. The condu~to~ of the 
circuits are identical, each having a radius r. Assume that the Ime IS sym­
metrically transposed. Using the method of G MD. detennine an expression 
for the capacitance per phase per meter of the line. 
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FJGURE4.~ 

Conduclor !aY(lIJ1 for Problem 4. J 2. 

4.13. A 6O-Hz, single-phase pOwer line and a telephone line are parallel to each 
other as shown in Figure 4.35. The telephone line is symmetrically posi. 
tioned dir~ctJy be low phase b. The power line carnes an rms current of 226 
A. Assume zero current nows in the ungrounded telephone wires. Find the 
magnitude of the voltage per km induced in the telephone line. 

a 
b 

I 
Gi--- 50n 

3m 

c I d 
G- 2m-B 

FlGURE 4J5 

Conduclor IaYOUI fQr Probkm 4. 13. 

4.14. A three-phase, 60-Hz umransposed tIOUlsmission line runs in parallel with 
a telephone line for 20 km. The power line carnes a balanced three-phase 
rms current of 1(1 = 320LO° A, h == 320L-120° A, and Ie = 320L -2400 

A. The line configuration is as shown in Figure 4.36. Assume zero CUrrent 
flows in the ungrounded telephone wires. Find the magnitude of the voltage 
induced in the telephone line. 

4.15. Since earth is an equipotential plane, the electric flux lines are forced to cut 
the sUrface of the earth Orthogonally. The earth effect can be represenced by 
plaCing an oppositely charged conductor a depth H below the surface of the 
earth as shown in Figure 4.37(a). This configuration without the presence 
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a b 
G- 4m G 

5 m 

dIe 
8-2 m-€) 

FIG URE 4.36 
C,muuclor layoul for Prnhlcm 4.1-1. 

of the earth will produce the same field as a si ngle charge and ~he earth sur­
face. This imaginary conduclor is callt.:d the image cond~clor. Figure ~.37(.b) 
shows a single-phase line with its image cond~ctors. Fmd th~ ~te~tlal dif­
ference V"b and show that the equivalent capaCitance to neutral IS given by 

q 

9" ",': :\':', " , , . ' , , 
: : " H " .... 

, , , , • I , , , , . ' , , 
, , , I ' • , 
, , I I I , • 

- - .- i- ~ -4--~-~-t--
, I I I , I I 

I • I I I , , 
, I • I , , , 
I , I I , , , 

.... ~-H:,',' , , , ' , , , 

'''':~k'/ 
-q 

(a) Earth plane replaced 
by image conductor 

FIGURE 4.37 
Coodrn;tor layout for Problem 4. 15. 

2r.o!" 
C"" = Clnl = I (D 2H) 

II r 71); 

If" '1b = -qu 

0-8 

- qn - qb 

(b) Single-phase line and its image 
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CHAPTER 

5 
LINEMODEL 
AND PERFORMANCE 

5.1 INTRODUCTION 

In Cluipter 4 the! per .... "' · ' ~6 p"r.··,n ·te ' f , " . . 1"....,...... <; rs 0 fallSmlSSlon hnes were obtained. This 
chapter dcals ~uh the represemalion and perfonnance of transmission li nes umrer 
nonnal o~r.l.Irn!! conditions. Tr.msmission lines are represented by an equivalent 
model With appropri:lIC circuit parameters on a "per-phase" basis The terminal 
7Lolcages are expressed from one line Co neutral, the current for ooe ~"se an-' thu' 
Ule three-phas . Y·... . u, .>, 

e system IS reduced to ah equivalent single-phase system 
.L. 1 Th.~ model ~sed to calculate VOltages, currents, and power flows depends on 
liM;; engUl of the flOe In tit· h he" I . . IS C apler t CIrCUlt parameters and voltage and current 
re allOns afe first develoNOd fo .. h " d" . ". 
th 1

· ,,~r s ort an medIUm hoes. Problems relating to 
e (('gu alIGn and los ' " f l ' , 

te ' 1 1 . ~c~ \) Illes emu their operation under conditions of fixed 
rmlna vo tages are then considered. 

Next. long line theo'"" '. d d . 
a1on,.L d" 'b . 'J \s presente an expressIOns for voltage and current 

~ u.e Istn uled hne mod J b' 
istic impedance are defin e .ar.e 0 tamed. Propagation constant and character_ 
transmitted over Ih~ line~d. :md Lt IS .demonstrated that the electrical power is being 
conditions " 'he t 'd aI npprol'>unately the speed of light. Since tht.'l terminal 

wo en s of th I ' f' . e me are 0 pnmary Importance, an equivalent 
J42 
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1'1" model is developed for the long lines . Several MATU\8 functions are developed 
for calcul:ltion of line parameters :lnd perfonnance. Finally. line compensations are 
dis<:ussed for improving the line perfonnance for unloaded and loaded transmission 

lines. 

5.2 SHORT LINE MODEL 

Capacitance may often be ignorl!d without much error if the lines are less than 
about 80 km (50 miks) long. or if the voltage is not over 69 kV. The short line 
model is obtained by multiplying the series impc!dance per unit length by the line 
length. 

Z ~ (,+jwL)1 

~R+jX (5,1) 

where rand L are the per-phase resistance and inductance per unit length, respec­
tively, and e is the line length. The short line model on a per-phase basis is shown 
in Figure 5.1. Vs and Is are the phase voltage and current at the sending end of the 
line, and Vn and In are the phase voltage and current at the receiving end of the 
line. 

Is Z = R+ jX 

+ 

Vs 

FIGURE 5.1 
Short line model. 

+ 

If a three-phase load with apparent power SR(3tpj is connected at the end of 
the transmission line, the receiving end current is obtained by 

I _ SR(3,j) 
R - 3V. 

R 

The phase voltage at the sending end is 

(5.2) 

(5.3) 
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and since the shunt c:1pacilance is neglected. the sending end and the receiving end 
current are equal. i,e., 

(5.4) 

The transmission line may be represented by a two-pon network as shown in Figure 
5.2. and the above equations can be written in tenns of the genernlized circuit 
constants commonly known as the ABC D constants 

FIGURE S.2 

Two. port repreS(n!~tion or ~ transmiss ion line. 

or in matrix limn 

Vs = AVn+BIn 

Is = CVn + DIu 

[~: l = [~ ~][~: l 
According to (5.3) and (:i A), fo r short line mood 

A = l c=o D= I 

(5.5) 

(5 .6) 

(5.7) 

(5.8) 

Voltage re~~I;J.[ion of the ti ne may be defined as the percentage .change in voltage 
at the receiving end of lhe line (e~pressed as percent of fun~load voltage) in going 
from no-load to full· load. 

Percent VR = WR(.'vL)l- jVR(FL) I x 100 
1~'llll"L}1 

At no-load In = 0 and from (5.5) 

(5 .9) 

(5.10) 

Fora short line A - I d V I ' . r I . • - an U{NL) = s· Voltage regulatIOn is a measure of 
me va tage drop ~d depends On the load power factor. Voltage regulation will be 
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Vn 

(a) Lagging pf load (b) Up( load (c) Leading pf load 

nGURES.J 
. J'hasor di3gl1lm for !>hart line. 

poorer at low lagging power factor loads. With capadth'c loads, i.e .. leading power 
factor loads, regulation may become negative. This is demonstrated by the phasor 
diagram of Figure 5.3. 

Once the sending end voltage is calculated the sending-end power is obtained 
by 

SS(30;'» = 3VsIs 

The total line loss is then given by 

and the transmission line efficiency is given by 

PR(3¢J "= -­
P S{:}Q) 

(5.11) 

(5.12) 

(5.13) 

where PR(J<» and PS (3t» are the tot:11 real power at the receiving end and .sending 
end or the lint:, respectively. 

Eumple 5.1 

A 220-kV, three-phase transmission line is 40 km long. The resistance per phase 
is 0.15 n per km and the inductance per phase is 1.3263 mH per km. The shunt 
capacitance is negligible. Use the shan line model to find the voltage and power at 
the sending end and the voltage regulation and efficiency when the line is supply· 
ing a three-phase load of 

(a) 381 MVA at 0.8 power factor lagging at 220 kY. 
(b) 381 MVA at 0.8 power factor leading at 220 IN. 

(a) The series impedance per phase is 

Z = (r + jwL)l = (0.15 + j2, x 60 x 1.3263 x 10- ')40 = 6 + j20 n 
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The receiving end voltage per phase is 

The apparent power is 

SR(3¢) = 381Lcos-
1 

0.8 = 381L36.87° = 304.8 + j228.6 MVA 

The curren! per phase is given by 

I = SR(34)) = 381 L - 36.87° X 103 _ ° 
R 3 VR 3 x 127 L00 - 1000L - 36.87 A 

From (5.3) the sending end voltage is 

Vo ~ VR + ZIR ~ 127LO' + (6 + j20)(lOooL _ 36.87')(10-') 

= 144.33L4.93° kV 

The sending end line-to-line voltage magnitude is 

The sending end power is 

8 S(3",) = 3Vs1s = 3 x 144.33L4.93 x l000L36.87° x 10-3 

= 322.8 MW + j288.6 Mvar 

= 433L41.8° MVA 

Voltage regulation is 

250 - 220 
Percent V R = 220 x 100 = 13.6% 

Transmission line efficiency is 

PR(34)) . 304.8 
T} = P

S
(34J) = 322.8 x 100 = 94.4% 

(b) The current for 381 MVA with 0.8 leading power factor is 

In = SR(34)) = 381L36.87° x 103 

3VR :3 x 127LO" 
= 1000L36.87° A 
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The sending end voltage is 

Vs = VIl + ZIR = 127LO" + (6 + j20)(10OOL36.87°)(10-3) 

= 121.39L9.29° kV 

The sending end line-to-line voltage magnitude is 

W"(I.-I,) 1 = v'3Vs = 210.26 kV 

The sending end power is 

SSPc» = 3VS/.9 = 3 x 12L39L9.29 x lO00L - 36.87° x 10-3 

= 322.8 MW - j168.6 Mvar 

= 36-L18L - 27,58° MVA 

Voltage regulation is 

" 210.26 - 220 
Pl'TCent \i R = 220 x 100 = -4.43% 

Transmission line efficil'ncy is 

5.3 MEDIUM LINE MODEL 

As thl' [l'ngth of line increases, the linl' charging current becomes appreciable and 
the shunt capacitance must be considered. Lines above 80 km (50 miles) and below 
250 km (150 miles) in length are tenned as medillm length lines. For medium length 
lines. half of the shunt capacitance may be considered to be lumped at each end of 
the line. This is referred to as the nominal To model and is shown in Figure 5.4. 
Z is the total series impedance of the line given by (5.1), and Y is the total shunt 
admittance of the line given by 

y ~ (9 + jwe)1 (5.14) 

Under nonnal conditions, the shunt conductance per unit length, which represents 
the leakage current over the insulators and due to corona, is negligible and 9 is 
assumed to be zero. C is the line to neutral capacitance per km, and £ is the line 
length. The sending end voltage and current for the nominal To model are obtained 
as follows: 
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Is Z = R + jX 10 IR 
0 , 

I 
~ , 

y1 
, 0 

+ + 

lis f VR 

I 'I 
0 0 

FIGURES.4 
Nonun~1 If model for nle,jium length line. 

From KCL the CUrTCnt in the series impedance designated by h is 

From KVL the sending cnd vOltage is 

Vs = VH +Zh 

Substituting for I L from (5. 15), we obtain 

Thc sending end current is 

Substituting for I L and Vs 

y 
Is = h + - Vs 

2 

(5.15) 

(5. 16) 

("i . 11) 

(5. 18) 

(5. 19) 

Com.paring (5.17) and (5.19) with (5.5) and (5.6), the ABeD conSlants for the 
nommallT model are given by 

(5.20) 

(5 .2 1 ) 

I~ genera], the ABeD constants are complex and since the 1r model is a symmcI . 
ncal two-port nelwork, A = D. Furthennore, since we are dealing with a linear 
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passive, bi lateral two-port network, the dctenninam of the transmission matrix in 
(5.7) is unily, i.e. , 

AD - BC = 1 (5.22) 

Solving (5.7). the receiving end quantit ies can be expressed in (enns of the sending 
end quantities by 

[ ~: 1 = [ ~C -~ 1 [ ~: 1 (5.23) 

Two MATlAB functions are written for compulut ion of t~ transmission matrix. 
Function [ Z, Y, ABeD I = rlc2ahcd(r, L, C, g, r, Length) is used when resistance 
in ohm. inductance in mH and capacitance in I'F per unit length are specified. and 
function [Z, Y, ABCD ] = zy2abcd(z, y. Length) is used when series impedance 
in ohm and shunt admittance in siemens per unit length are specified. The above 
functions provide options for the nominal 1'r modd and the equivait':m " modd 
discussed in Section 5.4. 

E xample 5.2 

A 345-kV. three-phase transmission line is 130 km long. The resistance per phase 
is U.U;Hj 11 per km and the inductance per phase is 0.8 mH per km. The shunt ca· 
pacitance is 0.01 12 JIF perkm. The receiving end load is 270 MVA with 0.8 power 
factor lagging at 325 kY. Usc the medlll1n line modd to find the voltage and power 
at the sending end and the voltage regubt;on, 

The fu nclion (Z, Y. ABCD] = rlc2abcd(r, L. C, g, r. Length) is used to obtain the 
lr.tns lOission matrix of the line. The following commands 

r ~ .036; g 0; f = 60; 
L = 0.8; 7. mil l i-Henry 
C ~ 0.0112; % micro-Farad 
Lengbh = 130; VR3ph ~ 325; 
VR ~ VR3ph/sqrt(3) + j.O; 1. kV (receiving end phase voltage) 
(Z, Y, ABCD] = rlc2abcd(r, L. C, g. f, Length); 
AR - acos(0.8); 
SR = 270*(cQs(AR) + j*sin (AR»)j Yo 

IR ~ conj(SR)/(3*conj(VR»; 
VsIs = ABCD* [VR; IRJ; 
VS - VsIs(1) j 

MVA (receiving end poyer) 
kA (receiving end current) 

column vector (Vs; Is) 

VS3ph = sqrt(3)*abs(Vs); % kV(sending end L-L voltage) 
Is M VsIs(2); Ism ~ 1000.abs( Is); ;' A (sending end current) 
pfs= cos(angleeVs)- angleC!s»; ;. (sending end power factor) 
Ss ~ 3*Vs*conj(Is); ;. MVA (sending end power) 
REG - (Vs3ph/abs(ABCD(1,1» - VR3pb)/VR3ph *100; 
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fprintf (, 
fprintf (' 
fprintf (, 
fprintf (, 
fprintf (, 

Is = 'log A', Ism), fprintf(' 
Vs ~ 'log L-L kV', Vs3ph) 

pf '" I.g', pts) 

result in 

Ps z 'log HW', real(Ss), 
Qs z 'log Hvar'. imag(Ss» 

Percent voltage Reg. ~ I.g', REG) 

Enter 1 for Medium line or 2 for long line ~ 1 
Nominal 7r model 
Z ., 4.68 + j 39.2071 ohms 
Y ., 0 + j 0.000548899 siemens 

ABeD = [ 0.98924 + j 0.0012844 
-3.5251e-07 + j 0.00054595 

4.68 + j 39.207 1 
0.98924 + j 0.0012844 

Is '" 421. 132 A pf ., 0.869657 
Vs .. 345.002 L-L kV 
Ps ., 218.851 MW Qs "" 124.23 Mvar 
Percent voltage Reg. '" 7.30913 

Example 5.3 

A 34:<i·kV, th.IT'c-rhast' lran~mission line is 130 km long. The ~eries impedance is 
z. -=- 0.036+JO.3 n pcrphasc pcrkm, and the shunt admittance is y = j4.22x 10-6 
siemens. per phase per km. The sending end voltage is 345 kV. and the sending end 
current IS 400 A at 0.95 power factor lagging. Use the medium line model to find 
the voltage, current and power at the receiving end and the voltage regulation. 

T~e .functiOll [Z, Y, ABeD] = zy2abcd(z, y, Length) is used to obtain the trans­
miSSIOn matrix of the line. The following commands 

Z ... 036 + j* 0.3; 
Vs3ph .. 345; Ism = 
As .. -acos(0.95); 

y - j*4.22/1000000; 
0.4; ;,kA; 

Length '" 130; 

Vs .. Vs3ph/sqrt(3) + j*O; ;, kV (sending end phase voltage) 
Is ~ Ism*(cos(As) + j*sin(As)' 
[Z,Y, ABCD} ~ zy2abcdCz, y. Le~gth); 
VrIr'" inv(ABCD). [VB; IsJ; 1. 
Vr '" VrIr(t); column vector (Vr; IrJ 

~~3~\;I:1~~~3)*ab:(Vr); I. kV.Creceiving end L-L voltage) 
pfr~ C ,Irm - 1000*abs(Ir); I. A (receiving end current) 
Sr '" 3coVS angl~(Vr)- angle(Ir»); ;,Creceiving end pover factor) 

* r*conJ(Ir)' '/ MVA ( .. 
, I. recel.vl.ng end pover) 

5.4. LONG LINE MODEL lSI 

REG - (Vs3ph/absCABCD(1,1» - Vr3ph)/Vr3ph *100; 
fprintf(' Ir ~ 'log A'. Irm) , fprintf(' pf - 7.g', 
fprintf(' Vr .. 'log L-L kV', Vr3ph) 
fprintf(' Pr - 'log MW', real(Sr» 
fprintf(' Qr '" 7.g Mvar', imag(Sr) 
fprintf(' Percent voltage Reg. ~ 'log', REG) 

result in 

Enter 1 for Medium line or 2 for long line ~ 1 
Nominal 11" model 
Z 4.68 + j 39 ohms 
Y = 0 + j 0.0005486 siemens 

pfr) 

[
0.9893 + 

ABeD = -3.5213e-07.r 
j 0.0012837 
j 0.00054565 

+ j 39 1 
0.9893 + j 0.0012837 
4.68 

Ir 441.832 A pf = 0.88750 
Vr 330.68 L-L kV 
Pr 224.592 HW Qr ,. 116.612 Mvar 
Percent voltage Reg. '" 5.45863 

5.4 LONG LINE MODEL 

For the short and medium length lines reasonably accurate mooels were obtained 
by assuming the line parameters to be lumped. For lines 250 km (150 miles) and 
longer and for a more accurate solution the exact effect of the distributed param­
eters must be considered. In lhis section expressions for voltage and current at 
any point on the line are derived. Then, based on these equations an equivalent ;;" 
model is obtained for the long line. Figure 5.5 shows one phase of a distributed line 
of length f km. 

The series impedance per unit length is shown by the lowercase letter z, and 
the shunt admittance per phase is shown by the lowercase letter y. where z = 
T + jwL and y = g + jwC. Consider a small segment of line Llx at a distance x 
from the receiving end of the line. The phasor voltages and currents on both sides 
of this segment are shown as a function of distance. From Kirchhoff's voltage law 

0' 

Vex + c>x) ~ Vex) + z c>x I(x) 

Vex + c>x) - Vex) ~ z I(x) 
c>x 

(5.24) 

(5.25) 
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Is I(x + 6.x) , ilx I(x) 
< , 

+'1 
~ 1 + 

+ 

Vs V(x + ilX)r Y ilx Y ilx r V(x) 

0 

I. I, ilx 
I 

FIGURE5.S 
Long line with distributed parameters. 

Taking the limit as 6.x ----+ 0, we have 

dV(x) 
-d- :=; Z I(x) 

x 

Also, from Kirchhoff's current law 

I· 

I(, + ilx) ~ I(x) + y ilx V(x + ilx) 

I(x + ilx) - I(x) 
6.x = y V(x + 6.x) 

Taking the limit as 6.~' ----+ 0, we have 

dI(x) 
~~yV(x) 

Differentiating (5.26) and substituting from (5.29), we get 

Let 

d'V(x) 
dx' 

dI(x) 
x-­

dx 
~ xy V(x) 

,? = zy 

The follOwing second-order differential equation will result. 

IR 
--~ 

+ 

VR 

0 

x 

(5.26) 

(5.27) 

(5.28) 

(5.29) 

(5.30) 

(5.31) 

(5.32) 
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The solution of the above equation is 

(5.33) 

where " known as the propagation constant, is a complex expression given by 
(5.3\) Of 

,= 0: + j(3 = FY = j(r + jwL)(g + jwC) (5.34) 

The real part 0: is known as the attenllation constant, and the imaginary component 
(3 is known as the phase constant. fJ is measured in mdian per unit length. 

From (5.26), the current is 

Wh":f": Z,. is known as the characteristic impedance, given by 

Tv finJ the constants Al and A2 we note that when x = 0, V(x) 
I(x) = h. From (5.33) and (5.36) these constants are found to be 

(5.35) 

(5.361 

(5.37) 

Va, and 

(5.38) 

Upon substitution in (5.33) and (5.36), the general expressions for voltage and 
current along a long transmission line become 

(5.39) 

(5.40) 
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The equations for voltage and currents can be rearranged as follows: 

(5.41) 

(5.42) 

Recognizing the hyperbolic functions sinh, and cosh, the above equations are writ­
ten as follows: 

Vex) = cosh -y:t VR -+ Zc sinh IX IR 
1 

I(x) = Zc Sillh~/x\li1 +coslqxIR 

(5.43) 

(5.44) 

w~ ~re particularly interested in the relation between the sending end and the re­
celvlllg end of the line. Setting X = I!, V (l') = V~ and I (e) = I .• , the result is 

V$ = cosh -rf VH + Zc sinh If I R 

1 
I~ = Z sinh -II! VR + cosh -yf. IR , 

(5.45) 

(5.46) 

Rewriting the above equations in tenns of the ABC D constants as before, we have 

(5.47) 

where 

A = cosh 1E B = Zc sinh "(f. (5.48) 
1 

C = - sinh "(t D = cosh "(f (5.49) Z, 
Note that, as before, A = D and AD - BC = l. 

I! is now possible to find an accurate equivalent 7r model, shown in Figure 5.6, 
to replace tne ABeD constants of the two-port network. Similar to the expressions 
(5.17) and (5.19) obtained for the nominal 7r, for the equivalent 7r model we have 

( Z'Y') Vs= 1+2 VH+Z'IR (5.50) 

( Z'Y') (Z'Y') Is = Y' 1 + -4- VR + 1 + -2- IR (5.51) 

~fotmhP'"'d·ng.(5.50) and (5.51) with (5.45) and (5.46), respectively and making use 
e I entIty , 

tanh "(f = cosh "(f - 1 
2 sinh "(f. (5.52) 

H LONG LINE MODEL ISS 

the parameters of the equivalent 7r moclel are obtained. 

Is 

I sinh "(f 
Z = Zc sinh "(e = z--­

-.rf. 

Y' = 2.. tanh 7f = !:: =tan~h-!";,i/..::2 
2 Z, 2 2 1£/2 

Z' = Z "iJ~ht -,t 
IR 

0 ~ 

,J + I Y' _ 1: c."h ,'/' 

+ 

Vs VR ..,02 

I 
2 - 2 

'I , 

FIGURE 5.6 
Equivalent ;r model for long length line. 

(5.53) 

(5.54) 

The functions [Z. Y. ABCD I = rlc2abcd(r. L, C, g, f, Length) and [Z, Y. 
ABCD ] = zy2abcd(z, y, Length) with option 2 can be used for the evaluation of 
the transmission matrix and the equivalent if pou.und<!rs. iluw.:v.:r, Example 5.4 
shows how these hyperbolic functions can be evaluated easily with simple MAT­
IAB commands. 

Example 5.4 

A 500-kV, three~phase transmission line is 250 km long. The series impedance is 
z = 0.045 + jO.4 n per phase per km and the shunt admittance is y = j4 X 10-6 

siemens per phase per km. Evaluate the equivalent 7r mocleJ and the transmission 
matrix 

The following commands 

z ~ 0.045 + j •. 4; Y = j.4.0/tOOOooo, Length ~ 250; 
gamma = sqrt(z*y); Zc = sqrt(z/y); 
A - cosh{gamma*Length); B = Zc.sinh(gamma*Length); 
C c t/Zc * sinh(gamma*Length); D = A; 
ABeD - [A B; C DJ 
Z - B; Y = 2/Zc * tanh(gamma*Length/2) 

result in 
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ABeD -

z • 

y 

0.9504 + 0 .0055i 
- 0 . 0000 + 0,00101 

10 .8778 +98 , 36241 

0 .0000 + 0 .00101 

10.8778 +98.36241 
0.9504 + O.0055i 

5.5 VOLTAGE AND CURRENT WAVES 

The rrns expression for [he:: phasor value of vohage a[ any point along [he line is 
given by (5.33). Substituting 0 + jj3 for "f . the phasor voltage is 

Transforming from phasor domain to time domain. the instantaneous voltage as a 
function of t and x becomes 

(l .55) 

As x increases (moving away from the receiving end). the first lerm tx.-comes targer 
because of e<l~ and is caJt~d the irl('idrm wave. TI1I! second teon becomes sma ller 
~C:l.uS<! o f p - "U :l..Ild is called [he rl!jf"("f"'/ wnw '. At any point along the line. volt­
agt'! is [he ~um of th~e two components. 

where 

·u(l , x ) = I: .(t, x) + tJ-l(t , X) 

VI (t, x ) = v'2 AI~oz cos(wt + j3x) 

tl'l( t ,X) = v'2 A.c-O'f cos(wt "':' {Jx) 

(5.56) . 

(5.57) 

(5.58) 

As the current expression is similar to the vollage. the current can also be consid­
ered as the sum of incident and reflected current waves. 

Equations {5 .57 ) and (5. 58 ) hehave like traveling waves as we move alo ng 
the lin t";. This is similar to the disturbance in the water at some sending point. To se,e . .. 
this, consider th~ reflected wave t'2(t. x) and imagine that we ride along with the . 
wave. To observe the instantaneous value, for example the peak amplitude requi res 
that 
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Thus, to keep up with the wave and observe the peak amplitude we must travel 
with the speed 

dx w 
dt ~ Ti (5.59) 

Thus. the velocity of propagat ion is given by 

w 211" 1 
v ~ Ti~7i (5.60) 

The wavelength). or distance x on the wave which resu lts in a phase shirt of 2-:-:--
radian is 

iJ). = 2r. 

2. 
hfj (5.61 ) 

When line losses are neglected. i.e. , when 9 = 0 and r = 0, the real part of the 
propagation constant n = 0, and from (5 .34) the phase constant becomes 

{j ~ w.JiZ: (5.62) 

Also, tl1l! characlt'!ristic impedance is purely resi~ l i\"e and (5.37) becomes 

Z ~ {L (5 .63) 
c Vc 

which is commonly referred 10 as the Sllrg~ im~da'IU. Substituting for {J in (5.60) 
and (5.6 1), fo r a lossless line the velocity of propagation and the w;l.\·e length be­
come 

1 
v ~ .JiZ: (5.64) 

1 
A ~ f.JiZ: (5.65) 

The expressions for the inductance ~r u~it length L and ~apaci(ance per unitlen~th 
C of a transmission line were denved In Chapler 4. given by (4.58) and (4.9 ). 
When the internal flux linkage of a conductor is neglected G MRL = G MRc, and 
Upon substitution (5.64) and (5.65) become 

1 v- --
- JI'<J" 

(5.66) 

I 
(5.67) 
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~ubstit.uting for /-lO = 4~ X 10-7 and!"o "= 8.85 X 10- 12, the velocity of the wave 
IS obtamed to be appro)umiltely 3 x lOS m/sec, i.e .• the velocity of light. At 60 Hz 
the wavelength is 5000 km. Similarly. substituting for Land C in (5 .63), we have' 

Z~ -:: ~ [iiO In GMD 
21f V E; CMRe 

:::: 601 .. GMD 
CMR< (5.68) 

For typical .tr::t.nsmi ssion lines the surge impedaoce varies from approximate ly400n 
for 69-kV hnes dow~ to around 250 n fordoub1e-circuit 765-kV transmission lines. 

. ~~r a I ~.ss le~s hne : = ?;3 and t .h~ hyperlXJ \ic functions cosh ''fx = c~h j .3x = 
cos /12 and !-i ll1h f:T. = SI 11 11 ) /1.c = J :l 111 fJx , the equations for the nns volt:lge and 
current along the line. g iven by (5.43) and (5.44), become 

V (.r) = <:os/h Vll + jZcsin/3x IR 

I(x ) = j ZI sinfh·Vu+cos.Bxlll 
"< 

At thl! sending I!nd x = t: 

v .. = <;os PC Vn + jZc sin W IR 

I . 1 
S = J Zr sin fJC Vn +cos .BU n 

(5.69) 

(5 .70) 

(5.71 ) 

(5. 72) 

For hand calcukllion i[ is easier to use (5 7 1) a"d (572) nd < . '. . ., a lor mo re aCCUr::lte 
caJculal~ons (5.41) through ( 5.49) can be used in MATLAB. The le nninal coodilions 
~e re;kltly obtajned fro m the above equatio ns. For e xample. for the open-circuited 
lIRe III = 0, and from (5.1 1) the no-load recei ving end vollage is 

VS 
\lR(,,' ) = - ­coo /3t: (5.73) 

At no· load the li ne cu ...... [ . . . 1 d h' 
'. . " ... 11 IS e ntire y ue to t e hne charging capacitive CUrTent 

~r~~ r;~elvJn~ end VOltage is higher.than the sending end voltage. This is evident 

d ( . ), which shows that as the Ime length increases fJi increases and cos /31 
ecreases res It" . h' , ~ lng 10 a Igher no-load receiving end voltage. 

redUc~~: a solid sha n circuit at the receiving end, VR = 0 and (5.71) and (5.72) 

Vs = jZc sin fJt IR (5.74) 

I s = cos{3f.IR (S .7S) 

The above equations c be . d fi . 
the line. an use to nd the short Circuit currents at both ends of 
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5.6 SURGE IMPEDANCE LOADING 

When the line is loaded by being tenninated with an impedance equal to its char­
acteristic impedance, the receiving end current is 

(5.76) 

For a lossless line Zc is purely resistive . The load correspoooing to the surge 
impedance at rated voltage is known as the ! llrg t impt dance loading (51 L). given 
by 

Since Vil = VLr,,(~d/.j3, SI Lin MW becomes 

Substituting for In in (5.69) lIld FI< in (5 .70) will result in 

V(x) = (cos;l.c + h in;1xWR or V( x ) = Vn L{3x 

I (x } = (cos/lx + j sin l3x) I R or I (x) = In L{Jx 

(5.77) 

(5.78) 

(5.79) 

(5.80) 

Equations (5.79) and (; .RO) "how th.ll in a lossless line under surge impedance 
loading the voltage and current al any point along the line are constant in magnitude 
and are equal to their· sending end values. Since Zc has no reactive component, 
there is no reactive power in the line. Qs = QR = O. This indicates that ror 
S I L, the reactive losses in the line inductance an; eltactly orfset by reactive power 
supplied by the shunt capacitance or wLIIRI2 = wC[VR[2. From this relation. we 
find that Zc = VR/IR = JL1C, which verities the result in (5.63). SIL for 
typical transmission lines varies from approlt imatdy 150 MW for 230-kV lines to 
about 2000 MW for 765-kV lines. S I L is a useful measure of transmission line 
capacity as it indicates a loading wh.:n: the line's reactive requirements are small. 
For loads significantly above S I L. shunt capacitors may be needed to minimize 
voltage drop along the line, while for light loads significantly below 81 L , shunt 
inductors may be nec:ded. Generally the transmi ssion line full-load is much higher 
than SIL. The voltage profile for vari ous loading conditions is illustrated in Figure 
5.11 (page 182) in Example 5.9(h). 

www.muslimengineer.info لجنة البور والإتصالات - الإتجاه الإسلامي



160 5. LINE MODEL AND PERFORMANCE 

Example 5.5 

A three-phase, 60-Hz, 500-kV transmission line is 300 km long. The line induc­
tance is 0.97 mHlkm per phase and its capacitance is 0.0115 J-lFlkm per phase. 
Assume a lossless line. -

Ca) Detennine the line phase constant /3, the surge impedance Zc, velocity of prop­
agation v and the line wavelength A. 
(b) The receiving end rated load is 800 MW, 0.8 power factor lagging at 500 kV. 
Detennine the sending end quantities and the voltage regulation. 

(a) For a loss[ess line, from (5.62) we have 

.8 = wvLC = 211'" x 60/0.97 x 0.0115 x 10 9 = 0.001259 rJdlkm 

and from (5.63) 

0.97 X lO~J 

0,0115 X 10-6 = 290.43 n 

Velocity of propagation is 

1 
l'=--~ 

v'IC 
1 " . = 2.994 X 10"' 

v·O.il7 x 0.0115 x 10-9 km/s 

and the line wavelength IS 

" 1 ,\ = 7 = 60(2.994 X 105
) = 4990 km 

(b) [JI' = 0.001259 x 300 = 0.3777 rad = 21.641° 

The receiving end voltage per phase is . 

VR 
__ 500LO° 

J3 ~ 288.675LO° kV 

The rel'eiving end apparent po\\'~r is 

S SOO I 
R(.l,,) = o.-sLcos- 0.8::;;; 1000L36.S7" = 800 + j600 MVA 

The receiving end current per phase is given by 

In = SR(J¢l = 
3 FR: 

l000L - 36.870 x 103 

~ 1154.7L - 36.870 A 
3 x 288.675/00 

n. COMPLEX POWER FLOW THROUGH TRANSMISSION LiNES 161 

From (5.71) the sending end voltage is 

Vs = cosj3f VR + jZc sin j3f IR 

~ (O.9295)288.675LO° + j(290.43)(0.3688)(1154.7 L - 36.87")(10-') 

= 356.53L16.1 0 kV 

The sending end line-to-line voltage magnitude is 

IVS(L-L}I ~ J3lVsl ~ 617.53 kV 

From (5.72) the sending end current is 

1 
Is = j Z sinj3l VR + cosj3llu , 

1 3 
~ J 290.43 (0.3688)(288.670L 0°)(10 ) + (0.9295)(1154.7L - 36.87') 

= 902.3L - 17.9° A 

The sending end power is 

SS(Jrp) = 3VsIs = 3 x 35G.53L16.1 x 902.3L-17.9° x 10-3 

= 800 MW + j539.672 Mvar 

= 965.1L34° MVA 

Voltage regulation is 

P V R 306.53/0.9295 - 288.675 100 328-9< 
ercent = 288.675' x =. { 0 

The line perfonnance of the above transmission line including the line re­
sistance is obtained in Example 5.9 using the Iineperf program. When a line is 
operating at the rated load, the exact solution results in VS(L-Lj = 623.5L 15.57° 
kV, and I~ = 903.1L-17.7° A. This shows that the lossless assumption yields 
acceptable results and is suitable for hand calculation. 

5.7 COMPLEX POWER FLOW 
THROUGH TRANSMISSION LINES 

Specific expressions for the complex power flow on a line may be obtained in tenns 
of the sending end and receiving end voltage magnitudes and phase angles and the 
ABeD constants. Consider Figure 5.2 where the tennina1 relations are given by 
(5.5) and (5.6). Expressing the ABeD constants in polar fonn as A = IAILO,." 
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B = IEILBH , the sending end voltage as Vs = IVsILO, and the receiving end 
voltage as reference VR = WIlILO, from (5.5) In can be written as 

The receiving end complex power is 

SU(:l!)) = Pll(:l~~) + jQR(:l<+» = 3VRIR 
Substituting for 1/1 from (5.81), we have 

or in tenns of the line-to-line voltages, we have 

(5.81) 

(5.82) 

(5.83) 

IV. Ill' I 14111' I' s. - ~(L-L) Il(L-l.) Lf) _ S _. R(L-[,} LB _ B (5.84) 
If(J",) - lEI jj lEI H .. \ 

The real and reactive power at the receiving end of the line are 

p - IVs{t L,IIVR{t-I.)1 '(0 _ ') _ IAIIVR{L_L,I' '(0 -0 ) (585) 
u(.!<;» - - lEI co:; 13 U lEI co::; Ii A . 

(' - I\:'(/,-I.)IIVR(I,-L) I .' (" ') IAIIVR(L-L)I'" (" ") (586) 
tll(,j,:,) - lEI sin UB-U - 181 Sl1l U8- U ,.\ . 

The sending end power is 

5S (3<1» = PS{3¢) + jQS{3<P} = 3VsIs 

From (5.23), Is' can be written as 

I _ IAILOAlVsIL' -!VRILO 
s - . IBILOB 

Substituting for Is in (5,87) yields 

(5.87) 

(5,88) 

PSI3.) ~ IAI!Vf~ L)I' OO,(OB-OA) _ !VS(L-L;~~RIL-L)I ",s(OBH) (5.89) 

QS(3.) ~ IAI!Vf~-L)I' ,'n(OB-OA) _ !VS(L-L;~~R(L-L)I "n(OBH) (5.90) 
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The real and reactive transmission line losses are 

Pl-(3¢) = PS(3<Pl - P R (3<t» 

QL(3"') = QS(3¢j - QR(3¢) 

(5.91 ) 

(5,92) 

The locus of all points obtained by plotting Q R(3¢) versus P R (3<Pl for fixed 
line voltages and varying load angle S is a circle kl)own as the receiving end power 
circle diagram. A family of such circles with fixed receiving end voltage and vary_ 
ing sending end voltage is extremely useful in assessing the performance character­
istics of the transmission line. A function called pwrcirc(ABCD) is developed for 
the construction of the receiving end power circle diagram, and its use is demon­
strated in Example 5.9(g). 

For a loss less line B = jX', B A = 0, B/;J = 90°, and A = cos {3C, and the 
real power transferred over the line is given by 

P 
. !V.-;(L-L1IWR{J_-I_11 . '" 

J.:p = X' SlIl U (5.93) 

and the receiving end reactive power is 

, 
Q _ WS(L-L)IIVR(L-L)I ,r IVu(l.-I.jl . ,~A 

R:I¢ - X' cosu - X' cos/->(. (5.94) 

For a given system operating at constant voltage, the power transferred is propor­
tional to the sine of the power angle 6. As the load increases. S increases. For 
a lossless line, the maximum power that can be transmitted under stable steady­
state condition occurs for an angle of 9Uo. However, a transmission system with 
its (;onnecled synchronous machines must also be able 10 withstand, without loss 
of stability, sudden changes in generation, load, and faults. To assure an adequate 
margin of stability, the practical operating load angle is usually limited to 35 to 
45°. 

5,8 POWER TRANSMISSION CAPABILITY 

The power handling ability of a line is limited by the thermal loading limit and 
the stability limit. The increa:;e in the conductor temperature. due to the real power 
loss, stretches the conductors. This will increase the sag between transmission tow­
ers. At higher temperatures this may result in irreversible stretching. The thermal 
limit is specified by the current-carrying capacity of the conductor and is available 
in the manufacturer's data. If the current-carrying capacity is denoted by [thermal, 

Ih.:! tho.:rmalloading limit of a line is 

Sthermal = 3V4>rated1thermal (5,95) 
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The expression for real power transfer over the line for a lossless line is given 
by (5.93). The theoretical maximum power transfer is when 0 = 900

• The practical 
operating load angle for the line alone is limited to no more than 30 to 45 0

• This 
is because of the generator and transfonner reactances which, when added to the 
line, will result in a larger 0 for a given load. For planning and other purposes, it is 
very useful to express the power transfer formula in tenns of SIL, and construct 
the line loadability curve. For a lossless line X' = Zc sin {3(, and (5.93) may be 
written as 

PJ1! = (IVS.(L-Lll) (IV~(L 1.)1) (Vr:l~d) ~ino, 
Vrat<,d \r"t~d Zc smtJ€ 

(5.96) 

The first two terms within parenthesis arc the per-unit voltages denoted by V,>I'U and 
VRp", and the third tenn is recognized as 51 L. Equation (5.96) may be written as 

P. ~ IV,>puIIVRI'"ISIL .. J 
31> ~ . at Sill 

SIII!-, . 

~ I lIs,,,,1 IVllpu 151 L " ,-
- ., , SlIlu 

sill( T) (5.97) 

The function loadabil(L, C, f) obtains the loadability curve and thenna! limit curve 
of the line. The loadability curve as obtained in Figure 5.12 (page 182) for Example 
S.9(i) shows that for short and medium lines the thermal limit dictates the maxi­
mum power transfer. Whereas, for longer lines the limit is set by the practical Ene 
loadability curve. As we see in the next section, for longer lines it may be necessary 
10 use series capacitors in order to increase the power transfer over the line. 

Example 5.6 

A three-phase power of 700-MW is to be transmitted to a substation located 315 
km from the source of power. For a preliminary line design assume the following 
parameters: 

lis = 1.0 per unit, Vn = 0.9 per unit, A = 5000 km, Zc = 320 n, and 
<5 = 36.87° 

(a) Based on the practical line loadability equation detennine a nominal voltage 
level for the transmission line. 

~b) ror the transmission voltagc level obtained in (a) calculate the theoretical max­
Imum power that can be transferred by the transmission line. 

(a) From (5.61), the line phase constant is 

2, 
~i ~ Ti rod 

360 360 
~ -f ~ -(315) ~ 22.68" 

A 5000 
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From the practical line loadability given by (5.97), we have 

Thus 

From (5.78) 

700 ~ (LO)(0.9)(SlL) 
8in(22.68°) 

8in(36.87°) 

81L = 499.83 MW 

kVL ~ .j(Z,)(SlL) ~ .j(320)(499.83) ~ 400 kV 

(b) The equivalent line reactance for a 10ssJess line is given by 

x' = Zc sin tJ£ = 320sin(22.68) = 123.39 n 

For a lossless line, the maximum power that can be transmitted under steady state 
condition occurs for a load angle of 900

• Thus, from (5.93), assuming lVsl = 1.0 
pu and IVRI = 0.9 pu, the theoretical maximum power is 

(400)(0.9)(400) (1) ~ 1167 
123.39 

5,9 LINE COMPENSATION 

MW 

We have noted that a transmission line loaded to its surge impedance loading has 
no net reactive power flow into or out of the line and will have approximately a flat 
voltage profile along its length. On long transmission lines, light loads appreciably 
less than S 1 L result in a rise of voltage at the receiving end, and heavy loads ap­
preciably greater than SI L will produce a large dip in voltage. The voltage profile 
of a long line for various loading conditions is shown in Figure 5.11 (page 182). 
Shunt reactors are widely used to reduce high voltages under light load or open line 
conditions. If the transmission system is heavily loaded, shunt capacitors, static var 
control, and synchronous condensers are used to improve voltage, increase power 
transfer, and improve the system stability. 

5,9,1 SHUNT REACTORS 

Shunt reactors are applied to compensate for the undesirable voltage effects asso­
ciated with line capacitance. The amount of reactor compensation required on a 
transmission Hne to maintain the receiving end voltage at a specified value can be 

obtained as follows. 
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Long line In 
+ + 

1'5 iXL~h 

FIGURE S.7 
Shunt f~ 3Clor compcns:uron. 

Consider :l reactor of reactance X bh. connected at the recl';iving end of a 
long transmission line as shown in Figure 5.7. The receiving end current is 

I'R 
Iu = -.-­

JXL..h 

Substituting IR into (5,71) results in 

V .. ( ..,. Z.. . If) 
~' = .' R r ....... : >1 + -- "!!1 ' 
. . XL~h 

(5 .98) 

Note thai V!)' and Vn arc in phase. which is consistent wiih the fact th.al no real 
power is ~ing lr.lOsmiued over the line. Solving for X L sh yidds 

s in fJl. 
X bh = ". Zc 

~ - co:;/3t 
(5.99) 

For V." = \/R, the required inductor reactance is 

sinj3t 
X',h = 1 fJI Z, - cos 

(5. (00) 

To find the relation betw<:!en Is and ll/, we substitute for FR from (5.98) into (S . 72) 

Is = ( - ;r sin ;Jf XL$h + cos":'1f) III 

Substituting for XL¥/. (rom (5. 100) for Ihe case when V.,· = FR results in 

Is = - 1/1 (5 .101) 
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With one reactor only at the receiving end, the voltage profile will not beuniform, 
and the maximum rise occurs at the midspan. It is left as an e;o;ercise to show that 
for Vs = VR, the voltage at the midspnn is given by 

VR 
V.n = -pr 

cos , 
(5.102) 

Also. the current at the midspan is zero. The (unction openline{ABCD) is used 10 
find the receiving end voltage of an open line and to detennine lhe Mvar of me 
reactor required to mainlain the no· load receiving end voltage at u specified value. 
hample 5.9(d) illustrates the reactor compensation, Installing reactors at both ends 
ofttlc line will improve Ihe vollage profil e and reduce the tem.ion at midspan. 

Example 5.7 

For the transmission line of Example 5.5: 
(a) Calculate the receiving end voltage when line is terminated in an open circuit 
and is energized with 500 kV at the sending end. 
(b) Determine the reactance and the Mvar of a three-phase shunt reactor to be in­
stalled at the receiving end to keep the no· load receiving end voltage at the rated 
value. 

(a) The line is energized with 500 kV at the sending end. The sending end voltage 
per phase is 

SOOl lr' 
Vs ~ r.; ~ 288.675 kV 

v3 

f rom Example 5.5, Zc = 290.43 and l3i = 21 .64 10, 

When Ihe line is open III = 0 and from (5.7 1) the no- load receiving end 
voltage is given by 

~s 288.675 
VR( ,,' ) = co.", j3t = 0 .9295 = 310.57 kY 

The no-load receiving end line· to-line voltage is 

VR{L_L)(nl) = /3 VR(nl ) = 537.9 kV 

(b) For Vs = VR. the required inductor reaclance given by (5.100) is 

XL.h ~ 'in(21.641°) (290.43) ~ 1519.5 n 
1 - =(21.641°) 

The threc~phase shunt reactor rating is 

Q :::: (kVLrnted)2 =. (500)2 = 164.53 Mvar 
3.1 X L8h 1519.5 
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5.9.2 SHUNT CAPACITOR COMPENSATION 

Shunt capacitors are used for lagging power factor circuits created by heavy loads. 
The effect is to supply the requisite reactive power to maintain the receiving end 
voltage at a satisfactory level. Capacitors are connected either directly (0 a bus bar 
or to the tertiary winding of a main lransfonner and are disposed along the route to 
minimize the losses and voltage drops. Given Vs and VR, (5.8S) and (S.86) can be 
used conveniently to compute the required capacitor Mvar at the receiving end for a 
spccifiedload. A function called shntcomp(ABCD) is developed for this purpose, 
and its use is demonstrated in E;o;ampie S.9(t). 

5.9.3 SERIES CAPACITOR COMPENSATION 

Series capacitors are connected in series with the line, usually located at the mid. 
point, and are used to reduce the series reactance between the load and the supply 
point. This results in improved transient and steady-state stability, more econom­
ical loading, and minimum voltage dip on load bUSeS. Series capacilOrs have the 
good characteristics that their reactive power production varies concurrently with 
the line loading. Swdics have shown that the addition of series capacitors on EHV 
transmission lines can more than double the transient stability load limit of long 
lines at a frdction of the cost of ,I new transmission line. 

Long line 
--",~s~====11 F====_I"',,:,-__ ----, 

+ + 

-jXC~h 

FIGURES.S 
Shunt and series capacitor compensation. 

With the series capacitor switched on as shown in Figure 5.8, from (5.93), the 
power transfer over the line for a lossless line becomes 

P 
IVS(L-L}IIVR(L-L}I., 

34>= SIno 
X' XC.er 

Where XCser is the series capacitor reactance. The ratio XC • er / X' expressed as a 

percentage is usually referred to as the percentage compensation. The percentage 
compensation is in the range of 25 to 70 percent. 
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One major drawback with series capacitor compensation is that special pro­
tective devices are required to protect the capacitors and bypass the high current 
produced when a short circuit occurs. Also, inclusion of series capacitors estab­
lishes a resonant circuit that can oscillate at a frequency below the nonnal syn­
chronous frequency when stimulated by a disturbance. This phenomenon is reo 
ferred to as subsynchrorlOus resonance (SSR). If the synchronous frequency minus 
the electrical resonant frequency approaches the frequency of one of the turbine­
generator natural torsional modes, considerable damage to the turbine-generator 
may result. If L' is the lumped line inductance corrected for the effect of dis­
tribution and Cser is the capacitance of the series capacitor, the subsynchronous 
resonant frequency is 

(S.I04) 

where f~ is the synchronous frequency. The function sercomp(ABCD) can be used 
to obtain the line performance for a specified percentage compensation. Finally, 
when line is compensated with both series and shunt capacitors, for the specified 
terminal voltages, the function srshcomp(ABCD) is used to obtain the line per­
formance and the required shunt capacitor. These compensations are also demon­
strated in hamplc 5.9(1). 

Example 5.8 

The transmission line in Example 5.5 supplies a load of 1000 MVA, 0.8 power 
factor lagging at SOO kY. 
(a) Detennine the Mvar and the capacitance of the shunt capacitors to be installed 
at the receiving end to keep the receiving end voltage at 500 kV when the line is 
energized with SOO kV at the sending end~ 
(b) Only series capacitors are installed at the midpoint of the line providing 40 per­
cent compensation. Find the sending ~nd voltage and voltage regulation. 

(a) From Example 5.5, Zc = 290.43 and {3R. = 21.641 0
• Thus, the equivalent line 

reactance for a lossless line is given by 

X' = Zc sin3f = 290.438In(21.641°) = 107.11 0 

The receiving end power is 

SR{34» = l000Lcos-1{0.8) = 800 + j600 MVA 

For the above operating condition, the power angle 0 is obtained from (5.93) 

(500)(500) 
800 ~ 107.11 sino 
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which results in 6 = 20.044°. Using the approximate relation given by (5 ,94), the 
net reactive power at the receiving end is 

(500)(500) 0 (500)' 
QR(l¢) = I07.11 (05(20.044 ) -107.iI" cos(21.641°) = 23.15 MVlJ" 

Thus, Ihe required capacitor Mvar is Sc = j 23. IS - }600 = - jS76.85 
The capacitive reactance is given by 

x _ JVLI' _ (500)' _ . . 
c - Sc - j576.85 - - )'t33.38 n 

10' 
C = 2rr (GU)(433.38) = G.l "F 

The shUn! compensation for the above transmission line including the line 
resistance is obtained in Example 5.9(f) using the lineperf program. The exact so­
lution results in 6 13 .8 Mvar for c:lpadtor reactive power as compared to 576.85 
Mvar obtained from the approll:imate fonnula for the lossless line. Thi s represents 
approximately an error of 6 percent. 

(b) For 40 perCl~nt compensati on. the series capacitor reactance per phase is 

x'" = Cl.< '\" ' ~ OA(107. l ) = 42.84 n 
The new equiva lent 1!' circuit pammctcrs are g ive n by 

z' = j (.\" ' - .\'fl"r ) = j(lOi . l - 42.84) = }64.26 n 
v i 2 2 
I = = i -Z ta n(fJ(j 2) = )-290 tan (21 .641 o / 2) = jO.001316 siemens 

c .43 

The new B constant is B = j64.26 and the new A-coostant is given by 

A - l + Z'Y' _ l (j64.26)(jO.001316) 9 - 2 - + 2 = O. 577 

The recei\'ing end \,o]llge ~r phase.! i.~ 

500 
V/l = .,G = 288.675 kV 

and the re.::eiving end l'urre nt is 

SR" ) IO[}\JL - 30.S7" 
i R =. 3V"~ = 'J .~" G7' = 1.15<17L-36.87" kA 

H ... x £08. a LO° 
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Thus, the sending end voltage is 

Vs = AVR + BIn = 0 .9577 )( 288.675 + j 64 .26 )( 1.1547L - 36.8r 

= 326.4 L lOAr kV 

and the line-to-line voltage magnitude is IVS(L- L1 1 = J3 Vs = 565.4 kV. Vollage 
regulation is 

565.4/ 0 .958 - 500 
Percent V R = 500 )( 100 = 18% 

The ell:oct solution obtained in Example S.9(f) results in VS(L_L j = 571.9 kV. This 
represents an error of 1.0 percent. 

5,10 LINE PERFORMANCE PROGRAM 

A program called lineperf is developed for the complete analysis and compen­
salion of a transmission line. The command linepcrr displays a menu with five 
options for the computation of the pammc! te!'5 of the 11" models and the transmis­
sion constants. Selection of these options will call upOn the following functions. 

(l., Y, ADeD] = rlc2abcd(f", L, C. g. r. Length) computes and returns the 11" 

mode l panl.meters and the tr.ms mission constantS when r in ohm, L in mH, and C 
in J.L F per unit length, frc!quency, and line length are specified. 

IZ, Y, ADeD) == 2y2abcd(z. y, Length) computes and returns the 11" model 
parameters and the transmission constants when impedance and admittance per 
unit length are specified. 

lZ, Y, ADCD] == pi2abcd (Z, Y) re:ums the ABeD constantS when the 11" 

model parameters are specified. 

[Z, Y, ABeD];::::: abcd2pi(A, B, C} returns the 11" model parameter.; when the 
transmission constants are specified. 

[L , C] = gmd2lc computes and returns the inductance and capacitance per 
phase when the line configuration and conductor dimensions are specified. 

(r, L, C, f] = abcd2rlc(ABCD) returns the line parameters per unit length and 
frequency when the transmission constants are specified, 
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Any of the above functions can be used independently when the arguments of 
the functions are defined in the MATLAB environment. If the above functions are 
typed without the parenthesis and the arguments. the user will be prompted to enter 
the required data. Next the lincperf loads the program Iistmenu which displays a 
list of eight options for transmission line analysis and compensalion. Selection of 
these options will call upon the following functions. 

givensr(ABCD) prompts the user to enter FR, PR and QR. This function 
computes Vs. ps. Qs.line losses, voltage regulation, and transmission efficiency. 

givenss(ABCD) prompts the user to enter Vs, Ps and Qs. This function com­
putes Fn, FR. Q /l, line losses, voltage regulation, and transmission efficiency. 

givcnzl(AHCD) prompts the user to enter FR and the load impedance. This 
funClion computes Vs , Ps. Qs, line losses, voltage regulation, and transmission 
efficiency. 

openlinc(ABCD) prompts the user to enter "s. This function computes VR 
for the open-ended line. Also. the reactance and me M var of the necessary reactor 
to maintain the receiving end voltage at a specified value are obtained. In addition. 
the function plots the voltage profile of the line. 

shcktlin{ABCD) prompts the user to enter Vs. This function computes the 
current aI both ends of the line for a solid short circuit at the receiving end. 

Option 6 is for capacitive compensation and calls upon compmenu which 
displays three options. Selection of these options will call upon me following func­
tions. 

shntcomp(ABCD) prompts the user to enter Vs. PRo QR and the desired VR. 
This function computes lhe capacitance and the Mvar of the shunt capacitor bank 
to be installed at the receiving end in order to maintain the specified YR. Then. Vs. 
ps. Qs, line losses. voltage regulation, and transmission efficiency are found. 

sercomp(ABCD) prompts the user to enter VR, PRo QR. power, and the per­
centage compensation (i.e., XCser! Xline X 100). This function computes the Mvar 
of the specified series capacitor and Vs, Ps , Qs, line losses, voltage regulation. and 
transmission efficiency for the compensated line. 

srshcomp{ABCD) prompts the user to enter Vs. PRo QR. the desired VR and 
the percentage series capacitor compensation. This function computes the capaci-
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tance and lhe M var of a shunt capacitor to be installed at the receiving end in order 
to maintain the specified YR· Also, VS'. Ps. Qs, line losses. voltage regulation. and 
transmission efficiency are obtained for the compensated line. 

Option 7 loads the pWrcirc(ABCD) which prompts for the receiving end volt­
age. This function constructs the receiving end power circle diagram for various 
values of Vs from VR up to 1.3VR. 

Option 8 calls upon profmenu which displays two options. Selection of these 
options will call upon the following functions: 

vprofile(r, L, C, f) prompts the user to enter Vs. rated MVA. power factor, 
VR, FR, and QR. This function displays a graph consisting of voltage profiles for 
line length up to 1/8 of lhe line wavelength for the following cases: open-ended 
line, line terminated in SIL, short-circuited line. and full-load. 

loadabil(L, C, f) prompts the user for Vs. VR. rated line voltage. and current­
carrying capacity of the line. This function displays a gmph consisting of the prac­
tical line loadability curve for 0 = 30°, the theoretical stability limit curve, and the 
thermal limit. This function assumes a lossless line and lhe plots are obtained for a 
line length up to 1/<1 of the line wavelength, 

Any of the above functions can be used independently when the arguments of the 
functions are delint."d in the MATLAB environment. The ABCD constant is en­
tered as a matrix. If the above functions are typed wilhout the parenthesis and the 
arguments. the user will be prompted to enter the required data. 

Example 5.9 

A three-pha<;e, 60-Hz, 550-kV transmission line is 300 km long. The line parame­
ters per phase per unit length are found to be 

r = 0.016 rI/km L = 0.97 mHlkm C = 0.0115 /-lFlkm 

(a) Determine the line performance when load at the receiving end is 800 MW. 0.8 
power factor lagging at 500 kYo 

The command: 

lineperf 

displays the following menu 
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Type of parameters for i nput 
Parameters per uni~ length 
r (0), g (siemens ) , L (mH) , C (~F) 

Complex z and y per uni t length 
r + j - x (0), g + j.b (siemens) 

Nominal ~ or Eq . ~ model 

A, B, C, 0 constants 

Conductor coofiguration and dimension 

Select 

1 

2 

3 

4 

5 

To quit a 
Select number of menu ~ 1 
Enter lino l ength • 300 
Enter frequency in Hz K 60 
Enter line reSistance/phase in 11/unit length, r ; 0.016 
Enter line ioductance in mH per unit length. L - 0.97 
Enter line capacitance in IIF per unit length. C '" .0115 
Enter line conductance in siemens per unit length, g ~ 0 
Enter 1 for medium line or 2 for long line -. 2 

Equivalent ~ modo I 
Z' '" 4.57414 + j 107. 119 ohms 
Y' = 6.9638e- 07 + j 0.00131631 siemens 
Zc 290.496 + j -6 .35214 ohms 
at = 0.00826172 ne pe r fit : 0.377825 radian ~ 21.64780 

ABCD. = [ 0.9295 
- 1.334 1' - OG 

+ jO.00304.78 
+ jO.0012699 

4.5741 
0.9295 

+ j107. 12 1 
+ jO.0030478 

At this point th~ program listmenu is automatically -loaded and displays the fol­
lowing menu. 

Transmission line performance 
AnalYSis 

To calculate sonding end quantities 
for specified receiving end MW. Mvar 

Select 

1 
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To calculate recelvlng end quantities 
fo r specified sending end MW, Mvar 

To calculate sending end quantities 
when load impedance is specified 

Open-end l i ne and reacti ve co~pensation 

Short-circuited line 

Capacitive compensation 

Receiving end circle diagram 

Loadability curve and voltage profile 

To quit 

Select number of menu -. 1 

Enter receiving end line-line voltage kV - 500 
Enter receiving end voltage phas e angloO - 0 
Enter receiv ing end 3-phase po'.:e::.- ~.J " 800 
Enter recelvlng end 3-phase reactive power 

2 

3 

4 

5 

6 

7 

8 

o 

( + f or lagging and - for leading pOwer factor ) Hvar = 600 

Line performance for specified r ece iving end quantities 

Vr = 500 kV (L-L) at 0° 
Pr - 800 HW Qr .. 600 Hvar 
Ir: 1154.7 A at -36 .86990 PFr • 0 . 8 lagging 
Va .. 623.511 kV (L-L) at 15 . 5762° 
Is - 903.113 A at -17.6996°, PFs = 0.836039 lagging 
Ps .. 815.404 HW, Qs - 535.129 Mvar 
PL - 15.4040 KW, QL .. -64.871 Hv~r 
Percent Voltage Regulation .. 34. 1597 
Transmission line efficiency " 98.11 08 

At the end of this analysis the listmenu (Analysis Menu) is displayed. 

(b) Determine the receiving end quantities and r.he line performance when 600 MW 
and 400 Mvar are being transmitted at S2S kV from the sending end. 
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Selecting option 2 of the listmenu results in 

Enter sending end line-line voltage kV ~ 525 
Enter sending end voltage phase angleO ~ 0 
Enter sending end 3-phase power MW ; 600 
Enter sending end 3-phase reactive power 
(+ for lagging and - for leading power factor) Mvar ~ 400 

Line performance for specified sending-end quantities 

Vs - 525 kV (L-L) at 0° 
600 MW, OS ., 400 Mvar 

Is 793.016 A at -33.6901°, PFs .. 0.83205 lagging 
Vr .. 417.954 kV (L-L) at -16.3044° 
Ir ~ 1002.6 A at -52.16° PFr - 0.810496 lagging 
Pr 588.261MW, Or '" 425.136 Mvar" 
PL 11.7390MW, OL--25.136Mvar 
Percent Voltage Regulation - 35.1383 
Transmission line efficiency ~ 98.0435 

(c) Determine the sending end quantities and the line perfonnance when the re­
ceiving end load impedance is 290 n at 500 icY. 

Selecting option 3 of lhe Iistmenu results in 

Enter receiving end line-line voltage kV - 500 
Enter receiving end voltage phase angleO .. 0 
Enter sending end complex load impedance 290 + j * 0 

Line performance for specified load impedance 

Vr ~ 500 kV (L-L) at 0° 
Ir ~ 995.431 A at 0° PFr .. 1 
Pr .. 862.069 MW, Or" 0 Mvar 
Vs ~ 507.996 kV (L-L) at 21.5037° 
Is = 995.995 A at 21.7842°, PFs - 0.999988 leading 
Ps 876.341 MW OS m -4.290 Mvar 
PL - 14.272 MW OL .. -4.290 Hvar 
Percent Voltage Regulation ~ 9.30464 
Transmission line efficiency = 98.3714 

Cd) ~ind the. receiving end voltage when the line is terminated in an open circuit 
and IS energized with 500 kV at the sending end. Also, detennine the reactance and 
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the Mvar of a three-phase shunt reactor to be installed at the receiving end in order 
to limit the no-load receiving end voltage to 500 icY. 

Selecting option 4 of the listmenu results in 

Enter sending end line-line voltage kV = 500 
Enter sending end voltage phase angleO ~ 0 

Open line and shunt reactor compensation 

Vs ~ 500 kV (L-L) at 0° 
Vr - 537.92 kV (L-L) at -0.00327893° 
Is 394.394 A at 89.8723Q

, PFs - 0.0022284 leading 
Desired no load receiving end voltage = 500 kV 
Shunt reactor reactance" 1519.4 n 
Shunt reactor rating z 164.538 Hvar 

The voltage profi Ie for the uncompensated and the compensated line is also found 
as shown in Figure 5.9. 

Voltage profile of an unloaded line, XL .. h = 1519 ohms 

5110 

530 

520 

510 

Line 500 
kV 490 

480 

470 

460 

4500 50 
Sending end 

FIGURE 5.9 

100 150 

Compensated 

200 250 300 
Receiving end 

Compensated and uncompensated voltage profile of open-ended line. 

(e) Find the receiving end and the sending end currents when the line is temlinated 

in a short circuit. 
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Selecting option 5 of the listmenu resuhs in 

En~er sending end line- line voltage kV _ 500 
Enter sending end voltage phase ang1eO _ 0 

Line s bort-circuited at tbe receiving end 

Vs - 500 kV (L-L) at 0° 
Ir • 2692.45 A at -87.5549° 
Is - 2502 . 65 A at -87.367° 

(f) The line loading in part (a) resulted in a voltage regulation of 34.16 percent, 
which is unacceptably high. To improve the line perfonnance, the line is campen. 
salt':d wilh series and shun! capacitors. For the loading condition in (a): 

(I) Detennine the Mvar and the capacitance of the shunt capacitors 10 be in. 
stalled at the receivi ng cnd to keep the receiving end voltage at 500 kV when the 
line is energized with 500 kV at the sending end. 

Sdecting option 6 will display the compmenu as follows: 

Capac i tive compensation 
Analysis 

Shunt capacitive eocpensation 

Series capacitive compensation 

Se l ect 

1 

2 

Series and shunt capacitive compensation 3 

To quit 0 

Selecting option I of the compmenu results in 

Enter sending eod 1in~-line voltage kV ~ 500 
En~er desired receiving end line-line voltage kV ~ 500 
Enter receiving end voltage phase angleD _ 0 
Enter receiving end 3-phase power MW == 800 
Enter receiving end 3-phase reactiVe power 
(+ for lagging and - for leading power factor) Mvar • 600 
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Shunt capacitive compensation 

Vs - 500 kV (L-L) at 20.2419° 
Vr = 500 kV (L-L) at 0° 
Pload == 800 MIJ. Qload ... 600 Hvar 
Load current ~ 1154 .7 A at -36 . 8699° , PFI == 0 . 8 lagging 
Required shunt capacitor : 407.267 n, 6.51314 pF ,613.849 Mvar 
Shunt capacitor current == 708 . 811 A at 90° 
Pr 800 . 000 MW, Qr .. -13 .849 Hvar 
Ir 923 . 899 A at 0.991732° , PFr == 0.99985 leading 
Is 940."306 A at 24.121° PFs .. 0.997716 leading 
Ps 812.469 MW, Qs - - 55 . 006 Hvar 
PL ~ 12.469 MW, QL - - 41 . 158 Hvar 
Percent Voltage Regulat ion == 7 . 58405 
Transmission line efficiency. 98 . 4653 

(2) Dctcnninc thc line pcrfonnance when Ihe line is compensated by series 
capacitors for 40 percent compensat ion with the load condition in (a) at 500 kY. 

Selecting option 2 of the compmenu resutl s in 

Enter receiving end line - line vo l tage kV c 500 
Enter receiving end vol tage phase angleG == 0 
Enter receiving end 3-phase power MW .. 800 
Enter receiving end 3- phas e r eactive power 
( + f or lagging and - for l ead i ng power factor) Hvar z 

Enter percent compensation for series capacitor 
(Recommended range 25 to 751. of tbe line reactance) 

Series capacitor compensation 

Vr == 500 kV (L-L) at 0° 
Pr - 800 MW. Qr - 600 Mvar 

600 

40 

Required series capacitor: 42 .8476 n, 61.9074 p,F, 47.4047 Hvar 
Subsynchronous resonant frequency: 37.9473 Hz 
Ir; 1154.7 A at - 36.8699°, PFr - 0.8 lagging 
Vs ~ 571.904 kV (L-L) at 9.95438° 
Is - 932.258 A at -18.044°, PFs = 0.882961 lagging 
Ps ~ 815.383 MW, Qs • 433.517 Mvar 
PL=' 15.383 MW, QL - -166.483 Mvar 
Percent Voltage Regulation = 19.4322 
Transmission line efficiency ~ 98.1134 
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(3) The line has 40 percent series capacitor compensation and supplies 
load in (a). Oelennine the Mvar and the capacitance of the shun! capacitors to 
installed at the receiving end to keep the receiving end voltage al500 kV when I 
is energized with SOO kV at the sending end. 

Selecting option 3 of the compmenu results in 

Enter sending end l ine-line voltage kV = 500 
Enter desired receiv ing end line-line voltage kV • 500 
Eater receiving end vol tage phase angleD _ 0 
En ter receiving end 3-phase power MY = 800 
Enter receiving end 3- phase reactive power 
(~ for lagging and - for leading power factor) Hvar _ 
Enter percent compensation for series capacitor 
(Recommended range 25 to 75/. of the line reactanCe) = 

Series and 3bunt capacitor compensation 

Vs ~ 500 kV (t-t) at 12.0224° 
Vr = 500 kV (t-L) at 0° 
Pload "" 800 MW, Qload = 600 Mvar 

600 

40 

Load current ~ 1154 .7 A at -36.8699°, PFI .. 0.8 lagging 
ReqUired shunt capacitor: 432.73612, 6.1298p.F, 577.72Hvar 
Shunt. capacitor Current ... 667.093 A at 90° 
Required series capaci tor: 42.8476 12. 61.9074 J.tF • 37.7274 Hvar 
Subsyncbronous resonant frequency = 37.9473 Hz 
Pr :0 800 mt, Qr .. 22.2804 Hvax 
I r ~ 924 . 119 A at -1 .5953° , PFr .. 0.999612 lagging 
Is: 951.165 A at 21 . 597~, PFs .. 0.986068 leading 
Ps - 812 . 257 HW, Qs ~ -137 . 023 Hvax 
PL - 12.257 HW, QL - -159.304 Hvax 
Perce nt Voltage Regulation = 4.41619 
Transmission line efficiency = 98.491 

(g) Construct the receiving end circle diagmm. 

Selecting option 7 of the listmeriu results in 

Enter receiving end line-line voltage kV = 500 

A plot of the receiving end circle diagram is obtained as shown in Figure 5.10. 
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Power circle diagram V.: from V~ to 1.3v,. 
l~ r-------~----~~ ____ ~ ______ -, 

Q,. 
1.3 0 

Mv", 
125 

1.2 
1.15 

I.J 
1.05 

- 500 1.0 

- 1000(~I------~~~------~1~~~------~1~~------~2000 
Pr,MW 

FIGURES.IO 
Receiving ~ l'ircle diagr.l.m. 

(h) l.>elermine the line voltage profile for the following cases: no-load. raled load, 
line terminated in the Sf L, and short-circuited line. 

Sl!!~cting option 8 of the listmenu results in 

Voltage.profile and line 
Analysis 

Voltage profile curves 
Line loadability curve 
To quit 

S~k."Cting option I of the profmenu results in 

laadability 
Select 

1 
2 
o 
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Voltage profile for length up to liS wavelength, Zc = 290.5 ohms 
800,---__ --__ --__ --__ --__ --__ --__ ~ 

700 No-load 

600 

500 k::-==========----- SlL 
Vc 400 

300 :---------- Rated load 

200 

100 

01) 100 200 300 
Shrt-ckl 

400 500 
Sending end 

FIGURE S.1l 

600 700 800 
Receiving end 

Voltage profile for lenglh llP to 1/8 wavelenglh. 

Loadability curve for length up to 114 wavelength 

8,,~--~~~--~--__ --~~ 
SIL = 860.8 MW, delta = 30 degrees 

7 

6 

P.U.

5 

\ 
SIL 4 

r--1c-~-----------cTQh~'~nn~ru~h~·m~i~t---------
3 

2 

1 
Dractica1 line loada llilty 

Line length 
FIGURES.I2 

line ]oadabilily Cllrve for length IIp 10 1/4 wavelength. 
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Enter sending end line-line voltage kV ~ 500 
Enter rated sending end power, MVA ~ 1000 
Enter power factor - 0.8 

A plot of the voltage profile is obtained as shown in Figure 5.11 (page IS2.). 

(i) Obtain the line loadability curves. 
Selecting option 2 of the profmenu results in 

Enter sending end line-line voltage kV - 500 
Enter receiving end line-line voltage kV = 500 
Enter rated line-line voltage kV = 500 
Enter line current-carrying capacity, Amp/phase 3500 

The line laadability curve is obtained as shown in Figure 5.12 (page 182). 

PROBLEMS 

5.1. A 69-kV, three-phase short transmission line is 16 km long. The line has a per 
phase series impedance afO.125+ jO.4375 0: per km. Detennine the sending 
end voltage. voltage regulation, the sending end power, and the transmission 
efficiency when the line delivers 

-, :1.-. 

(a) 70 MVA, 0_8 lagging power factor at 64 kY. 
(b) 120 MW, unity power factor at 64 kY. 

Use Iineperf program to verify your results. 

Shunt capacitors are installed at the receiving end 10 improve the line perfor­
mance of Probkm 5.1. The line delivers 70 MVA, 0.8 lagging power factor 
at 64 kYo Detennine {he total Mvar and the capacitance per phase of the 
V-connected capacitors when the sending end voltage is 

(a) 69·kY. 
(b) 64 kY. 

Hint: Use (5.S5) and (5.S6) ta compute Ihe power angle 8 and the receiving 
end reactive power. 

(c) Use lineperfto obtain the compensated line perfonnance. 

5.3. A 230-kV, three-phase transmission line has a per phase series impedance 
of z = 0.05 + j0.45 n per km and a per phase shunt admittance of y = 
j3.4 X 10-6 siemens per km. The line is SO kIn long. Using the nomina1 7r 

model, detennine 

(a) The transmission line ABeD constants. 
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Find the sending end voltage and current, voltage regulation. the sending end 
power and the transmission efficiency when the line delivers 

(b) 200 MVA, 0.8 lagging power factor a! 220 kY. 
(c) 306 MW, unity power factor at 220 kY. 

Use lineperf program to verify your results. 

5.4. Shunt capacitors are installed at the receiving end to improve the line perfor­
mance of Problem 5.3. The line delivers 200 MVA, 0.8 lagging power factor 
at 220 kV 

(a)Determine the total M .... ·ar and the capacitance per phase oftbeY-connected 
capacitors when the sending end voltage is 220 kV. Hint: Use (5.85) and 
(5.86) to compute the power angle 0 and the receiving <!nd reactive power. 
(b) Use lincperf to obtain the compensated line performance. 

5.5. A thre<!-phase, 345-kV, 60-Hz transposed line is composed of two ACSR, 
I, 113,OOO-cmil, 45/7 Bluejay conductors per phase with flat horizontal spac­
ing of II m. The conductors have a diameter of 3.195 em and a CUR of 
1.268 cm. The bundle spacing is 45 cm. The resistance of each conductor 
in the bundle is 0.0538 0 per km and the line conductance is negligible. 
The line is 150 km long. Using the nominal 7T model, determine the ABCD 
constant of the line. Use lincperf and option 5 to verify your results. 

5.6. The ABCD constants of a three-phase, 345-kY transmission line are 

5.7. 

A = D = 0.98182 + jO.OOI2447. 

B ~ 4.035 + j5S.947 

C = jO.OOO61137 

The line delivers 400 MVA at 0.8 lagging power factor at 345 kV Determine 
the sending end quantities, voltage regulation, and transmission efficiency. 

Write a MATlAB function named [ABeD] = abcdm(z, y, Lngt) to evaluate 
and return the ABCD transmission matrix for a medium-length transmis­
sion line where z is the ~r phase series impedance per unit length, y is the 
shunt admittance per unit length, and Lngt is the line length. Then, write a 
~r~gram that uses the above function and computes the receiving end quan­
tities, voltage regulation, and the line efficiency when sending end quantities 
are specified. The program should prompt for the following quantities: 

The sending end line-to-line voltage magnitude in kV 
The sending end voltage phase angle in degrees 
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The three-phase sending end real power in MW 
The three-phase sending end reactive power in Mvar 

Use your program to obtain the solution for the following case. 

A three-phase transmission line has a per phase series impedance of z = 
0.03 + JOA n per km and a per phase shunt admittance of y = j4.0 X 10-6 

siemens per km. The line is 125 km long. Obtain the ABeD transmission 
matrix. Determine the receiving end quantities, voltage regulation, and the 
line efficiency when the line is sending 407 MW, 7.833 Mvar al350 kY. 

5.8. Obtain the solution for Problems 5.8 through 5.13 using the lioeperf pro­
gram. Then, solve each problem using hand calculations. 

A three-phase, 765-kV, 6O-Hz .tmnsposed line is composed of four ACSR, 
1,431,OOO-cmil, 45n Bobolink conductors per phase with flat horizontal 
spacing of 14 m. The conductors have a diameter of 3.625 em and a GMR 
of 1.439 cm. The bundle spacing is 45 cm. The line is 400 km long, and for 
the purpose of this problem, a loss less line is assumed. 

(a) Deteonine the transmission line surge impedance Zc, phase constant p, 
wavelength ,X. the surge impedance loading SIL, and the ABCD constant. 
~b) The line delivers 2000 MVA at 0.8 lagging power factor at 735 kV De­
termine the sending end quantities and voltage regulation. 
(e) Determine the receiving end quantities when 1920 MW and 600 Mvar 
are being transmitted at 765 k V at the sending end. 
(d) The line is terminated in a purely resistive load. Determine the sending 
end quantities and voltage regulation when the receiving end load resistance 
is 264.5 nat 735 kV 

5.9. The transmission line in Problem. 5.8 is energized with 765 kV at the sending 
end when the load at the receiving end is removed. 

(a) Find the receiving end voltage. 
(b) Detennine the reactance and the Mvar of a three-phase shunt reactor to 
be inc;talled at the receiving end in order to limit the no-load receiving end 
voltage to 735 kV. 

5.10. The transmission line in Problem 5.8 is energized with 765 kV at the sending 
end when a three-phase short-circuit occurs at the receiving end. Detennine 
the receiving end current and the sending end current. 

5.11. Shunt capacitors are installed at the receiving end to improve the line per­
formance of Problem 5.8. The line delivers 2000 MVA, 0.8 lagging power 
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factor. Determine the total Mvar and the capacitance per phase of the y. 
connected capacitors to keep the receiving end voltage at 735 kV when the 
sending end voltage is 765 kV. Hint: Use (5.93) and (5.94) to compute the . 
power angle 0 and the receiving end reactive power. Find the sending end 
quantities and voltage regulation for the compensated line. 

5.12. Series capacitors are installed at the midpoint of the line in Problem 5.8, 
providing 40 percent compensation. Determine the sending end quantities 
and the voltage regulation when the line delivers 2000 MVA at 0.8 Jagging 
power factor at 735 kY. 

5.13. Series capacitors are installed at the midpoint of the line in Problem 5.8, pro-­
viding 40 percent compensation. In addition, shunt capacitors are instaJled at 
the receiving end. The line delivers 2000 MVA, O.Slagging power factor. De­
termine the total M var and the capacitance per phase of the series and shunt 
capacitors to keep the receiving end voltage at 735 kV when the sending end 
voltage is 765 kY. Find the sending end quantities and voltage regulation for 
the compensated line. 

5.14. The transmission line in Problem 5.8 has a per phase resistance of 0.011 n 
per km. Using the lincpcrf progrJm, perform the following analysis and 
present a summary of the calculation along with your conclusions and rec­
ommendations. 

(a) Determine (he sending end quantities fur the specified receiving end 
quantities of 73GLO°, 1600 MW, 1200 Mvar. 
(b) Determine the receiving end quantities for the specified sending end 
quantities of 765LO°, 1920 MW, 600 Mvar. 
(c) Determine the sending end quantities for a load impedance of 282.38 + 
jO n at 735 kV. 

(d) Find the receiving end voltage when the line is terminated in an open 
circuit and is energized with 765 kV at the sending end. Also, determine the 
reactance and the Mvar of a three-phase shunt reactor to be installed at the 
recciving cnd in order to limit the no-load receiving end voltage to 765 kV. 
Obtain the voltage profile for the uncompensated and the compensated line. 
(e) Find the receiving end and the sending end current when the line is ter­
minated in a three-phase short circuit. 

(f) For tht: line loading of part (a), determine the Mvar and the capacitance of 
the shunt capacitors to be installed at the receiving end to keep the receiving 
end voltage at 735 kV when line is energized with 765 kV, Obtain the line 
performance of the compensated line. 

(g) D~termine Ihe line performance when the line is compensated by series 
capacitor for 4U percent compensation with the load condition in part (a) at 
735 kY. 
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(h) The line has 40 percent series capacitor compensation and supplies the: 
load in part (a). Determine the Mvar and the capacitance of the shunt capac­
itors to be installed at the receiving end to keep the receiving end voltage at 
735 kV when line is energized with 765 kV at the sending end. 
0) Obtain the receiving end circle diagram. 
(j) Obtain the line voltage profile for a sending end voltage of 765 kV. 
(k) Obtain the line loadability curves when the sending end voltage is 765 
kV, and the receiving end voltage is 735 kV. The current--carrying capacity 
of the line is 5000 A per phase. 

5.15. The ABeD constants of a lossless three-phase, 500-kV transmission line are 

A~D~O.86+jO 

B = 0 + j130.2 

C = jO.002 

(a) Obtain the sending end quantities and the voltage regulation when line 
delivers 1000 MVA at 0.8 lagging power factor at 500 kY. 

To improve the line performance, series capacitors are installed at both ends 
in each phase of the transmission line. As a result of this, the compensated 
ABeD constants become 

[
A' H' 1 ~ [1 -ljX, 1 [A B 1 [1 -IJX, 1 
C'D' 0 1 CD 0 1 

where Xc is the total reactance of the series capacitor. If Xc = 100 n 
(b) Determine the compensated ABeD constants. 
(c) Determine the sending end quantities and the voltage regulation when 
line delivers 1000 MVA at 0.8 lagging power factor at 500 kV. 

5.16. A three-phase 420-kV, 60-HZ transmission line is 463 km long and may 
be assumed lossless. The line is energized with 420 kV at the sending end. 
When the load at the receiving end is removed, the voltage at the receiving 
end is 700 kV, and the per phase sending end current is 646.6L90° A. 

(a) Find the phase constant {3 in radians per km and the surge impedance Zc 
inn. 
(b) Ideal reactors are to be installed' at the receiving end to keep IVsl = 
IVRI = 420 kV when load is removed. Determine the reactance per phase 
and the required three-phase kvar. 

5.17. A three-phase power of 3600 MW is to be transmitted via f~ur. identi~al 
60-Hz transmission lines for a distance of 300 km, From a prehmlflat"y hne 
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design, the line phase constant and surge impedance are given by fJ = 9.46 X 

10-4 radianlkm and Zc = 343 n, respectively. 

Based on the practical line loadability criteria determine the suitable nominal 
voltage level in kV for each transmission line. Assume Vs = 1.0 per unit. 
VR = 0.9 per unit, and the power angle 0 = 36.87°. 

5.18. Power system studies on an existing system have indicated that 2400 MW 
are to be transmitted for a distance of 400 km. The voltage levels being 
considered include 345 kV, 500 kV, and 765 kV. For a preliminary design 
based on the practical line loadability, you may assume the following surge 
impedances 

345 kV 
500kY 
765 kV 

Zc = 320 n 
Zc=290D 
Zc = 265 n 

The line wavelength may be assumed to be 5000 km. The practical line load. 
ability may be based on a load angle 0 of 35°. Assume lVsl = 1.0 pu and 
IVRI = 0.9 pu. Determine the number of three-phase transmission circuits 
required for each voltage level. Each transmission tower may have up to two 
circuits. To limit the corona loss, al15OO-kV lines must have at least two con­
ductors per phase, and all 765-kV lines must have at least four conductors 
per phase. The bundle spacing is 45 cm. The conductor size should be such 
thm the line- would he capahle of carrying current corresponding to at least 
5000 MVA. Use acsr command in MATL4B to find a suitable conductor size. 
Following are the minimum recommended spacings between adjacent phase 
conductors at various voltage levels. 

Voltage level, kV 
345 
500 
765 

Spacing meter 
7.0 
9.0 
12.5 

(a) Select a suitable voltage level, and conductor size, and tower structure. 
.. U~e ~ineperfprogram and option I to obtain the voltage regulation and trans­

miSSion e~ciency based on a receiving end powerof3000 MVA at 0.8 power 
factor Iaggmg m the selected rated voltage. ~1odify your design and select a 
~onductor size for a line efficiency of at least 94 percent for the above spec­
Ified load. 

(b) Obtain the line perfonnance including options 4-8 of the lineperf pro­
gram for your final selection. Summarize the line characteristics and the re­
quired line compensation. 

CHAPTER 

6 
POWER FLOW ANALYSIS 

6.1 INTRODUCTION 

In the previous chapters. modeling of the major components of an elecuic power 
system was discussed. This chapter deals with the steady-state analysis of an in­
terconnected power system during normal operation. The system is assumed to be 
operating under balanced condition and is represented by a single·phase network. 
The network contains hundreds of nodes and branches with impedances specified 
in per unit on a common MVA base. 

Network equations can be fonnulated systematically in a variety of fonns. 
However, the node-voltage method. which is the most suitable fonn for many 
power system analyses, is commonly used. The formulation of the network equa­
tions in the nodal admittance form results in complex linear simultaneous algebraic 
equations in terms of node currents. When node currents are specified. the set of 
linear equations can be solved for the node voltages. However, in a power system, 
powers are known rather than currents. Thus. the resulting equations in tenns of 
power, known as the power flow equation. become nonlinear and must be solved 
by iterative techniques. Power flow studies. commonly referred to as Ioadflow, are 
the backbone of power system analysis and design. They are necessary for plan­
ning. operation. economic scheduling and exchange of power between utilities. In 
addition, power flow analysis is required for many other analyses such as transient 
stability and contingency studies. 

189 
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In this chapter, the bus adminance matrix of the node-vollage equaliOD is 
fonnulaled , and a MATLAB function named yhus is developed for the system_ 
alic fonnalion of the bus admillance matrix. Next, two commonly used iterative ' 
techniques, namely Gauss·Seidel and Newton-Raphson methods for the solution . 
of nonlinear algebraic equations, are discussed. These techniques are employed in 
the solution of power How problems. Three programs )fgauss, Itnewton, and de- ' 
couple 3fe de\'eloped fo r the solUlion of power flow problems by Gauss.Seidel, 
Newton·Raphson, and the fast decoupled power flow, re.speclively. 

6.2 flUS ADMITTANCE MATRIX 

In order to obtai n the node-voltage equations. consider the simple power system 
shown in Figure 6. 1 where impedances are expressed in per unie on a common 
MVA base and for simplicity res islances are neglected. Since the nodal so[ulion is 
based upon Kirchhoff' s current law, impedances are converted to admittance, i.e., 

I I 
Yij =-= . 

:l;j rij + JX;J 

j l j O.8 
JOA 

2 

j O.2 jO.2 

3 

jO.08 

4 

FlGURE6.1 

'The impedance diagram of. Simple syslem. 
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.:. .:. 

YIO -il -j 1.25 Yw 
- j 2.5 

2 

- j5 Yl:l YlJ - j5 

Y:J.I - j I2.5 

4 

FIGURE 6.2 
·ill,: admi llancc diagram for ~ys lem of Figure 6.1. 

The circuit has been redrawn in Figure 6.2 in terms of admittances and trans­
formation to currem sources. Node 0 (which is nonnally ground) is taken as refer­
ence. Applying KCL to (he independe nt nodes [ through 4 results in 

It = YIO\l1 + Yl'l(Vt - V2) + YI3(VI - VJ ) 

h = !tlOV2 + Y11(V1 - VJ) + Y'13(V2 - VJ) 

0= Y'n(VJ - V2) + Y13(V3 - VI) + YJ4(VJ - V4) 

0= Ya.IWI - VJ ) 

Rearranging these equations yields 

It = (YIO + VI2 + Y13)Vt - YI2V2 - Y13V3 

12 = -Y12Vl + {Y20 + YI2- + Y'23)V2 .... y2JV3 

0= -YI3VI - Y23V2 + (V13 + Y'23 + Y34) Va - Y34 V4 

0= -Y34V3 + YJ4 V4 

We introduce the following admittances 

Yll = YIO + YIZ + YI3 

Y7'2 = !hO + VI2 + V23 
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The node equation reduces to 

Y33 = YI3 + Y23 + YJ4 

Y~4 = YJ-I 

YI2 = Y~l = -Y12 

Yn = Y31 = -Yl3 

Y 23 = Y32 = -Y23 

Y3 .\ = Yl3 = -Y3.] 

h = YII VI + Yl2V2 + Y I3 V3 + Y l4 V4 

12 = Y21 VI + Yn V2 + Y23 V3 + Y24V4 

h = Y3J VI + Y32 V2 + Y:nV3 + Y34 V4 
It = Y1 I VI + Yl2 V2 + Y43 V3 + Y44 V4 

In the above network, since there is no connection between bus I and 4, Yl4 = 
VII = 0; similarly Y2~ = Y42 = O. 

. E~tendin~ the above relation to an n bus system, the node-voltage equation 
In matnx fonn IS 

I, y" Y12 Yli YI " V, 
J, Y21 Y22 }1"2i Y2" V, 

I, 
~ 

Yil Yi2 Yii Yi" V. (6.1) 

I" Y,II Y,,2 Y,,; Y"" V" 
0' 

Ib"s = Y tn. .. V tn.! (6.2) 
where I is th t f h .. The b".. . e ~e~ or 0 t e IOJecled bus currents (i.e., external current sources). 

CUrrent IS posItive when flowing towards the bus, and it is negative if flowing 
away ~rom the bus. V bus is the vector of bus voltages measured from the reference 
node (I.e. node volta"'''c) Y· . k th b· . . , ,,"'''' b" .. IS nown as e us admlttance matnx. The dIag-
onal element. of each node is the sum of admittances connected to it. It is known as 
the self·ad,mttance or driving point admittance, i.e., 

" 
Yii = LYii j t: i (6.3) 

i"'O 

The off-~iagonal element is equal to the negative of the admittance between the 
nodes. It IS known as the mutual admittance or transfer admittance, i.e., 

(6.4) 
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When the bus currents are known, (6.2) can be solved for the n bus voltages. 

(6.5) 

The inverse of the bus admittance matrix is known as the bus impedance malrix 
Zbu .. · The admittance matrix obtained with one of the buses as refl.":rence is nonsin­
gular. Otherwise the nodal matrix is singular. 

Inspection of the bus admittance matrix reveals that the matrix is symmetric 
along the leading diagonal, and we nl.":ed to store the upper triangular nodal ad­
mittance matrix only. In a typical power system network, each bus is connected to 
only a few nearby buses. Consequently. many off-diagonal elements are zero. Such 
a matrix is called sparse, and efficient numerical techniques can be applied to com­
pute its inverse. By means of an appropriately ordered triangular decomposition. 
the inverse of a sparse matrix can be expressed as a product of sparse matrix fac­
tors, thereby giving an advantage in computational speed, storage and reduction of 
round-off errors. However, Zbu .. , which is required for short-circuit analysis, can be 
obtained directly by the·method of building algorithm without the need for matrix 
inversion. This technique is discussed in Chapter 9. 

Based on (6.3) and (6.4), the bus admittance matrix for lhe network in Figure 
6.2 obtained by inspection is 

[-j8.50 j2.50 j5.00 
jlJ 1 Yi-",~ = 

j2,;:;O - jS.75 j5.00 
j5.oo J5.oo -j22.50 

0 0 j12.50 -j12.50 

A function called Y = ybus(zdata) is written for the formation of the bus 
admittance matrix. zdata is the line data input and contains four columns. The 
first two columns are the line bus numbers and the remaining columns contain the 
line resistance and reactance in per unit. The function returns the bus admittance 
matrix. The algorithm for the bus admittance program is very simple and basic to 
power system programming. Therefore, it is presented here for the reader to study 
and understand the method of solution. In the program.. the line impedances are 
first converted to admittances. Y is then initialized to zero. In the first loop, the 
line data is searched and thl.": off..diagonal elements are entered. Finally. in a nl.":sted 
loop, line data is se~ched to fmd Ihe~ elements connected to a bus, and the diagonal 
I.":lements are thus formed. 

The following is a program for building the bus admittance matrix: 

function[Y] = ybus(zdata) 
nl=zdata(: ,1); nr=zdata(: ,2); R=zdata(:,3); X=zdata(:,4); 
nbr~length(zdata(:,1)); nbus - max(max(nl), max(nr)); 
Z = R + j*Xi ~branch impedance 
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y~ ones(nbr,I).!Zj 
Y = zeros(nbus,nbus)j 
for k z l:nbr; I. formation of 

if nl(k) > 0 k nr(k) > 0 

I.branch admittance 
I. initialize Y to zero 

the off diagonal elements 

Y(nl(k) ,nr(k)) .. Y(nl(k) .nr(k)) -
Y(nr(k) ,nl(k)) - Y(nlCk) ,nr(k}); 

y(k) ; 

end 
end 

for n ~ l:nbus I. formation of the diagonal elements 
for k = l:nbr 

end 

if nICk) ~~ n I nr(k) == n 
YCn,n} .. Y(n,n) + yCk)j 
else. end 
end 

Example 6.1 

The emfs shown in Figure 6.1 are E\ = 1.ILO° and E2 = LOLO°. Use the func­
lion Y = ybus(zdata) to obtain the bus admittance matrix. Find the bus impedance 
matrix by inversion, and solve for the bus voltages. 

With source transfonnation. the equivalent current sources are 

I 
1.1 

, ~ - =: -j1.1 pu 
j1.0 

. 1.0 . 
12 = jO.8 = -)L25 pu 

The following commands 

'l. From To 
z - [ 0 1 

0 2 
1 2 
1 3 
2 3 
3 4 

Y .. ybus (z) 
Ibus: (-j*1.1j 
Zbus - invCY) 
Vbus .. Zbus*Ibus 

result in 

R 
0 
0 
0 
0 
0 
0 

X 
1.0 
0.8 
0.4 
0.2 
0.2 
0.08] j 

-j*1.25; 0; 0]; 
I. bus admittance matrix 

I. vector of bus currents 
I. bus impedance matrix 
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y 

0 8.50i 0 + 2.50i o + 5.00i o + O.OOi 
o + 2.50i 0 - 8.75i o + 5.00i o + O.OOi 
o + 5.00i 0 + 5.00i 0 - 22.50i 0 + 12.50i 
0 + O.OOi 0 + O. OOi o + 12.50i 0 12.50i 

Zbus " 
0 + O. 50i 0 + 0.40i 0 + 0.450i 0 + 0.450i 
o + 0.40i 0 + 0.48i 0 + 0.440i 0 + 0.440i 
o + 0.45i 0 +·0.44i 0 + 0.545i o + 0.545i 
0 + 0.45i 0 + 0.44i o + 0.545i o + 0.625i 

Vbus .. 
1.0500 
1.0400 
1.0450 
1.0450 

The solution of equation Ibus = Y bus V btu by inversion is very inefficienl. It 
is not necessary to obtain the inverse of Y bus. Instead. direct solution is obtained 
by optimally ordered triangular factorization. In MATIAB, the solution of linear 
simultaneous equations AX = B is obtained by using the matrix division operator 
\ (i.e., X = A \ B). which is based on the triangular factorization and Gaussian 
elimination. This technique is superior in both execution time and numerical accu­
racy. It is (wo to three tim~s as fast and produces residuals on the order of machine 
accuracy. 

In Example 6.1, obtain (he direct solution by replacing the statements Zbus 
inv(Y) and Thus'" Zbus*Ibus with Vbus '" Y\ rbus. 

6.3 SOLUTION OF NONLINEAR 
ALGEBRAIC EQUATIONS 

The most common techniques used for the iterative solution of nonlinear algebraic 
equations are Gauss-Seidel, Newton-Raphson, and Quasi-Newton methods. The 
Gauss-Seidel and Newton-Raphson methods are discussed for one-dimensional 
equation. and are then extended to n-dimensional equations. 

6.3.1 GAUSS-SEIDEL METHOD 

The Gauss-Seidel method is also known as the method of successive displace­
ments. To illustrate the technique. consider the solution of the nonlinear equation 
given by 

(6.6) 
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The above function is rearranged and written as 

x = g(X) (6.7) 

If x(k ) is an initial estimate of the variable. x, the following iter:lIive sequence is 
fonned. 

(6.8) 

A solucion is obtained when the difference between the absolute value of the suc­
cessive iler.ltion is less than a specified accuracy. i.e., 

(6.9) 

wh~re { is the desired accuracy. 

Example 6.2 

Usc the Gauss.Seidel method to tind a root of the following equation 

f{ x) = xJ 
- 6x2 + 9x - 4 = 0 

Solving for x, the above ex.pression is written as 

1 J 6 2 4 
x = --x + - x +-

9 9 9 
= 9(X) 

The MATUB plot command is used 10 plot g(x} and x over a range of 0 to 4.5. 
as shown in Figure '6.3. The intersections of g(x) and x results in the roots of 
f(x). From Figure 6.3 two of the roots are found 10 be 1 and 4. Actually, there 
is a repeated rOOI at x = 1. Apply the Gauss·Seidel a1gorithm. and use an initial 
estimate of 

From (6.8), the tirst iteration is 

X(I) = 9(2) = _~(2)3 + ~(2)2 + ~ = 2.2222 
9 9 9 

The second iteration is 

X(2) = 9(2.2222) = -~(2.2222)3 + ~(2.2222)2 + ~ = 2.5173 

The subsequent iterations result in 2.8966, 3.3376, 3.1398. 3.9568. 3.9988 and 
4.0000. The process is repeated umil the change in variable is within the desired 

6.3. SOLUTION OP NONLINEAR ALGEBRAIC EQUATIONS 197 

4.5'-~~~-~-~-~-~-~-~---:71 

4.0 

3.5 

3.0 

2.5 

2.0 

1.5 

FIGURE 6.3 
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x 

(jraphical illustration of the Gauss-Seidel mc:thoo. 

accuracy. It can be seen that the Gauss·Seidel method needs many iterations to 
achieve the desired accuracy, and there is no guarantee for the convel"l!ence. In this 
e1-o:mlple. since the initial estimate was within a "box.ed in" region. the solution 
com·erged in a zigzag fashion to one of the rOO{s. In fact. if the initial' eslimale 
was outside this region. say x {O) == 6. the process would dive rge. A test of conver· 
gl!nce, especially for the n·dimensional case, is diffic ult. and no general methods 
arc known. 

The following commands show the procedure (o r the solution of the given 
equation starting with an inilial estim:lIe of z(O) = 2. 

dx=l; 
x=-2j 
iter " OJ 
disp(' Iter 
vhUe abs (dx) 

'l. Change in var iable i s set to a high value 
1. Initial estimate 

i. Iteration counter 
g dx x')7.Heading for results 
>~ 0.001 titer < 100 'l.Tcs t for convergence 

iter " iter'" lj 1. No. of iterations 
g = -1/9*x-3"'6/9*x~2+4/9 
dx ,. g-x; 
x '" x + dx; 
fprintf('1.g' , 
,nd 

The result is 

'l. Change in variable 
'l. Success ive approximation 

iter), disp ( [g. dx, xl ) 
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Iter g dx x 
1 2.2222 0.2222 2.2222 
2 2.5173 0.2951 2.5173 
3 2.8966 0.3793 2.8966 
4 3.3376 0.4410 3.3376 
5 3.7398 0.4022 3.7398 
6 3.9568 0.2170 3.9568 
7 3.9988 0.0420 3.9988 
8 4.0000 0.0012 4.0000 
9 4.0000 0.0000 4.0000 

In some cases, an acceleration factor can be used to improve the rate of conver­
gence. If cr > 1 is the acceleration -factor, the Gauss-Seidel algorithm becomes 

(6.10) 

Example 6.3 

Find a root of the equation in Example 6.2, using the Gauss-Seidel method with an 
acceleration factor of cr = 1.25: 

Starting with an initial estimate of x(O) = 2 and using (6.10), the first iteration is 

g(2) 1 'j 6 :? 4 
~ -il(2)' + 9(2) + 9 ~ 2.2222 

2 + 1.25[2.2222 - 2] ~ 2.2778 

The second iteration is 

g(2.2778) I 6 4 
-9(2.2778)' + 9(2.2778)' + 9 ~ 2.5902 

2.2778 + 1.25[2.5902 - 2.2778] ~ 2.6683 

!he subsequent iterations result in 3.0801, 3.1831. 3.7238. 4.0084. 3.9978 and , 
.0005. The effect of acceleration is shown graphically in Figure 6.4. Care must ' 

be tak:n not to use a very large acceleration factor since the larger step size may 
result 10 an overshoot. This can cause an increase in the number of iterations or 
even result in divergence. In the MATLAB command of Example 6.2, replace the 
command before the end statement by I = I + 1.25 * dx to reflect the effect of the 
acceleration factor and run the program. 
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4.0 

3.' 

3.0 9{X) = _!x3 + ~x2 + ~ 

2.5 

2.0 

1.5 

1.0 

0.5e--// 

o O:C:--O"'.O"S --;I"".O-C---;-I';. 5--;2::'."0 -~2C;. ,~-c;'3 ."0-"C3Cc. 'C--;4". 0'---~4.5 
x 

FIGURE 6.4 
Graphical illustration of the Gauss-Seidel method using acceleration factor. 

We now consider the system of 11 equations in n variables 

h(Xl,X~,···,.rn)=CI 

h(XI, X2,' .. , Xn) = C2 

in{Xl,X:?,···,Xn)=en 

(6.11) 

Solving for-one variable from each equation. the above functions are rearranged 
and written as 

Xl = Cl + 91{Xt,X:?,'" ,In) 
X:? = C2 + 9:?(XI,X2,"', Xn) 

x" = c" +g,,(.rl,:r:,l,···,:rn ) 

(6.12) 

The iteration procedure is initiated by assuming an approximate solution for each 

of the independent variables (xiO) , X~O} .. " x~O}). Equation (6.12) results in a new 

approximate solution (:1:;1), X;l) .. " x~,l)). In the Gauss-Seidel method, the updated 
values of the variables calculated in the preceding equations are immediately used 
in the solution of the subsequent equations. At the end of each iteration, the cal­
culated values of all variables arc tested against the previous values. If all changes 
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in the variables are within the specified accur.lcy, a solUlion has converged, oth­
erwise another iteration must be perfonned. The rate of convergence can often be 
increased by using a suitable acceleration factor Q, and the iterative sequence be­
comes 

(k+l) _ (k) + «1.:+1) (k) 
x t - x, Q x; cal - X; (6. \3) 

6.3.2 NEWTON-RAPHSON METHOD 

The most widely used method for solving simultaneous nonlinear algebraic equa­
tions IS the Newton-Raphson method. Newton's method is a successive approxima­
tion procedure based on an initial estimate of the unknown and the use of Taylor's 
series expansion. Consider the solution of the one-dimensional equation given by 

(6.14) 

If x(O) is an initial estimate of the solution, and ~x(O) is a small deviation from the 
correct solution, we must have 

E.\p;jjlding the left-hand side of the above equation in Taylor's series about x{O) 
yields 

Assuming the error 6x{O) is very small, the higher-order tenns can be neglected, 
which results in 

where 

~c(O) = c- l{x(O)) 

Adding d..x(O) to the initial estimate will result in the second approximation 
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Successive use of this procedure yields the Newton-Raphson algorithm 

(6.16) 

(6.17) 

(6.16) can be rearranged as 

(6.18) 

where 
dr, (k) 

J") ~ (-'-) 
dx 

The relation in (6.18) demonstrates that the nonlinear equation I(x) - c = 0 is 
approximated by the tangent line on the curve at x(k). Therefore, a linear equation 
is obtained in tenns of the small changes in the variable. The intersection of the 
tangent line with the x-axis results in x(k+ J). This idea is demonstrdted graphically 
in Example 6.4. 

Example 6.4 

Use the Newton-Raphson method to find a root of the equation given in Example 
6.2. Assume an initial estimate of x(O} = 6. 

The MATIAS plot command is used to plot f(x) = x 3 
- 6x :l + 9x - 4 over 

a range of 0 to 6 as shown in Figure 6.5. The intersections of I(x) with the x·axis 
results in the roots of f(x). From Figure 6.5, two of the roots are found to be I and 
4. Actually, there is a repeated root at x = 1. 

Also, Figure 6.5 gives a graphical description of the Newton-Raphson method. 
Starting with an initial estimate of x(O) = 6, we extrapolate along the tangent to 
its intersection with the x-axis and take that as the next approximation. This is 
continued until successive x-values are sufficiently close. 

The analytical solution given by the Newton-Raphson algorithm is 

dl(x) == 3x2 _ 12x + 9 
dx 

6c(0) ~ c _ !(x(O») ~ 0 _ [(6)' - 6(6)' + 9(6) - 41 ~ -50 
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-lOO~----t-----?2----~3----~4----~5----~6 

x 
FIGURE 6.5 

Graphic~1 ilIu$tr~tion of the NcwtOn.RaphsOIl algorithm. 

(
df)'OI 
dx = 3(6)' - 12(6) + 9 = 45 

-50 
= - - = -l.Illl 

45 

There(ore, the result at the end o( the lirst iteration is 

zU) = r(O) + ~.z{O) = 6 - 1.1111 = 4.8889 

The subsequem iterations result in 

%(2) = xO) + ~x(J} = 4.8889 _ 13.4431 = 4 2789 
22.037 . 

:z;<J) = :1;"1'2) + A.r(Z) = 4.2789 _ 2.9981 = 4 0405 
12.5797 . 

X{4) = x{3) +" (3) _ 4 0405 0.3748 
'-lX - . ---=40011 

9.4914 . 

%.(:,) = x("' } + AT("') = 4.001 1 _ 0.0095 = 
9.0126 4.0000 
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We see that Newton's method converges considerably more rapidly than the Gauss­
Seidel method. The method may converge to a root differenl from the expected one 
or diverge if the starting va1ue is not close enough to the roo(. 

The following commands show the procedure ror the solution of the given equation 
by the Newlon-Raphsoo method. 

dX=l; ~ Cbange in variable 
x~input('Enter initial estimate - ) 
iter - 0; 
disp('iter Dc J dx 
while abs(dx) )D 0.001 titer < 100 
iter ~ iter + 1; 
Dc ~ a - (x-3 - 6.x-2 + 9.x - 4); 
J = 3*x-2 - 12*x + 9; 
dx= Dc/ J; 

is set to a high value 
»; % Initial estimate 

% Iteration counter 
x') % Heading 

Test for convergence 
/. No. of iterations 

% Residual 
I. Derivative 

"Change in variable 
x=x + dx; 
fprintf (' "g' • 
end 

I. Successive solution 
iter). disp«(Dc, J, dx, xl) 

The result is 

Enter the initial estima~e - > 6 
iter Do J d, , 

1 -50.0000 45 . 0000 - 1 . 1111 4 .8889 
2 - 13.4431 22.0370 -0 .6 100 4.2789 
3 -2 . 9981 12.5797 - 0 . 2383 4.0405 
4 -0 .3748 9.4914 -0 . 0395 4.0011 
5 -0 . 0095 9.0126 - 0 . 0011 4 . 0000 
6 -0.0000 9.0000 -0 . 0000 4.0000 

Now consider the n·dimensional r:quations given by (6.11). Expanding the left­
hand side of the equations (6.11) in the Taylor's series about the initial estimates 
and neglecting all higher ordet terms, leads to the expression 
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or in malrix fonn 

Cl - (!I)(O) 

Cl - (12) (0) 
= 

(~)'O' 

(~t' 
(~t' 
(~t 

In shon (onn, it can be written <1..<; 

L\. C(J.-) .= J {k)l:!.X{J:) 

oc 

.6.X(k) = [J(k)r I.a.C(k) 

U!;t' .6 (0) 

" 
(M;;t' A (0) x, 

(U;)'O' .6x!~) 

and the Newton ·Raphson algori thm for the n-dimensional case becomes 

X(l·+ I) == X(k) + ..6.X(k) 

where 

(kJ 

[ " - U,)'" ] 
~x, 

'" C2 - (12)(1.:) 6.X(k) == .o. x"2 
and L\.C(k) = . 

(kJ 
c" - Un)'" .o.x" 

(~)") (~f) (M;;f) 
)(k) = (~)") (~)") (M;;)" ) 

(~ )") (~)") 
·JUr.) is called the Jacobian matrix. Elements of this matrix are the partial 

derivatives evaluated at X(k) . It is assumed that J(k) has an inverse during each 
iteration. Newton's method. as applied to a set of nonlinear equations. reduces the 
problem to solving a set of linear equations in order to determine the values that 
improve the accuracy of the estimates. 

The solution of (6.19) by inversion is very inefficient. It is not necessary 
to obtain the inven:e of Jek

}. Instead, a direct solution is obtained by optimally 
ordered triangular factorization. In MATLAB, the solution of linear simultaneous :. 
equations l:!.e = j l:!.X is Obtained by using the matrix division operator \ . . 
D..X = J \ l:!.C) which is based on the triangular factorization and Gaussian elim­

(U;)") 

ination. 

6.3. SOLlmaN OF NOl'lLIN!AR ALGEBRAIC EQUATIONS 205 

Example 6.5 

Use the Newton-Raphson method to find the intersections of the curves 

:t~+x~ = 4 

e% l+ x2 = 1 

Graphically, the solution to this system is represented by the intersections of the 
circle x; + 2~ = 4 with the curve ~I + 22 = 1. Figun: 6.6 shows that these are 
near (I, -1.7) and (-1.8,0.8). 

2 
x~ + x~ = 4 

-1 

- 2 

-~~3~---~2~---~1---'O~---1~L-~2'---~3 
, 

FIGURE 6.6 
Gnphs of Example 6.S. 

Taking partial derivatives of the above functions results in the Jacobian matrix 

J = [~!: ~l] 
The Newton-Raphson algorithm for the above system is presented in the following 
statements. 

iter"" 0; I. Iteration counter 
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x-input C' Enter initial 
Ox • [1; 1]; I. Change 
C-(4; 1); 
disp ( ' Iter DC 

estimates, col. vector(xl;x2) - >'); 
in variable is set to a high value 

Jacobian matrix Dx x'); 
1. Heading for results 

whi le max(abs(Dx» >= 0 .0001 ~ iter <10 l.Convergence test 
i ter-iter+ l; 1. I te ration counter 
f - ( x( 1 )~2.x(2)~2; exp(x(1»+x (2»); 1. Functions 
DC .. C - f; 1. Res i duah 
J = [2 . x( 1) 2-x (2) 'l. Jacobian matrix 

exp(x(t» 1); 
Dx-J\OC; 
x-x+Ox; 
fprintf('l.g' , 
,nd 

iter), disp([OC, J, 

'l. Change in 
I. Successive 

Ox, x]) 

variables 
solutions 
1. Resu lts 

When the program is run. the user is prompted to enter thl'! initial e~timate . 
Let us try an initial estimate given by [0.5; -1]. 

Enter Ini tia1 es timates, col. vector [Xt; X2} _ [0 .5; - 1) 

Iter i:> G 
1 2 . 7500 

0 . 35 13 
2 - 1 . 5928 

-0 .7085 
3 -0. 1205 

-0. 1111 
4 -0 .0019 

- 0 .0025 
5 -0 . 0000 

-0 . 0000 

Jacobian matrix 
1.0000 -2. 0000 
1 .6487 
2.6068 
3.6818 
2 . 0946 
2 . 8499 
2.0102 
2 . 7321 
2.0083 
2.7296 

1. 0000 
- 3.9466 

1 .0000 
-3.4778 

1.0000 
-3 .4593 

1 .0000 
-3.4593 

1.0000 

i:>x x 
0.8034 1.3034 

-0.9733 -1.9733 
-0.2561 1 . 0473 
0.2344 -1. 7389 

- 0.0422 1. 0051 
0.0092 - 1 .7296 

-0 .0009 1.0042 
0 .0000 -1.7296 

-0 .0000 t .0042 
-0 .0000 -1.7296 

A{(er five iterations, the solution converges to Xl = -1.0042 and x2 = - 1.7296 
accurate to fou r decimal places. Starting with an initial value of [-0.5; 1], which 
is closer to the other intersection. results in Xt = - 1.8163 and X2 = 0.8374 . 

Example 6.6 

Starting with the initial values, Xl = 1, X2 = 1, and X3 = 1. solve the following 
system of equations by thl! Newton-Raphson method. 

.2 "2 "2 
J · t - Xl + Xl = 11 

2 3 3 X I :r: ~ +:.1:2 - X3 = 

Xt - :/'\X3 + X2:.!:) 6 
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Taking partial derivatives of the above functions resuhs in the Jacobian matrix 

The following slatemenlS solve the given system of equations by the Newton­
Raphson algorithm 

Ox'='[10;10;10); 
x=[I; 1; 1); 
C=[l1; 3; 6J; 

'l.Change in variable is set to a higb value 
1. Initial estimate 

iter" 0; 
while max(abs(Dx»>= .OOOl 
iter >= iter. 1 

'l. Iteration counter 
l iter< 10 ;1.Tes t for convergence 

'l. No. of iterations 
F - [x(1)-2-x(2) -2+x(3)-2 

x(I)*x(2)+x(2) -2- 3*x(3) 
xO) -x (1) -x (3) +x (2) * x(3» ) ; 

DC "'C - F 
2*x (3) 
-3 

'l. Functions 

1. Residuals 
'l. Jacobian matrix J - [2*x(t) 

x (2) 
l-x(3) 

-2*x(2) 
x(I)+2*x(2) 
x(3) - :x(1)+xC2») 

Dx=J \DC 
x-x.Dx 
,nd 

The program resulls for Ihl'! firs.1 iteration are 

DCo J " 
10 2 - 2 

4 1 3 
5 0 1 

Ox - x -
4.750 5.750 
5.000 6.000 
5.250 6.250 

"Change in variable 
I. Successive solution 

2 
- 3 
0 

After six iterations. the solution converges to X l .= 2.0000, X2 = 3.0000, and 
Xl = 4.0000. 

Newton's method has the advantage of converging quadratically when we 
are near a root. However, more functional evaluations ~ required during each 
iteration. A very important limitation is thai it does not generally converge to a 
solution from an arbitrary starting point. 
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6.4 POWER FLOW SOLUTION 

Power flow studies, commonly known as load flow, fonn an important part of 
power system analysis. They are necessary for plomning, economic scheduling, and 
control of an existing system as well as planning its future expansion. The problem 
consists of detennining the magnitudes and phase angle of voltages at each bus and 
active and reactive power flow in each line. 

In solving a power flow problem. the system is assumed to be operating under 
balanced conditions and a single-phase model is used. Four quantities are associ­
ated with each bus. These are voltage magnitude IVI. phase angle J, real power P, 
and reactive power Q. The system buses are generally classified into three types. 

Slack bus One bus, known as slack or swing blls. is taken as reference where the 
magnitudc and phase angle of the voltage are specified. This bus makes up 
the difference between the scheduled loads and generated power that are 
caused by the losses in the network. 

Load buses At these buses the active and reactive powers are specified. The mag­
nitude and the phase angle of the bus voltages are unknown. These buses are 
called P-Q buses. 

Regulated buses These buses are the genaalOr buses. They are also known as 
voltage-controlled buses. At these buses, the real power and voltage magni­
tude are specified. The phase angles of the voltages and the reactive power 
are to be detennined. The limits on the value of the reactive power are also 
specified. These buses are called P-V buses. 

6.4.1 POWER FLOW EQUATION 

Consider a typical bus of a power system network as shown in Figure 6.7. Trans­
mission lines are represented by their equivalent 1T models where impedances have 
been converted to per unit admittances on a common MVA base. 

Application of KCL to this bus results in 

Ii :::: Y;o V; + YiI (Vi - Vt) + Yi2{Vi - V2) + ... + Yin{Vi - Vn ) 

::: {y;o +Yi1 + Yn + ... +Yin)Vi -YilV1 - Yi2V2 - ... - YinVn (6.23;1; 

n n 

Ii ~ V; LYi; - LYi;\'; j #- i 
j=o j _ 1 
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V. V, 
Yil 

Yi2 V, 

I 

Yin Vn 

.0 

= 

FIGURE 6.7 
A typical bus of the power system. 

The real and reactive power at bus i is 

(6.25) 

1- Pi - jQi 
• - V;. (6.26) 

Substituting for Ii in (6.24) yields 

(6.27) 

From the above relation. the mathematical fonnulation of the power flow 
problem results in a system of algebraic nonlinear equations which must be solved 
by iterative techniques. -

6.5 GAUSS·SEIDEL POWER FLOW SOLUTION 

In the power l10w study, it is necessary to solve the set of nonlinear equations 
represented by (6.27) for two unknown variables at each node. In the Gauss-Seidel 
method (6.27) is solved for Vi, and the iterative sequence becomes 

P~d'_iQ~eh (k) 
• v;.tli ) 1 + E Yii Yj 

LYij 
j#-i (6.28) 
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where Yij shown in lowercase letters is the actual admittance in per unit. . 
and Qi"h are the n:t real ~d reactive powers expressed in per unit In writing 
KCL, current entenng bus 1 was assumed posilive. Thus, for buses where real 
reactive powers are injected into the bus,- such as generator buses, p.fch and 
have positive values. For load buses where real and reactive power~ are flowing 
away from the bus, Pt

ch and Qich have negative values. If (6.27) is solved for 
and Q" we have 

" " p,hl, ~ lR{V""[V(kl '\' _ '\' .V'kl[l 
I " GY') GY'J J j -I- i 

j=O j=1 

" 11 q"'" ~ -Q{V·I"[V(k' '\' _ '\' . (k' 
, " GY'J L..,y.J\Ij ]} j -I- i 

]-=0 j=l 

The power Row equation is usually expressed in terms of the elements of ' 
the bus admittance matrix. Since the off-diagonal clements of the bus admittance 
matrix Ylrus , shown by uppercase leuers, are Yij = -Yij, and the diagonal elements 
are Yi; = LYlj, (6.28) becomes 

and 

P,och jO"," (k' - - "" l'V· 
(k II V,_(k) - L..,,,, 1] J 

~.+ = --~----~~"~~~ 
Y,i 

p(k+lJ = n{v*(k)[V(I.:)y'_ + ,!!..... y:. V(I.:J[l 
I '1 II G I) j 

)=1 
hi; 

Qik+lJ = -~{\Ii.(t)[~(I.:JY;i + t Yij\lj(k)n 
J=l ,"; 

j-l-i 

j -I- i 

y'. includes the d " 
II a ml tance to ground of line charging susceptance and any other 

fixed .~mittance to ground. In Section 6.7, a model is presented for transformers 
COntrumng off nom,·na',' h' h' 'd th • f S' - ra 10, w Ie mc u es e eflect 0 transformer tap setting. 

mce both components of voltage are specified for the slack bus there are 
2(n -.1) equations which must be solved by an iterative method. Under normal 
operatmg d" .con Illons, the voltage magnitude of buses are in the neighborhood of 

'

1.0 per umt or close to the voltage magnitude of the slack bus. Voltage magnitude at -

oad buses are so h I th ~~:.~~': mew at ower an the slack bus value, depending on the 
P?wer demand, whereas the scheduled voltage at the generator buses are : 
higher. Also the h 'f h ' P ase ang e 0 t e load buses are below the reference angle in 
accordance to the I d rea power emand, whereas the phase angle of the generator 
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buses may be above the reference value depending on the amount of real power 
flowing into the bus. Thus, for the Gauss-Seidel method, an initial voltage estimate 
of 1.0 + jO.O for unknown voltages is satisfactory, and the converged solution 
con-eiales with the actual operating states. 

For P-Q buses, the real and reactive powers Ptch and Q:ch are known. Start­
ing with an initial estimate, (6.31) is solved for the real and imaginary components 
of voltage. For the voltage-controlled buses (P-V buses) where prh and IViI are 

specified, first (6.33) is solved for Q;I.:+Il, and then is used in (6.31) to solve for 

v,(k+I). However, since IVil is specified, only the imaginary part of V?+I) is re­
tained, and its real part is selected in order to satisfy 

(6,34) 

oc 

(6.35) 

where e;k+IJ and 1."'+1) are the real and imaginary components of the voltage 

v;ik+IJ in the iterative sequence. 
The rate of convergence is increased by applying an acceleration factor to the 

approximate solution obtained from each iteration. 

,.(k+l\ = ~.(k) , '(TII.:" _ ~,(I.:J) 
1-', ,---r- u 1 cal I (6.36) 

where 0: is the acceleration factor. Its value depends upon the system. The range of 
L3 to L 7 is found to be satisfactory for typical systems. 

The updated voltages immediately replace the previous values in the solution 
of the subsequent equations. The process is continued until changes in the real and 
imaginary components of bus voltages between successive iterations are within a 
specified accuracy, Le., 

(6.37) 

For the power mismatch to be reasonably small and acceptable, a '{ery tight tol­
erance must be specified on both componenLS of the voltage. A voltage accuracy 
in the range of 0.00001 to 0.00005 pu is satisfactory. In practice, .the method for 
detennining the completion of a solution is based on an accuracy mdex set up on 
the power mismatch. The iteration continues until the ~agnitude of the l~est ele­
ment in the AP and 6.Q columns is less than the speCified value. A typICal power 

mismatch accuracy is 0.001 pu 
Once a solution is converged, the net real and reactive powers at the slack bus 

are computed from (6.32) and (6.33). 
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6.6 LINE FLOWS AND LOSSES 

After the iterative solution of bus voltages, the next step is the computation of line 
flows and line losses. Consider the line' connecting the ~wo buses i and j in Figure 
6.8. The line current I ij • measured at bus i and defined positive in the direction 

I 
II; ., Yij 

YiO 

FlGURE 6.S 
Transmission line moot! for calculating line flows. 

i -> j is given by 

(6.38) 

Similarly. the line current 1ji measured at bus j and defined positive in the direction 
j ...... i is giwll by 

I j ; = ~It + 1jo = Yij{Vj ~ \Ij) + YjoVj 

The complex powers S'j from bus i to j and Sji from b~s j to i are 

Sij = ViIi} 

Sji = VjIji 

(6.39) 

(6.40) 

(6.41) 

The power loss in line i ~ j is the algebraic sum of the power flows detennined 
from (6.40) and (6.41), i.e., 

(6.42) 

The power flow solution by the Gauss-Seidel method is demonstrated in the 
following two examples. 

Example 6.7 

Figure ~.9 shows the one-line diagram of a simple three-bus power system with 
generatIOn at bus I. The magnitude of voltage at bus 1 is adjusted to 1.05 per 
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unit: The scheduled loads at buses 2 and 3 are as marked on the diagram. Line 
impedances are marked in per unit on a lOO-MVA base and the line charging sus­
ceptances are neglected. 

1 0.02 + jO.04 
2 

0.01 + jO.03 0.0125 + jO.025 

Slack Bus 3 -r--'-.,-
VI = 1.05LO° 

138.6 45.2 
MW Mvar 

FIGURE 6.9 
One.line diagram of Example 6.7 (impedances in pu on lOO-MVA b~sc). 

256.6 
MW· 

110.2 
Mvru-

(a) Using the Gauss-Seidel method, detennine the phasor values of the voltage at 
the load buses 2 and 3 (P-Q buses) accurate to four decimal places. 
(b) Find the slack bus real and reactive power. 
(c) Detennine the line flows and line losses. Construct a power flow diagram show­
ing the direction of line flow. 

(a) Line impedances are converted to admittances 

_ 1 ~ 10 ~ ·20 
Y12 - 0.02 + jO.04 - ) 

Similarly, YIJ = 10 - j30 and yn = 16 - j32. The admittances are marked on the 
network shown in Figure 6.10. 
At the P_Q buses, the complex loads expressed in per units are 

S~ch = ~ (256.6 + j110.2) = ~2.566 _ j1.102 pu 
100 

S~ch = _ (138.6 + j45.2) = ~ 1.386 ~ j0.452 pu 
100 

Since the actual admittances are readily available in Figure 6.10, for hand calcu­
lation, we use (6.28). Bus I is taken as reference bus (slack bus). Starting from 

an initial estimate of viOl = 1.0 + jO.O and VJ(O) = 1.0 + jO.O, V2 and V3 are 
computed from (6.28) as follows 

P',c/o jQ'c/' v.(O) 
2 ,,~(o) 2 + Y12 VI + Y23 3 

VP) = -.:..,'----;-----­
Y12 + Y2J 
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1 
YI2 = 10 - j20 2 

2S6.6 
MW 

YI3 = 10 - j30 r..J!.Y"l3~=:...l'16~-.!.j.'!32~r--t-+- 110.2 
M"", 

Slack Bus 3-r-~T 
VI = 1.0S10° 

FIGURE 6.10 

138.6 
MW 

45.2 
Mv", 

One·line diagram or Example 6.7 (adminaoces in pu on lOO-MVA base). 

- 2 ·~tj6· I02 + (10.- j20)(1.05 + jO) + (16 

= (26 JS2) 
= 0.9825 - jO.031O 

Pj<" _jQ;<1t. {I) 
".10) + Y13 VI + Y2J V2 VP ) == _ -,'l." ---::::-~:::::-__ _ 

YI3 + Y2J 

)32)(1.0 + jO) 

= ~-:,:LJ'~~'.·~Jbr:o. ,:,:., '::+i(~10~!.j3~0I!') (~1 ~.O~S ;+:.!j~O )~+~( 1~6-=-,J;:'3~2 )~(0~.9~8~2:S ..::-:.!)~·0~.03~1~0) 
(26 j62) 

= 1.0011 - jO.03S3 

For the se<:ond iter.ltion we have 

v.F) == o.~~+~&~~% + (10 - )20)( 1.05 + iO) + (16 j32)( 1.001 1 - jO.0353} . 

= 0.9816 - jO.OS20 

aod 

v. {2) _ , - + (10-, 

= 1.0008 - jO.04S9 

(26 jS2) 

The p~ess is continued and a solution is converged with an accuracy of 5 x 
per umt In seven iter.lIions as given below. 

VPl = 0.9808 - jO.OS78 vP) = 1.0004 - jO.0488 

V2(4) = 0.9803 - jO.0594 

vP) == 0.9801 - jO.0598 

V,J6) == 0.9801 - jO.0599 

VP) = 0.9800 - jO.OGOO 

The final solution is 
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vr} = 1.0002 - jO.0497 

v?) = 1.0001 - jO.0499 

Vr) = 1.0000 - jO.0500 

VP) = 1.0000 - jO.0500 

V2 = 0.9809 - jO.0600 = 0.98183 L -3.50350 pu 

V:J = 1.0000 - jO.0500 = 1.00125L -2.8624D . pu 

(b) With the knowledge of all bus voltages, the slack bus power is obtained from 
(6.27) 

PI - jQI = VtIVI(YI2 + Y13) - (Y12V2 + YI3V3)] 

= 1.05[1.05(20 - j50) - (10 - j20)(0.98 - j.OB)­
(10 - j30)(1.0 - jO.OS)[ 

= 4.095 - j1.S!)O 

or the slack bus real and reactive powers are PI = 4.095 pu = 409.5 MW and 
QI = 1.890 pu = 189 Mvar. 

(c) To find the line flows, first the line currents are computed. With line charging 
capacitors neglected, the line currenl~ are 

I" = y,,(VI - V,) = (10 - j20)[( 1.0S + jO) - (0.98 - jO.06)[ = 1.9 -jO.8 
1;11 = - /)2 = -1.9 + j O.8 

I" = y,,(VI - V,) ~ (10 - j30)[(1.0S + jO) - (1.0 - jO.OS)1 = 2.0 - j1.0 
/ 31 := -113 = -2.0+ j1.0 

I" = ,,,,(V, - V,) = (16 - j32)[(0.98 - jO.(6) - (1 - jO.OS)[ = -.64 + j.48 

132 = - 123 = 0.64 - j0.48 

The line flows are 

8" = VII;, ~ (1.05 + jO.0)(1.9 + jO.8) = 1.99S + jO.84 pu 

= 199.5 MW + j84.0 Mvar 

8" = V,I;I ~ (0.98 - jO.06)(-1.9 - jO.8) = -1.91 - jO.67 pu 

= -191.0 MW - j67.0 Mvar 

8" = VII;, ~ (1.05 + jO.0)(2.0 + j1.0) = 2.1 + jl.OS pu 

= 210.0 MW + ;105.0 Mvar 
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216 6_ POWER FLOW ANALYSIS 

331 = V3 l il = (1.0 ~ jO.05)( -2.0 ~ j1.0) = -2.05 ~ jO.90 pu 

= ~205.0 MW - j90.0 Mvar 

523 = V2 1:i3 = (0.98 ~ jV.OG)( -0.656 + j0.48) = -0.656 ~ j0.432 pu 

= -65.6 MW ~ j43.2 Mvar 

SJ2 = V3li2 = (1.0 ~ jO.05)(0.64 + j0.48) = 0.664 + j0.448 pu 

= 66.4 MW + j44.8 Mvar 

and the line losses are 

SL 12 = SI2 + S21 = 8.5 MW + j17.0 Mvar 

SL 13 = 513 + B.11 = 5.0 MW + j15.0 Mvar 

5 L 23 = S2:1 + SJ2 = 0.8 MW + j1.60 Mvar 

lh:: power flow diagram IS shown in Figure 6.11. where real power direction is 
indicated by --> and the reactive power direction is indicated by 1---->. The 
within parentheses arc the rca! and reactive losses in the line. 

1 199.5 191 - -409.5 
-j->-- 84.0 

-j->- 210.0 205 66.4 -189 
-j->-
105.0 

FIGURE 6.11 

Power flow diagram ofE:..amp!e 6.7 (powers in MW and Mvar)_ 

Example 6.8 

Figure 6.12 shows the one~line diagram of a simple three-bus power system 
generators at buses 1 and 3. The magnitude of voltage at bus I is adjusted to 1.05 
pu. Voltage magnitude at bus 3 is fixed at 1.04 pu with a rea] power generation 
of 200 MW. A load consisting of 400 MW and 250 Mvar is taken from bus 

Line impedances are marked in per unit on a 100 MVA base. and the I;::::~~;~:~ 
susceptances are neglected. Obtain the power flow solution by the ( 
method including line flows and line losses. 
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1 2 0.02 + jO.04 
r-------~~~~----~_400 

MW 

0.01 + jO.03 r~0':!.0l!I~25~+..!j,,!0~.0~25~r-t->- 250 
My", 

Slack Bus 3 --'----,---"'-
VI = l.05LO" 

FIGURE 6.12 

t 
200 
MW 

I V3 I~ 1.04 

One-line diagram of E:..ample 6.8 (impedances in pu on !OO·MVA base). 

Line impedances converted to admittances are Y12 = 10- j20, Yi3 = 10-j30 
and Y23 = 16 - j32. The load and generation expressed in per units are 

s sch = _ (400 + j250) = ~4.0 ~ j2.5 
2 100 pu 

nsr:h_ 200 -20 pu 
1.1 - lUO - . 

Bus I is taken as the reference bus (slack bus). Starting from an initial estimate of 

V}O) = l.0 + jO.O and V3(O) = 1.04 + jO.O, V2 and V3 are computed from (6.28). 

= 0.97462 ~ jO.042307 

Bu:;3 is a reo-ulated bus where voltage magnitude and real power are specified. For 
the voltage-;ontrolled bus. first the reactive power is computed from (6.30) 

. I'll} Q(I) = -<J{v:t(O) [V}O)(YI3 + YZJ) - Yl3 Vl ~ Y23 V2 
, ~ -\l«(1.04 - jO)l(1.04 + jO)(26 - j62) - (10 - j30)(1.05 + jO)­

(16 - j32)(0.97462 - jO.042307)jJ 

= 1.16 
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218 6. POWER FLOW ANALYSIS 

The value of Q~I) is used as Q3ch for the computation of voltage at bus 3. 

complex. vollage at bus 3, denoted by vS}, is calculated 

p,e!. jQ'c!. (I) 
J v-(O) 3 + YI3 VI + Y23 V 2 

Vc~1} = --"-' ----___ ~ 
YI3 + Y23 

= 2i~o/!.j~6 + (10 j30)(1.05 + jO) + (lG ;32)(0.97462 ;0.042307) 

= 1.03783 - jO.005170 
(26 ;62) 

Since iV31 is held constant at 1.04 pu, only the imaginary port of V(I) . .' ed 
. (I). c3 IS retam • 
I.e, 13 = -0.005170, and Its real part is obtained from 

e~1} = V(1.04)2 - (0.005170p = 1.039987 

Thus 

V}I) = 1.039987 - jO.005170 

For the second iter.Jtion, we have 

VI:.! + Y23 
'1.0+j2.5 

= .97.1I;2+j.O-l2307 + (10 ;20)(1.05) + (IG ;32)(1.039987 + ;0.(05170) 

= 0.971057 - jO.043432 
(26 )52) 

Q(2) _ D'{ .(1) (I) (2) 
3 - - V3 • [V3 (Y13 + V23) - YI3 VI - Y23 V 2 ]} 

~ -'S{(1.039987 + ;0.005170)[(1.039987 - ;0.005170)(213 - ;62)­

(10 - ;30)(1.05 + ;0) - (16 - ;32)(0.971057 - ;0.043432)J) 
= 1.38796 

P'C!. 'Q'<!' . 
~ } 3 + V v.(2) 

V(2) __ --"2.';_('_' __ Y_'_3_'_+~Y~23=-:2~ 
c3 -

Y13 + Y23 
2.0 jt.3S796 

\.03!J9117+jO.00$17 + (10 ;30){1.05) + (16 

= 1.03908 - jO.00730 
(26 ;62) 

;32)(.971057 ;.043432) 
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Since jV31 is held constant at 1.04 pu, only the imaginary part of Vc~2) is retained, 

i.e, fY) = -0.00730, and its real-part is obtained from 

e~2) = V(1.04)2 - (0.00730)2 = 1.039974 

0' 

VP) = 1.039974 - jO.00730 

The process is continued and.a solution is converged with an accuracy of 5 x 10-5 

pu in seven iterations as given below. 

vP) = 0.97073 - jO.04479 

V2(4) = 0.97065 - jO.04533 

V2{.5} = 0.97062 - jO.04555 

V?) = 0.97061 - )0.04565 

VP) = 0.97061 - jO.04569 

The final solution is 

Q~3) = 1.42904 

Q~I) = 1.44833 

Q~5) = 1.45621 

Q~6) = 1.45947 

Q~7) = 1.46082 

vP) = 1.03996 - jO.00833 

V}4) = 1.03996 - jO.00873 

Vr') = 1.03996 - jO.00893 

V
3
(6) = 1.03996 - jO.OO9oo 

VP) = 1.03996 - jO.00903 

V2 = 0.97168L-2.0948" pu 

83 =2.0+j1.4617 pu 

V3 = 1.04L-.498" pu 

8 1 = 2.1842 +j1.4085 pu 

Line flows and line losses are computed as in Example 6.7, and the results ex­
pressed in MW and Mvar are 

8 12 = 179.36 + j118.734 821 = -170.97 - jlO1.£147 SLl2 = 8.39 + j16.79 

8 13 = 39.06 + j22.118 831 = -38.88 - j 21.569 8Ll3 = 0.18 + jO.548 

8 23 = -229.03 - j148.05 8 32 = 238.88 + j167.740 SL23 = 9.85 + j19.69 

The power flow diagram is shown in Figure 6.13, where real power direction 
is indicated by -+ and the reactive power direction is indicated by ........ The values 
within parentheses are the real and reactive losses in the line. 
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218.423 1 , 

I , 
140.852 

FIGURE 6.13 

179.362 
~ ---118.734 

~ (.183) 
-I->- (.548) 
22.118 

38.878 
~ 

(8.393) 
(16.787) 

170.968 , 2 

I ' 
101.947 400 

~78 (9.847) ~2 
-t->- -+->- (19.693)~ 250 
21.569 167.746 148.053 

3 ---'-,--'-

1 t 
200 146.177 

Power flow diagram of Example 6.8 (powers in MW and Mvar). 

6.7 TAP CHANGING TRANSFORMERS 

In Section 2.6 it was shown that the flow of real power along a transmission line is 
determined by the angle difference of the terminal voltages, and the flow of reactive 
power is determined mainly by the magnitude difference of terminal voltages. Real 
and reactive powers can be controlled by use of tap changing transfonners and 
re-glll:ilin:,;: transformers. 

III a tap .:hanging transfunner, when the ratio is at the riominal value, the 
transfonner is represented by a series admittance YI in per unit. With off-nominal 
ralio, the per unit admittance is different from both sides of the transformer, and the 
admittance must be modified to include the effect of the off-nominal ratio. Consider 
a transfonner with admittance y! in series with an ideal transfonner representing 
the off-nominal tap ratio l:a as shown in Figure 6.14. YI is the admittance in per 
unit based on the nominal tum ratio and a is the per unit off~nominal tap position 
allowing for small adjustment in voltage of usually ±10 percent In the case of 
phase shifting transfonners, a is a complex number. Consider a fictitious bus x 
bet~een the tum ratio and admittance of the transfonner. Since the complex power 
on eIther side of the ideal transfonner is the same, it follows that if the voltage goes 
through a positive phase angle shifl. the current will go through a negative phase 
angle shift Thus, for the assumed direction of currents, we have 

V, ~ 

1 
-V 
a ' 

[, -a*Ij 

The current Ii is given by 
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l:a 

FIGURE 6.14 
Transfonner with tap setting rOllio a: 1 

Substituting for VI> we have 

(6.45) 

Also, from (6.44) we have 

1 
I; = --1; 
" a' 

substituting for Ii from (6.45) we have 

I j = - ~~ V; + 1~12 Vj (6.46) 

writing (6.45) and (6.46) in matrix fonn results in 

[ ['J [y, -'1] [ "'J 
I j = -~ ~ Vi (6.47) 

For the case when a is real, the 11" model shown in Figure 6.l5 represents the ad­
mittance matrix in (6.47). In the 11" model, the left side corresponds to the non-tap 
side and the right side corresponds to the tap side of the transfonner. 

NOn-lap side 

FIGURE 6.15 

( 1-") """"ji'T" Yt 

Tap side 

Equivalent circuit for a lap changing transfonner. 
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6.8 POWER FLOW PROGRAMS 

Severa! computer programs have been developed for the power flow solution 
practical systems. Eac? method of. solution consists of four programs. The pro­
gram for the Gauss-SeIdel, method IS Ifgauss, which is preceded by tfybus, and is 
f?l!owed by busout ~nd Imeflaw. Programs Irybus, busout. and lioeflaw are de. 
SIgned to be used with two more power flow programs. These are Ifnewton for, 
the N~wlO.n-Rap.hson m~th~ and decouple for the fast decoupled method. The 
followmg IS a bnef descnpllOn of the programs used in the Gauss-Seidel method. 

Ifybus This ~rogram requires the line and transformer parameters and transformer 
tap sett~ngs specified in t~e inpurfile named linedata. It converts impedances 
to admIttances and obtams the bus admittance matrix_ The program is de. 
SIgned to handle parallel lines. 

Ifgauss This program obtains the power flow solution by the Gauss-Seidel method 
and requires the files named busdata and lincdata. It is designed for the di. 
rect use o~ load and generation in MW and M var, bus voltages in per unit, 
and angle m degrees. Loads and generation are converted to per unit quanti­
tIes ~n the base MVA selected. A provision is made to maintain the generator 
rcacllvc power of the voltage-controlled buses within their specified limits. 
~hc violati~n of reactive poWer limit may occur if the specified voltage is 
eIther too high or too low. After a few iterations (lOlh iteration in the Gauss 
method), the var calculated at the generator buses are examined. If a limit is 
reached, the voltage magnitude is adjusted in steps of 0.5 percent up to ±5 
percent to bring the var demand within the specified limits. 

busout This program produces the bus output result in a tabulated form. The bus 
output result includes the voltage magnitude and angle. real and reactive 
power of generators and loads, and the shunt capacitor/reactor Mvar. Total 
generation and total load are also included as outlined in the sample case. 

Iineflow .This program prepares the line output data. It is designed to display the 
active and reactive power flow entering the line teooinals and line losses as 
well as the net power at each bus. Also included are the total real and reactive 
losses in the system. The output of this portion is also shown in the sample 
case. 
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6.9 DATA PREPARATION 

In order to perfonn a power flow analysis by the Gauss-Seidel method in the MAT­
LAB environment. the following variables must be defined: power system base 
MVA. power mismatch accuracy, acceleration factor. and maximum number of it­
erations. The name (in lowercase letters) reselVed for these variables are basemva, 
accuracy, accel, and maxiter, respectively. Typical values are as follows: 

basemva : 100; 
accel ", 1.6; 

accuracy .. 0.001; 
maxiter = 80; 

The initial step in the preparation of input file is the numbering of each bus. Buses 
are numbered sequentially. Although the numbers are sequentially assigned, the 
buses need not be entered in sequence. In addition, the following data files are re­
quired. 

BUS DATA FILE - busdata The format for the bus entry is chosen to facili­
tate the required data for each bus in a single row. The infonnation required must be 
included in a matrix called busdata. Column I is the bus number. Column 2 con­
tains the bus code. Columns 3 and 4 are voltage magnitude in per unit and phase 
angle in degrees. Columns 5 and 6 are load MW and Mvar. Column 7 through 10 
are MW. Mvar, minimum Mvar and maximum Mvar of generation, in that order. 
The last column is the injected Mvar of shunt capacitors. The bus code entered in 
column 2 is u~<:J fOf iJ<:lIlifying luuJ, voltage-controlled, and slack buses as out­
lined below: 

1 This code is used for the slack bus. The only necessary infonnation for this bus 
is the voltage magnitude and its phase angle. 

o This code is used for load buses. The loads are entered positive in megawatts 
and megavars. For this bus, initial voltage estimate must be specified. This is 
usually I and 0 for voltage magnitude and phase angle, respectively. If volt­
age magnitude and phase angle for this type of b~s are specified, they will 
be taken as the initial starting voltage for that bus instead of a flat start of I 
andO. 

2 This code is used for the voltage-controlled buses. For this bus, voltage magni­
tude, real power generation in megawatts. and the minimum and maximum 
limits of the megavar demand must be specified. 

LINE DATA FILE -linedata Lines are identified by the node-pair method. The 
infonnation required must be included in a matrix called linedata. Columns 1 and 
2 are the line bus numbers. Columns 3 through 5 contain the line resistance, reac­
tance, and one-half of the toralline charging susceptance in per unit on the specified 
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MVA base. The las! column is for the lransfonner tap setting; for lines. I mUSI 
entered in this column. The lines may be entered in any sequence or orde~ with 
the only restriction being that if the entry is a transformer. the left bus number is 
assumed to be the tap side of the transfonneJ". 

The IEEE 30 bus Syslem is used 10 demonstrate the data preparation and the 
use of the power flow programs by the Gauss-Seidel method. 

EX2fI1ple 6.9 

Figure 6.16 is part of the American Electric Power Service Corporation oelwork : 
which is being made available to the electric utility industry as a standard test case 
for evaluating various analytical methods and computer programs for the solution 
of power system problems. Use the Irgauss program to obtain the power solution 
by the Gauss-Seidel method. Bus I is taken as the slack bus with its vol/age ad. ' 
justed to l.06LO° pu. The data for the yoltage-controlled buses is 

Regulated Bus Data 
Bu, Voltage Min. Mvar Max. Mvar 
No. Magnitude Capacity Capacity 

2 1.043 -40 50 
5 1.010 -40 40 
R 1.010 -10 40 

1 II 1.082 -6 24 
1 13 1.07 1 -6 24 

Transformer lap seuing are given in the table below. TIle left bus number is as. 
sumed 10 be the! tap side of the transformer. 

Transformer Data 
Transfonner Tap~uing 
Designation pu 

4_ 12 0.932 
6 - 9 0.978 
6- \0 0.969 

28 - 27 0.968 

The data for the injected Q due to shunt capacitors is 

Injected Q due 10 Capacitors 
Bus No. M,,,, 

10 19 
24 4.3 

2 

G )--t--

14 
) 

4 

8 

FIGUREU6 
3Q...bus IEEE umple system. 
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Three Winding Transfonner 
Equivalents 

13 

~2 
9 10 

c:; 

30 

27 
29 

28 

2. 

G: Generator.; 
C: Synchronous condensers 
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6.9. DATA PREPARATION 227 

Gener.uion and loads are as given in Ihe: data prepared for Use in the 
1. line Data envi ronment in the matrix defined as busdab. Code 0, code 1, and code 2 are 
1. 

X 1/2 B 1 tor Line code or X Bus bus R 
fot the load buses, the slack bus and the vOltage-controlled buses, respe<:tiveiy. 

1. n1 nr pu pu pu tap set.t.ing value 
Values fot basemva, accuracy. accel and maxlter must be specified. Line data 

linedata- [1 2 0 .0 192 0.0575 0.02640 1 
as given in the matrix called linedata. The last column of this data mUSI contain 1 

1 3 0.0452 0.1852 0.02040 1 
for lines, or the tap setting values fot transformers with off-nominallUm ratio. The 

2 • 0 . 0570 0.1737 0.0184.0 1 control commands required are I(yhus, IfgalJSS and UneRow. A diary command 
3 4 0.0132 0.0379 0.00420 1 may be used to save the output to the specified file name. The power Row data and 
2 5 0.0472 0.1983 0.02090 1 

the commands requited are as follows. 

2 6 0 . 0581 0.1763 0.01870 1 
4 6 0.0119 0.0414 0.00450 1 

clear i. clears al l variables from yorkspace. 

5 7 0.0460 0.1160 0.01020 1 
basemva .. 100; accuracy - 0.001; accel = 1.8j maxiter • 100; 

7 0.0267 0.0820 0.00850 1 6 
1. IEEE 30-BUS TEST SYSTEM (Acerican Elect.ric Pover ) 

6 8 0.0120 0.0420 0.00450 1 
1. Bus Bus Voltage Angle - -Load- - -- - Generator- - - Injected 

6 9 0.0 0.2080 0 .0 0.978 
1. No code Mag. Degr-ee MW Mvar MW Hvar Qwin Qmax Mvar 

6 10 0 . 0 0 . 5560. 0.0 0..969 
bUSdata'" [l 1 1.06 0 0.0 0 . 0 0.0 0.0 0 0 0 

9 11 0 . 0 0..2080 0.0 1 
2 2 1.043 0 21.70 12.7 40..0 0.0 -40. 50 0 

9 10 0.0 0.1100. 0 .0 1 
3 0 1 .0 0 2 ."4 1.2 0 . 0 0.0 0 0 0 

• 12 0.0 0.2560 0.0 0. . 932 
4 0 1.06 0 7 . 6 1.6 0.0 0.0 0 0 0 

12 13 0.0 0.140.0 0.0 1 
5 2 1.01 0 94.2 19.0 0 .0 0.0 -40 40 0 

14 0.1231 0.2559 0 .0 1 12 
6 0 1.0 0 0 . 0 0 .0 0.0 0.0 0 0 0 

15 0..0.662 0..130.4 0 . 0 1 12 
7 0 1.0 0 22 . 8 10 .9 0 .0 0 . 0 0 0 0 

16 0.0.945 0.1987 0.0 1 12 
8 2 1.01 0 30.0 30.0. 0.0 0.0 -10 40 0 

15 0 . 2210 0.1997 0 . 0 1 14 
9 0 1.0 0 0 . 0 0.0 0 . 0 0.0 0 0 0 

t7 0.0824 0..1923 0.0 1 16 
10 0 1.0 · 0 5 . B 2 .0 0.0 0 .0 0 0 19 

18 0.10.73 0.2185 0.0 1 15 
11 2 1 .082 0 0.0 0.0 0.0 0.0 -6 2. 0 

19 0 . 0639 0..1292 0 .0 1 18 
12 0 1.0 0 11. 2 7.5 0 0 0 0 0 

20 0..034.0. 0..0.680 0.0 1 19 
13 2 1.071 0 0.0 0.0 0 0 -6 24 0 

20 0 .0936 0.2090. 0.0 1 10 
1. 0 1.0 0 6.2 1.6 0 0 0 0 0 

17 0..0.324 0.0845 0.0 1 10 
15 0 1.0 0 8.2 2. 5 0 0 0 0 0 

21 0.,0348 0.074.9 0.0 1 10 
16 0 1.0 0 3.5 1.8 0 0 0 0 0 

22 0.0.727 0..1499 0 . 0 1 10 
17 0 1.0 0 9.0 5.8 0 0 0 0 0 

22 0.0.116' 0.0236 0.0 1 21 
18 0 1.0 0 3.2 0.9 0 0 0 0 0 

23 O. 100.0 0.20.20. 0.0 1 15 
19 0 1.0 0 9 . 5 3.' 0 0 0 0 0 

24 0.1150. 0 . 1790 0.0 1 22 
20 0 1.0 0 2.2 0.7 0 0 0 0 0 

2. 0.1320 0.270.0. 0.0 1 23 
21 0 1.0 0 17.5 11.2 0 0 0 0 0 

25 O. 1885 0.3292 0.0 1 2. 
22 0 1.0 0 0 .0 0.0 0 0 0 0 0 

26 0.2544 0.3800 0.0 1 25 
23 0 1.0 0 3.2 1.6 0 0 0 0 0 

27 0.1093 0.20.87 0.0 1 25 
2. 0 1.0 0 B. 7 6.7 0 0 0 0 

28 27 0.0.000 0.3960. 0.0 0.968 
25 0 1.0 0 0.0 0.0 0 0 0 0 

0.2198 0..4153 0.0 1 27 29 
26 0 1.0 0 3.5 2.3 0 0 0 0 

0..320.2 0.6027 0.0 1 27 30 
27 0 1.0 0 0.0 0.0 0 0 0 0 

0. . 2399 0.4533 0.0 1 29 30 
28 0 1.0 0 0.0 0.0 0 0 0 0 

0 .0636 0.20.00 0.0.214 1 8 28 
29 0 1.0 0 2.' 0.9 0 0 0 0 

28 0..0.169 0.0.599 0. .0.65 1]; 6 
30 0 1.0 0 10.6 1.9 0 0 0 0 
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lfybus 
lfgauss 
busout 
lineflow 

'l. Forms the bus admittance matrix 
'l. Power flow solution by Gauss-Seidel method 

'l. Prints the power flow solution on the screen 
I. Computes and displays the line flow and losses 

The Ifgauss, busout-and the linefiow produce the following tabulated results. 

Power Flow Solution by Gauss-Seidel Method 
Maximum Power mismatch z 0,000951884 

No. of iterations - 34 

Bu, 
No. 

1 
2 
3 
4 
5 
6 

Voltage 
Mag. 

1.060 
1.043 
1.022 
1. 013 

Angle 
Degree 

0.000 
-5.496 
-8.002 
-9.659 

1.010 -14.380 
1.012 -11.396 

-----Load----- --Generation-- Injected 
MY Mvar MY Mvar Mvar 

0.000 0.000 260.950 -17.010 0.00 
21.700 12.700 40.000 48.826 0.00 
2.400 1.200 0.000 0.000 0.00 
7.600 1.600 0.000 0.000 0.00 

94.200 19,000 0.000 35.995 0.00 
0.000 0.000 0.000 0.000 0.00 

7 1.003 -13.149 22.800 10.900 
8 1.010 -12.114 30.000 30.000 

o 000 0.000 
0.000 30.759 

0.00 
0.00 
0.00 

19.00 
0.00 
0.00 
0,00 
0.00 
0.00 
0.00 
0.00 
0.00 
0,00 
0.00 
0.00 
0.00 
0,00 
4.30 ' 
0,00 
0.00 
0.00 
0.00 

9 1.051 -14.432 
10 1.044 -16 024 
11 1,082 -14.432 
12 1.057 -15.301 
13 1.071 -15.300 
14 1.043 -16.190 
15 1.038 -16,276 
16 1.045 -15.879 
17 1.039 -16.187 
18 1.028 -16.881 
19 1.025 -17,049 
20 1.029 -16.851 
21 1.032 -16,468 
22 1.033 -16.455 
23 1.027 -Hi.660 
24 1.022 -16.829 
25 1.019 -16.423 
26 1.001 -16.835 
27 1.026 -15.913 
28 1.011 -12.056 

0.000 
5 800 
0.000 

11.200 
0.000 
6.200 
8.200 
3.500· 
9,000 
3.200 
9.500 
2,200 

17.500 
0,000 
3.200 
8.700 
0.000 
3.500 
0.000 
0.000 

0.000 
2,000 
0.000 
7.500 
0.000 
1.600 
2.500 
1.800 
5.800 
0.900 
3.400 
0.700 

11. 200 
0.000 
1.600 
6.700 
0.000 
2.300 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0,000 
0.000 
0.000 
0.000 
0,000 
0.000 
0.000 
0,000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 

16.113 
0.000 

10.406 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0,000 
0,000 
0.000 
0.000 
0.000 
0,000 
0.000 
0.000 
0.000 

29 1.006 -17.133 
30 0.994 -18.016 

2.400 
10.600 

0.900 
1.900 
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0.000 
0.000 

0.000 
0.000 

0,00 
0.00 

Total 283,400 126,200 300.950 125.089 23.30 

Line Flow and Losses 

--Line-- Power at bus t line flow 
from to MW Mvar MVA 

1 

2 

3 

4 

5 

6 

7 

2 
3 

260.950 -17.010 
177.743 -22.140 
83.197 5.125 

261.504 
179.117 
83.354 

18.300 
1 -172.282 
4 45.702 
5 82.990 
6 61. 905 

36.126 40.497 
32.657 175.350 

2,720 45.783 
1. 704 83.008 

-0,966 61.913 

-2.400 
1 -80.390 
4 78.034 

-1.200 2.683 
1.954 80.414 

-3.087 78.095 

-7.600 -1.600 
2 -44.596 -3.239 
3 -77.263 4.432 
6 70.132 -17.624 

12 44,131 14.627 

-94.200 
2 -79.995 
7 -14.210 

0,000 
2 -59.858 
4 -69,527 
7 37.537 
8 29.534 
9 27.687 

10 15.828 
28 18.840 

16.995 
6.474 

10.467 

0.000 
3.229 

18.805 
-1.915 
-3.712 
-7.318 
0.656 

-9.575 

-22,800 -10.900 
5 14.361 -12.154 

7.767 
44.713 
77.390 
72.313 
46.492 

95,721 
80.256 
17.649 

0.000 
59.945 
72.026 
37.586 
29,766 
28.638 
15.842 
21.134 

25.272 
18.814 

--Line 1055-- Transformer 
MY Mvar tap 

5.461 
2.807 

5.461 
1.106 
2.995 
2.047 

2.807 
0.771 

1.106 
0.771 
0.605 
0.000 

2.995 
0.151 

2.047 
0.605 
0.368 
0.103 
0.000 
0.000 
0.060 

0.151 

10.517 
7.079 

10.517 
-0.519 
8.178 
2,263 

7.079 
1.345 

-0.519 
1.345 
1. 181 
4.686 

8,178 
-1.687 

2,263 
1.181 

-0.598 
-0,558 

1.593 
1.279 

-13.085 

-1.687 

0.932 

0.978 
0.969 
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8 

9 

10 

11 

12 

13 

14 

15 

16 

6 - 37.170 1.317 37.193 

- 30.000 
6 - 29.431 

28 -0.570 

0. 759 
3.154 

-2. 366 

0.000 0.000 
6 - 27.687 8.9 11 

·11 0.003 -15 .653 
10 27 . 731 6.747 

-5.800 17.000 
6 -15.828 0.623 
9 -27.731 -5 . 936 

20 9.018 3 . 569 
17 5.347 4.393 
21 15.723 9.846 
22 7.582 4.487 

0 .000 16.113 
9 -0.003 16 . 114 

-11.200 
4 -44.131 

13 -0.021 
14 7.852 
15 17.852 
16 7.206 

-7.500 
-9.941 

- 10.274 
2.428 
6.968 
3.370 

30 . 010 
29 .599 

2 . 433 

0.000 
29 . 086 
15 . 653 
28 . 540 

17 . 962 
15 . 840 
28.359 

9 . 696 
6.920 

18 . 551 
6.811 

16 . 113 
16 . 114 

13.479 
45 . 237 
10.274 

6 . 219 
19 . 164 
7.955 

0.000 10 . 406 10 . 406 
12 0.021 10 . 406 10.406 

-6.200 -1 . 600 6.403 
12 -7.778 -2.273 8.103 
15 1.592 0.708 1 . 742 

- 8.200 
12 -17.634 
14 -1.586 
18 6.009 
23 5.004 

-2 . 500 
-6. f?40 
-0.702 

1 .141 
2.963 

-3 .500 -1.800 
12 - 7.152 -3.257 
17 3.658 1.440 

8 .573 
18.808 

1.734 
6.256 
5.815 

3.936 
7.859 
3.931 

0.368 -0.598 

0.103 
0.000 

0.000 
-0 .000 
0 . 000 

0.000 
0.000 
0 . 081 
0 . 014 
0.110 
0.052 

-0.000 

0.000 
0.000 
0 .074 
0.217 
0.053 

0 .000 

0.074 
0.006 

0.217 
0.006 
0.039 
0.031 

0.053 
0.01 2 

-0.558 
-4.368 

1.593 
0.461 
0 . 811 

1.279 
0.811 
0. 180 
0.037 
0.236 
0.107 

0 . 461 

4 686 
0.132 
0.155 
0.428 
0.112 

0 .132 

0.155 
0.006 

0.428 
0.006 
0.079 
0.063 

0.112 
0.027 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

16 
10 

-9.000 
-3 .646 
-5 . 332 

-5.800 
- 1.413 
-4.355 

-3.200 -0.900 
15 -5.970 -1.661 
19 2.779 0.787 

-9 .500 -3 . 400 
18 -2. 7 74 -0.777 
20 -6.703 - 2.675 

-2.200 -0.700 
19 6 . 720 2.709 
10 -8 . 937 - 3.389 

-17.500 -11.200 
10 -15.613 -9.609 
2 2 -1 .849 -1.627 

10 
21 
24 

15 
24 

0.000 
-7. 53 1 

1.850 
5.643 

-3 .200 
-4.972 

1. 77 1 

0.000 
-4.380 

1.628 
2.795 

- 1.600 
-2.900 
·1.282 

-8 . 700 -2 . 400 
22 -5.601 - 2.728 
23 -1. 765 -1.270 
25 -1.322 1.604 

0.000 0.000 
24 1 .330 -1.590 
26 3.520 2.372 
27 -4.866 -0 .766 

-3.500 -2.300 
25 -3 . 476 -2.306 

25 
0.000 
4.892 

0.000 
0.835 

10.707 
3.910 
6 . 885 

3.324 
6.197 
2.888 

10.090 
2.661 
7.217 

2.309 
7.245 
9 . 558 

20.777 
18.333 
2.463 

0.000 
8.712 
2.464 
6 . 297 

3.576 
5.756 
2.166 

9.025 
6 . 230 
2.174 
2.079 

0.000 
2. 073 
4 . 244 
4.929 

4 . 188 
4.171 

0.000 
4.963 
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0.012 
0 . 014 

0.039 
0.005 

0 . 005 
0 . 017 

0 . 017 
0 . 061 

0 . 110 
0 .001 

0.052 
0 . 001 
0 . 043 

0 . 031 
0 . 006 

0 . 043 
0 . 006 
0.006 

0 . 008 
0.044 
0 .026 

0.044 

0.026 

0.027 
0 . 037 

0.079 
0 . 010 

0 . 010 
0.034 

0 . 034 
o. t 80 

0.236 
0.001 

0.107 
0 . 001 
0.067 

0.063 
0 . 012 

0 .067 
0 .0 12 
0.014 

0 . 014 
0 .066 
0.049 

0 . 066 

0.049 
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28 -18.192 -4.152 18.660 -0.000 1.310 
29 6.178 1.675 6.401 0.086 0.162 
30 7.093 1-.663 7.286 0.162 0.304 

28 0.000 0.000 0.000 
27 18.192 5.463 18.994 -0.000 1.310 0.968 

8 0.570 -2.003 2.082 0.000 -4.368 
6 -18.780 -3.510 19.106 0.060 -13.085 

29 -2.400 -0.900 2.563 
27 -6.093 -1. 513 6.278 0.086 0.162 
30 3.716 0.601 3.764 0.034 0.063 

30 -10.600 -'1..900 10.769 
27 -6.932 -1. 359 7.064 0.162 0.304 
29 -3.683 -0.537 3.722 0.034 0.063 

Total loss 17.594 22.233 

6.10 NEWTON-RAPHSON POWER FLOW SOLUTION 

Because of its quadratic convergence, Newton's method is mathematically superior 
to the Gauss-Seidel method and is less pronc to divergence with ill-conditioned 
probkms. For large power systems. the Newton-Raphson method is round to be 
more efficient and practical. The number of iterations required to obtain a solution 
is independent of the system size, but'more functional evaluations are required at 
each iteration. Since in the power flow problem real power and voltage magnitude 
are specified for the voltage-controlled buses, the power flow equation is formu­
lated in polar form. For the typical bus of the power system shown in Figure 6.7. 
the current entering bus i is given by (6.24). This equation can be rewritten in terms 
of the bus admittance matrix as 

" 
I;='L:Y;jVJ 

j=1 

In the above equation, j includes bus i. Expressing this equation in polar form, we 
have 

" 
I, = L 1l'i;IIV,ILO,; + 0; 

j=1 

The complex power at bus i is 
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Substituting from (6.49) for Ii in (6.50), 

" 
P, - jQ, = IV,IL-o, L IY.;IIV,ILO" + 0; (651) 

j=1 

Separating the real and imaginary parts, 

" 
Po = L IV,IIV, 11l'i;1 'oo (0,; - 0, + 0,) (6.52) 

j=1 

" 
Q, = - L 1V,IIV,IIl'i,1 ,in (0" - 0, + 0;) (6.53) 

j=1 

Equations .(6.52) and (6.53) constitute a set of nonlinear algebraic equations in 
terms of the independent variables, voltage magnitude in per unit, and phase angle 
in radians. We have two equations for each load bus, given by (6.52) and (6.53), and 
one equation for each voltage-controlled bus, given by (6.52). Expanding (6.52) 
and (6.53) in Taylor's series about the initial estimate and neglecting all higher 
order terms results in the following set of linear equations. 

6.p(k) ~(k) ~(k) ~P21(k) ~p'l{k) 6.o~k) , 
V, Vo 

6.p~kl [lP .. (1.:\ 
7Jf; 

fW. (k) 

"" 
I 8P. (k) 

>it\! 
8Pn (k) 
aWnl 6.o~k) 

6.Q~k) ~(k) 'iff (k) ~(kl 
V,, 

~(k) 
Vo 

"'1V,{k) I 

6.Q~k) ?!.g!.l(k) "jf.:)k l ~(k) ~(k) 6.IVJk1
J 

"" " v, Vo 

In the above equation, bus 1 is assumed to be the slack bus. The Jacobian matrix 

gives the linearized relationship between small changes in voltage angle 6.0;1.:) 

and voltage magnitude 6.llIi(k) I with the small changes in real and reactive power 

6.Pj{k) and 6.Q~k). Elements of the Jacobian matrix are the partial derivatives of 

(6.52) and (6.53), evaluated at Ll6;k) and Ll)\~{k)l. In short form, it can be written 

" 

[ 
",p 1 [J, J, 1 [ 1l.6 1 
Il.Q = J, J, Il.IVI (6.54) 

For voltage-controlled buses, the voltage magnitudes are known. Therefore, if m 
buses of the system arc voltage-controlled, m equations involving 6.Q and 6. V 
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and the corresponding columns of the Jacobian matrix are eliminated. Accordingly, . 
there are n - 1 real power constraints and n - 1 - m reactive power constraints, 
and the Jacobian matrix is of order (2n - 2 - m) x (2n - 2 - m). J 1 is of the 
order (n - 1) x (n - I). J 2 is of the order (n - 1) x (n - 1 - m), J a is of the 
order (n - 1 - m) x (n - I), and J 4 is of the order (n -1- m) x (n -1- m). 

The diagonal and the off-diagonal elements of J 1 are 

The diagonal and the off-diagonal elements of Jz are 

The diagonal and the off-diagonal dements of .J3 are 

aQ; 
aJ. = I: 1V,11V,11Y;,lco,(B,j - J, + OJ) 

\ j¢i 

~~.; = -I \/i i1\'j I !1'ij I cos(O;j - OJ + OJ} j =A i , 
The diagonal and the off-diagonal elements of J 4 are 

aQ . 
alv:1 = -2j~ll}iil sinOii - L JVjIIYijlsin{Oij - 0; + OJ} 

• jf-i 

~~;I =-IV,IIY;jl,;n(O>j-J;+5j ) ji'i 

The terms .6.p;(k} and ~Q:k) are the difference between the scheduled and calcu-
lated values, known as the power residuals, given by , 

~p(kl = psch _ p(k) , , , 
.6.Q;k) = Qfch _ Q;k) 
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The new estimates for bus voltages are 

t5(k+1) = O(k) + ~O(k) (6.65) , , , 
1v:{k+l11 = W/k)1 + .6.1\tj(k}j (6.66) 

The procedure for power How solution by the Newton-Raphson method is as 
follows: 

1. For load buses, where Ptch and Qi,ch are specified, voltage magnitudes and 
. IVIOll phase angles are set equal to the slack bus values, or 1.0 and 0.0, t.e., i = 

1.0 and 15;°) = 0.0. For voltage-regulated buses, where IVil and p;,ch are 

specified, phase angles are set equal to the slack bus angle, orO, i.e., 0;°) = O. 

2. For load buses, p/k) and Q;k) are calculated from (6.52) and (6.53) and 

~p;(k) and ~Q;k) are calculated from (6.63) and (6.64). 

3. For voltage-controlled buses, p;(k) and .6.Pi{k) are calculated from (6.52) and 
(6.63), respectively. 

4. The elements of the Jacobian matrix Vl, J2. J3. and J 4) are calculated 
from (6.55) - (6.62). 

5. The linear simultaneous equation (6.54) is solved directly by optimally or­
dered triangular factorization and Gaussian elimination. 

6. The new voltage magnitudes and phase angles are computed from (6.65) and 
(6.66). 

7. The process is continued until the residuals .6.p?) and .6.Q~k) are less than 
the specified accuracy, i.e., 

lL'>p,l'll ,;, 
IL'>Q~k) I ,; , (6.67) 

The power flow solution by the Newton-Raphson method is demonstrated in 
the following example. 

Example 6.10 

Obtain the power flow solution by the Newton-Raphson method for the system 01 

Example 6.S. 
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Line impedances converted to admittances are Y12 = 10 - j20, Y13 = 10 - j30, 
and Y23 = 16 - j32. This results in the bus admittance matrix 

[ 

20-j50 -1O+j2O -1O+ j 30] 
Ytn. ! = -10 + j20 26 - j52 -16 + j32 

-10 + j30 -16 + j32 26 - j62 

Converting the bus admittance matrix to polar fonn with angles in radian yields 

[ 

53.85165L -1.9029 22.36068L 2.0344 31.62278L 1.8925] 
YOtl $ = 22.36068L2.0344 58.13777L-1.1071 35.77709L2.0344 

31.62278L 1.8925 35.77709L2.0344 67.23095L -1.1737 

From (6.52) and (6.53), the expressions for real power at bus 2 and 3 and the . 
reactive power at bus 2 are 

P2 = 1V21IVtlIY:.!l1 COS(021 - 02 + od + IVll1Y22I cos 022 + 
1V211V311Y23 1 cos(On - 02 + 03) 

J'3 ~ IV31IVdIY3I1 co,(831 - 03 + Jd + 1V311V,IIY321 ,,,,(832 -
03 + £2) + 1V]IIY33 1 cosOaa 

Q2 = -1V21IVtlIY2lisin(021 - 02 + od -lVlI1Y22Isin022-

I V2 1IVJ I!Y:n 1 sin(02J - 02 + OJ) 

Elements of the Jacobian matrix are obtained by taking partial derivatives of the 
above equations with respect to 02,03 and 1V21. 

8P2 • 
ao, ~ 1V,IIVllfY,d '111(8,1 - 0, + od + 1V,11V31IY,,1 

sintOn - 02 + 03) 
8P2 • • 

803 = -1V2!1V3I IYni sm(023 - 02 + 03) 

aJ', 
alV,1 ~ IVdfY,d ,o,(8,1 - 0, + od + 21V,IIY",1 00' 8" + 

1V311Y,,1 ,,,,(8,, - 0, + 03) 
8Pa . 
00, ~ -1V,IIV,IIY32I,in(832 - 0, + 0,) 

8P3 
a03 ~ 1V31IVdlYnI 'in(831 - 03 + od + 1V311V,IIY,,1 

sin(Oa2 - Oa + 02) 
ap, 

alV,1 ~ IV,IIY"I 00,(8" - 0, + 0,) 
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8Q, 
ao, ~ 1V,llVdlY,d 00,(8,1 - 0, + od + 1V,11V311Y,,1 

COS(823 - 02 + 6a) 
8Q, 
86

a 
= -jV2l1vJ I 1Y23 I cos(82a - 62 + 03) 

~~:I = -I Vtl1Y2ti sin(821 - 52 + 5t} - 2jV2 I 1Y22 I sin 822 -

lVa11Y231sin(823 - 52 + 5J) 

The load and generation expressed in per units are 

S~ch = _ (400 + j25O) = -4.0 _ j2.5 pu 
100 

p$ch 200 0 
J = 100 = 2. pu 

The slack bus voltage is VI = 1.05LO pu, and the bus 3 voltage magnitude is 

]F31 = 1.04 pu. Starting with an initial estimate of IV?) I = 1.0, 5~O) = 0.0, and 

6iO) = 0.0, the power residuals are computed from (6.63) and (6.64) 

tlpiO) = Pich - pia) = -4.0 - (-1.14) = -2.8600 

6.pjO) = p;Ch _ pia) = 2.0 - (0.5616) = 1.4384 

!:J.Q~O) = Q;ch _ Q~O) = -2.5 - (-2.28) = -0.2200 

Evaluating the elements of the Jacobian matrix with the initial estimate, the set of. 
linear equations in the first iteration becomes 

[

-2.8600 ] [ 54.28000 -33.28000 24.86000][ !!.o\,) ] 
1.4384 =. -33.28000 66.04000 -16.64000 ~5~O) 

-0.2200 -27.14000 16.64000 49.72000 !!.[V,(O)I 

Obtaining the solution of the above matrix equation, the new bus voltages in the 
first iteration are 

!!.O\O) ~ -0.045263 

~8~O) = -0.007718 

!!.[V,'O)I ~ -0.026548 

0\1) ~ 0 + (-0.045263) ~ -0.045263 

0;1) ~ 0 + (-0.007718) ~ -0.007718 

[V,(l) I ~ I + (-0.026548) ~ 0.97345 

Voltage phase angles are in radians. For the second iteration. we have 

[

-0,099218] [ 51.724675 -31.765618 21.302567] [ fio~l) ] 
0.021715 = -32.981642 65.656383 -15.379086 6.5il ) 

-0.050914 -28.538577 17.402838 48.103589 !!.[VP) I 
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",d 

6.b~l) = -0.001795 
6.b~l) = -0.000985 

6.WP JI = -0.001767 

For the third iteration, we have 

oiZ) = -0.045263 + (-0.001795) = -0,04706 

o~Z) = -OJ)()7718 + (-0.000985) = -0.00870 

IVF'I ~ 0.973451 + (-0.001767) ~ 0.971684 

r 
-0.000216] 

0.000038 

-0.000143 r 
51.596701 

= -32;933865 

-28.548205 

-31.693866 

65.597585 

17.396932 

and 

6.Si2) = -0.000038 

6.6~2) = -0.0000024 

6.IV.}"))1 = -0.0000044 

b~3) = -0.047058 + (-0.0000038) = -0.04706 

o~3) = -0.008703 + (-0.0000024) = O.U08705 

IVP) I ~ 0.971684 + (-0.0000044) ~ 0.97168 

The solution converges in 3 iterations with a maximum power mismatch of 2.5 x 
10-'\ with V") = O.97168L-2.69Go and V1 = 1.04L-0.4988°. From (6.52) and 
(6.53), the expressions for reactive power at bus 3 and the slack bus real and reac· 
tive powers are 

Q, ~ -IV,IIV,IIY"I,iuW" - 6, + 8,) -IV,IIV,IIY"I 
sin(OJ2 JJ -I- "2) - IFJI21Yd sin 0 33 

PI = IVI 12 1YIl I cos 011 + IVdlV,dIYI2Icos(012 - J1 + 61) + IVdIV31 
IYI31 cos(013 - 61 + o:.!l 

QI = -1V1I21Ylllsin011 -lVdlV:.dIY12 Isin(012 - 61 +6")) -Wi11Y31 
IY13 1sin(013 - OJ + 03) 

Upon substitution, we have 

Q3 = 1.4617 pu 

PI = 2.1842 pu 

Ql = 1.4085 pu 

Finally. the line flows are calculated in the same manner as the line flow calcula· 
tions in the Gauss-Seidel method described in Example 6.7, and the power flow 
diagram is as shown in Figure 6.13. -

A program named Ifnewton is developed for power flow solution by the 
Newton-Raphson method for practical power systems. This program must be pre· 
ceded by the Ifybus program. busout and lineflow programs can be used to print 
the load flow solution and the line flow results. The fonnat is the same as the _. 
Gauss-Seidel. The following is a brief description of the Ifnewton program. 

6.10. NEWTON·RAPHSON POWER FLOW SOLUTION 239 

Ifnewton This program obtains the power flow solution by the Newton-Raphson 
method and requires the busdata and the linedata files described in Sec­
tion 6.9. It is designed for the direct use of load and generation in MW and 
Mvar, bus voltages in pc':r unit. and angle in degrees. Loads and generation 
are converted to pc':r unit quantities on the base MVA selected. A provision 
is made to maintain the generator reactive power of the voltage.controlled 
buses within their specified limits. The violation of reactive power limit may 
occur if the specified voltage is either too high or too low. In the second it­
eration, the var calculated at the generator buses are examined. If a limit is 
reached, the voltage magnitude is adjusted in steps of 0.5 percent up to ±5 
percent to bring the var demand within the specified limits. 

Example 6.11 

Obtain the power flow solution for the IEEE-30 bus test system by the Newton­
Raphson method. 

The data required is the same as in Example 6.9 with the following commands 

clear % clears all variables 
basemva ~ 100; accuracy = 0.001; 

busdata::: [same liS in Example 6.9]. 
linedata::: [same as in Example 6.9 J; 

from the yorkspace. 
maxiter = 12; 

lfybus 
Ifneyton 
bus out 

% Pover floy 
% Prints the 

linefloy % Computes and 

% Forms the bus admittance matrix 
solution by Nevton-Raphson method 
poyer flay solution on the screen 
displays the line flov and losses 

The output of Ifnewton is 

Bu, 
No. 

! 
2 
3 

Power FlaY Solution by Newton-Raphson Method 
Maximum Poyer mismatch = 7.54898e-07 

Voltage 
Mag. 

1.060 
1.043 
1.022 

Angle 
Degree 

0.000 
-5.497 
-8.004 

No. of iterations = 4 

-----Load----· 
MY Mvar 

--Generation--

0.000 
21.700 
2.400 

HI" Hvar 

0.000 260.998 
12.700 40.000 

1.200 0.000 

-17.021 
48.822 

0.000 

Injected 
Hvar 

0.00 
0.00 
0.00 
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• 1.013 -9.661 7.600 1.600 0.000 0.000 0.00 
5 1.010 -14 .381 94.200 19 .000 0.000 35.975 0 . 00 • 1.012 -11 . 398 0.000 0.000 0.000 0.000 0.00 
7 1.003 -13 . 150 22 .800 10.900 0.000 0.000 0.00 
8 1 . 010 -1 2. 115 30.000 30.000 0 . 000 30.826 0 . 00 
9 1 . 05 1 - 14.434 0 . 000 0.000 0 . 000 0.000 0 . 00 
10 1.044 - 16.024 5 . 800 2 .000 0.000 0.000 19 . 00 
11 1 .082 -14 . 434 0 . 000 0 . 000 0.000 16. 119 0. 00 
12 1. 057 -15 . 302 11. 200 7.500 0.000 0.000 0 . 00 
13 1 .07 1 -15 .302 0.000 0 . 000 0.000 10.423 0.00 
1. 1 .042 -16 . 191 6 .200 1.600 0.000 0.000 0.00 
15 1 .038 -1 6.278 8.200 2.500 0.000 0.000 0 .00 
16 1 .045 -15.880 3.500 1 .800 0.000 0."000 0 .00 
17 1.039 - 16 . 188 9.000 5.800 0.000 0.090 0,00 
18 1.028 -16 . 884 3.200 0.900 0.000 0.000 0 . 00 
19 1.025 -17.052 9.500 3 400 0.000 0.000 0 . 00 
20 1.029 -,16 .852 2.200 0,700 0.000 0.000 0,00 
21 1.032 -16.468 17.500 11 .200 0.000 0 .000 0 . 00 
22 1.033 - 16 .455 0.000 0.000 0.000 0.000 0.00 
23 1. 027 -16.662 3.200 1 .600 0.000 0.000 0.00 
24 1.022 -16 . 830 8.700 6.700 0.000 0.000 4 . 30 
25 1.019 -1 6.424 0.000 0.000 0.000 0 .000 0.00 2. 1.001 -16 .842 3.500 2.300 0.000 0.000 0.00 
27 1.026 - 15 . 912 0.000 0.000 0.000 0.000 0 . 00 
28 1.011 -1 2.057 0.000 0.000 0.000 0.000 0.00 
2' 1.006 -17 . 135 2.400 0.900 0.000 0.000 0.00 
30 0.995 -18.015 10 . 600 1.900 0.000 0.000 0.00 

Total 283.400 126 . 200 300.998 125. 144 23 .30 

The output o r the lineftow is the same as the line flow output of Example 6 .9 with 
the power mismatch as dictated by the Newlon·Raphson method. 

6.11 FAST DECOUPLED POWER FLOW SOLUTION 

Power system transmission lines have a very high X / R ratio. For such a system, 
rcal power changes t:l.P arc I~ss sensitive to changes in the voltage fllagnitude " 
and are most sensitive to changes in phase angle iJ.o. Similarly, reactive power is '; 
less sensitive 10 changes in angle and are mainly dependent on changes in 
magnitude. Therefore. it is reasonable to sel elements J'J, and J 3 of the 
matri x 10 zero. Thus, (6.54) becomes 

[ AP l- [ J, AQ - 0 J.l [ Attll 

6.11. FAST DECOUPU:O POWER R.OW SOl.UTlON 241 

{lp 
AP ~ J,A6 ~ (- I A6 

{l6 
{lQ 

AQ ~ J."IVI ~ (-) AIVI 
(l1V1 

(6.69) 

(6.10) 

(6.69) and (6.70) show that the matrix equation is separated into two decoopled 
equations requiring considerably less time to solve compared 10 the time required 
for the solution or (6.54). Funhennore. considerable simplification can be made to 
eliminate the ne~d for recomputi ng J 1 and J 4 during each iteration. This procedure 
results in the decoupled power Row equ:ltions developed by Stott and Alsac[75-
76). The diagonal elements of J 1 described by (6.55) may be written as 

~~' = t IViIlYjIIY.jl sin(Oij - Oi + OJ) - IVil21Yiil sinO;i 
, ]=; 1 

Replacing the first tenn of the above equation with -Qj . as given by (6.53). results 
in 

GP, Q I 'I . {)5
i
·=- , - Vii YnISlIlO,. 

= -Q, _ 1"'12 B ,i 

Where B ii = I Y;il s in Oil is the imaginary pan of the diagonal elements of the bus 
admittance matrix. B'i is the sum of suscept.ances or all the elements incident (0 bus 
i. In a typical power system. the self-susceptance Bi , » Q .. and we may nt:gleci 
Qi. Further simplification is obtained by assuming 1\~12 :::::; W,: . ..... hich yields 

(6.11 ) 

Under nonnal operating conditions. OJ - 0, is qui te small. Thus. in (6.56) :murning 
0;; - 0; + 5j ::::: Oji. the off-diagonaJ elements of J 1 becomes 

Further simplification is obtained by assuming IVjI R: 1 

(6.12) 
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Similarly, the diagonal elements of J 4 described by (6.61) may be wriuen as 

8Q, ~ -1V,11y',I,inO" - :t 1V,11Y,1IY.;I,in(O,; - 0, + oJ) 
BlVd j=1 

replacing the second term of the above equation with -Qi, as given by (6.53), 
results in 

~~il = -IVjIIYiil sin~ii + Qi 

Again, since Bi, = Yii sin Bii » Qi, Qi may be neglected and (6.61) reduces to 

8Qi 
DIV,I ~ -IV,IB" 

Likewise in (6.62), assuming B'j - J; + Jj ::::: Bij yields 

8Q, I 
BIY,I ~ - V,IB'J 

With these assumptions, equations (6.69) and (6.70) take the following form 

1>.P 
- = -B'.6.o 
111;1 

.6.Q = -E" AWl 
Wil 

Here, B' and BIf are the imaginary part of the bus admittance matrix Ybu./l' Since 
the elements of this matrix are constant, they need to be triangularized and in­
vertcd only once at the beginning of the iteration. B' is of order of (n - 1). For 
voltage--controlled buses where I 'vi I and Pi are specified and Qi is not specified, . 
the corresponding row and column of Ybu./l are eliminated. Thus, B" is of order of 
(n - 1 - m), where m is the number of yoltage-regulated buses. Therefore. in the 
fast decoupled power flow algorithm. the successive voltage magnitude and phase 
angle changes are 

1>.0 = -[B'J-' 1>.P 
IVI 

1>.IVI = -[B"J-' 1>.Q 
IVI 

The fast decoupled power flow solution requires more iterations than the New","-" 
Raphson method. but requires considerably less time per iteration. and a 
flow s~lution is obtained very rapidly. This technique is very useful in ,oonl"', 'ge"cy 
anal~sls where: numerous outages are to be simulated or a power flow solution 
reqUIred for on-line control. 

6. II. FAST DECOUPLED POWER FLOW SOLUTION 243 

Example 6.12 

Obtain the power flow solution by the fast decoupled method for the system of Ex· 
ample 6.8. 

Thc bus admittance matrix of the system as obtained in Example 6.10 is 

[ 

20 - j50 -10 + j20 -10 + j30 1 
YbU3 = -10 + j20 26 - j52 -16 + j32 

-10 + JJO -16 + j32 26 - j62 

In this system, bus I is the slack bus and the corresponding bus susceptance matri:-:: 
for evaluation of phase angles LlJ2 and .6.053 is 

B' ~ [-52 32] 
32 -62 

The inverse of the above matrix is 

[B'I-' ~ [-0,028182 -0,014545] 
-0.014545 -0.023636 

From (6.52) and (6.53). the expressions for real power at bus 2 and 3 and the 
reactive power at bus 2 are 

P2 = 1V21IVdIY2d COS(821 - 052 + 05d + IVlIlYd cos B22 
+ !V21l V3 !iY23 I COS(tl23 .- 02 + 03) 

P3 = 1V31IVtlIY3J[cos(831 - J3 + Jd + jV3 I jV21l Y32 I COS(832 
-J3 + 052) + \V}IIY33 1 cos 833 

Q2 = -IV211Vd1Y211 sin(821 - Oz + 051) - JVlllYni sin 8'12 

-jV,ljV3I1Ynl,in(O" - 0, + 03) 

The load and generation expressed in per units are 

S5ch __ (400 + j250) _ -40 _ '25 pu 
2 - 100 - . J. 

P33Ch = 200 = 2.0 
100 pu 

The slack bus voltage is VI = 1.05LO pu, and the bus 3 voltage magnitude is 

1V31 = 1.04 pu. Starting with an initial estimate of jV}O) I = 1.0, JiO) = 0.0, and 

J~O) = D.O. the power residuals are computed from (6.63) and (6.64) 

.6.pJO) = p~ch _ pin) = -4.0 - (-1.14) = -2.86 

.6.pJO) = p;ch _ pJO) = 2.0 - (0.5616) = 1.4384 

1>.Q\O) ~ Ql'" - Q\O) ~ -2.5 - (-2.28) ~ -0.22 
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The fast decoupled power Row algorithm given by (6.77) becomes 

[ !>6\O' 1 ~ - [-0.028182 -0.014545 ] [ -',""" ]_ [ -0.060483 ] 
Ll.o~(}) -0.014545 -0.023636 !i~~~ - - 0.008909 

Since bus 3 is a reguillted bus, the corresponding row and column of B' are elimi • . 
nated and we get 

BU 

~ [-521 

From (6.78). wc have 

[-1] [-.22] ~ - - - - = -00042308 52 1.0 . 

The new bus vOltagcs in the first iteration are 

.6.J~O) = - 0.(J(l0483 

.6.J~O) = - 0.008989 

!>Il';'"' I ~ - 0.0042308 

,I" ~ 0 + (-0.000483) ~ -0.060483 

,i" ~ 0 + (-0.008989) ~ - 0.008989 

IV,'"I ~ 1 + (-0.0042308) ~ 0.995769 

The vohage ph;lse angles are in radians. The proce!SS is continued until power resid. 
uals are within a specified accuracy. The result is tabulated in the tahle below. 

2 -0.056496 ·0.007952 0.965274 0.175895 -0.070951 - 1.579042 
3 -0.044 194 -0.008690 0.96571 I 0.640309 -0.457039 0.021948 
4 -0.044802 -0.008986 0.912985 -0.02 1395 0 .001195 0.365249 
5 -0.047665 -0.008713 0.973 11 6 -0.153368 0.112899 0.006657 
6 -0.0476 14 -0.008645 0.97 1414 0.000520 0.002610 -0.086136 
7 -0.046936 -0.008702 0.971333 0.035980 -0.026190 -0.004067 
8 -0.046928 -0.008720 0.971732 0.000948 -0.00141 1 0.020119 
9 -0.047087 -0.008707 0.971762 -0.008442 0.006133 0.001558 . 
10 -0.047094 -0.008702 0.971669 -0.000470 0.000510 
11 -0.047057 -0.008705 ' 0.971660 0.001971 -0.001427 
12 -0.047054 -0.008706 0.971681 0.000170 -0.000163 0.001087 '. 13 -0.047063 ·0.008706 0.971684 ·0.000458 0.000330 
14 

-0.000053 

Converting phase angles to degrees the final solution is V2 = 0.97168L -2.6960 , 
and Va = 1.04L-0.498s°. Using (6.52) and (6.53) as in Example 6.10, the reactive 

6.1 I FAST Dl!COUPLED POWER FLOW SOl.UTION 24S 

pow~r at bus 3 and the slack bus real and reactive powers are 

QJ = 1.4617 po 
P I = 2.1842 pu 

Q, ~ 1.4085 pu 

The fast decoupled power now for lhis example h:lS taken 14 iterations with the 
maximum power mismatch of 2.5 x 10- 4 pu compared to the Newlon-Raphson 
method which took only three iterations. The .highest X I R ratio of the transmission 
lines in this example is 3. For systems with a high<!r X I R ratio, the fast decoupled 
powL':r now method converges in relative ly fewer iterations. However, the number 
of iterations is a function of system size. 

Finally, the line Rows are calculated in the same manner as the line flow cal­
culations in the Gauss-Seidel method described in Example 6.7, and the power Row 
diagram is as shown in Figure 6.13. 

A program named decouple is developed for power flow solution by the fast 
decoupled method for practical power systems. This program must be preceded by 
the Ify bus program. busout and IineHow progr3lTls can be used to print the load 
flow solution and the line Row results. The format is the same as the Gauss-Seidel 
mdhod. The following is a brief description of the! decouple program: 

drtuuplc This program finds the power flow solution by the fast decouple method 

and rc=quires the busdata and the linedata fiks described in Section 6.9. h"is 
designed for the direct use of load and generation in MW and Mvar, bus volt­
ages in per unit. and angle in degrees. Loads and generation are converted 
to per unit quantities on the base MVA selected. A provision is made 10 
maintain the generator reactive power of the voltage-controlled buses within 
their specified limits. The violation of reacth·e! power limit may occur if the 
specified voltuge js either too high or too low, In the 10th iteratioH, the vars 
calculated at the generator buses are examined. H a limit is reached, the volt­
age magnitude is adjusted in steps of 0.5 percent up to ±5 percent to bring 
the var demand within the specified limits. 

Example 6.13 

Obtain the power Row solution for the IEEE-30 bus test system by the fast decou­
pled method. 

Data required is the same as in Example 6.9 with the following commands 
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clear 
ba5emva 

I. clears al l variables from the uorkspace. 
100; accuracy ~ 0 . 001; maxiter . 20; 

busdata = [same as in Example 6.9 J; 
lineda'ta = [ SlIlIIe as ill Example 6.9 J; 

lfybus 
dec ouple 
bus out 
Hneflou 

I. for~s the bus admittance matrix 
7. Po~er flo~ solut i on by fas t de coupled ~etbod 
I. Prints the paver floy solution on the screen 

J. Computes and displays the line flay and losses 

The output of decouple is 

8u, 
No. 

1 
2 
3 

• 
5 
6 
7 
8 

• 
10 
11 
12 
13 
14 
15 
16 
17 
18 ,. 
20 
21 
22 
23 
2. 
25 
26 

Paver Flov Solution by Fast Decoupled Method 
Maximum Pouer miscatcb - 0.000919582 

VOltage 
Mag. 

1 .060 
1.043 
1.022 
1. 013 
1.010 
1.012 
1.003 
1.010 
1 .051 
1.044 
1.082 
1.057 
1. 071 
1 . 04 2 
1.038 
1.045 
1. 039 
1.028 
1 . 025 
1. 029 
1 .032 
1.033 
1.027 
1.022 
1.019 
1.001 

Angle 
Degree 

0. 000 
-5 . 497 
-8 .004 
-9 . 662 

-14 . 381 
-11 . 398 
- 13 . 149 
-12.115 
-14. 434 
-16 . 024 
-14 . 434 
-15 . 303 
- 15.303 
-16 . 198 
-16 . 276 
-15 . 881 
-16 . 188 
-16 . 882 
-17 . 051 
-16.852 
-16.168 
-16.454 
- 16.661 
-16 . 829 
-16. 423 
-16.840 

No . of i t erations = 15 

-----Load- ---­
MW Mvar 

0.000 
21. 700 
2.400 
7.600 

94.200 
0.000 

22.800 
30.000 

0 .000 
5 . 800 
0.000 

11. 200 
0.000 
6 .200 
8.200 
3.500 
9.000 
3 . 200 
9.500 
2.200 

17 .500 
0.000 
3.20"0 
B.700 
0.000 
3.500 

0.000 
12 . 700 
1.200 
1.600 

19.000 
0.000 

10.900 
30.000 

0 .000 
2. 000 
0 . 000 
7.500 
0.000 
~ .600 
2.500 
1.800 
5.800 
0 . 900 
3.400 
0.700 

11. 200 
0.000 
1.600 
6.700 
0.000 
2.300 

--Generation--
MW Mvar 

260 . 998 
40 . 000 
0.000 
0.000 
0 . 000 
0.000 
0.000 
0.000 
0 . 000 
0 . 000 
0 . 000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
O.()OO 
0 . 000 
0.000 
0.000 
0.000 
0 . 000 
0.000 

-17.021 
48 . 822 
0. 000 
0.000 

35.975 
0.000 
0.000 

30.828 
0 . 000 
0 .000 

16.120 
0.000 

10.421 
0.000 
0.000 
0 . 000 
0 .000 
0.000 
0.000 
0.000 
0. 000 
0.000 
0.000 
0.000 
0.000 
0.000 

Injected 
Hvu 

0 .00 
0. 00 
0. 00 
0 . 00 
0 . 00 
0.00 
0 . 00 
0.00 
0 .00 

19 . 00 
0.00 
0 . 00 
0.00 
0.00 
0.00 
0.00 
0 . 00 
0.00 
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27 1.026 -15.912 0 . 000 0 . 000 0.000 0 . 000 0.00 28 1.011 -12 . 057 0.000 0 . 000 0.000 0 . 000 0.00 2. 1.006 -17 . 136 2.400 0 . 900 0. 000 0 . 000 0.00 30 0 . 995 -18.014 10.600 1.900 0.000 0.000 0.00 

Total 283.400 126 . 200 300. 998 125 . 145 23 . 30 

The output or the Iineftow is the same as the line flow output of Ex.ampJe 6.9 wilh 
the power mismatch as dictated by the rast decoupJed method. 

PROBLEMS 

6.1. A power system network is shown in Figure 6.17. The generators a( buses 
J and 2 are represented by Iht;ir equivalent currem sources with their reac: 
tances in ~r unll on a lOO-MVA base. The lines are represented by 11" model 
where senes reactances and shunt reaclances are also expressed in per unit 
on a IDOMVA base. The loads at buses 3 and 4 are expressed in MW and 
Mvar. 

(a) Assuming a voltage magnitude of 1.0 per unit at buses 3 and 4. convert 
the loads 10 per unit impedances. Convert network impedunces to <kImil ­
lances and oota.in lhe bus ;tdmiuanct matrix by inspection. 
(b) Use the (unelion Y = ybus(zdata) 10 ohlain the bus admiuance matrix . 
The function argument zdata is ~l [\latrix <:o[Jtaining the line bus numbers. 
resistance and rca\!IOIIU:e. (See Example 6. I.) 

,. 
' _?0~~ ________ ~j1~).~25~ " r -_ 

·0.4 
I - j4 

·0.1 jO.16 

j O.? 

3 4 

lOOMW +j25 Mvar 2(10 MW +j50 Mv¥ 

nCURE6.J7 
One-line diagram {Of Problem 6.1. 
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6.2. A power system network is shown in Figure 6.18. The values marked are 
impedances in per unit on a base of 100 MVA. The currents entering buses 1 
and 2 are 

I, 

II = 1.38 ~ j2.72 pu 

Iz = 0.69 ~ j1.36 pu 

(a) Detennine the bus admittance matrix by inspection. 
(b) Use lhe functionY = ybus(zdata) to obtain the bus admittance matrix. 
The function argument zdata is a matrix containing the line bus numbers, 
resistance and reactance. (See Example 6.1.) Write the necessary MATLAB 
commands to obtain the bus voltages. 

o 

t jO.5 )l.O I I, 

2 

0.01 + jO.03 0.0125 + jO.025 

3 

0.4 + jO.2 

FIGURE 6.18 
One-line diagraru fOf Problem 6.2. 

6.3. Use Gauss·Seidel method to find the solution of the following equations 

Xl +X1X2 = 10 

Xl + X2 = 6 

with the following initial estimates 
( .,) .,(0) 1 a d (0) 1 
' "1 = n x2 = 

(b) x;O) = 1 and x~O) = 2 

Continue the iterations untill6.x~k)1 and l6.x~k)1 are less than 0.001. 
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6.4. A fourth-order polynomial equation is given by 

X4 ~ 21x3 + 14ix2 - 379x + 252 = 0 

(a) Use Newton-Raphson method and hand calculations to find one of lIIe 
roots of the polynomial equation. Start willI the initial estimate of x(O) = 0 
and continue until ILlx(k) I < 0.001. 
(b) Write a MATL4.B program to find the rools of the above polynomial by 
Newton-Raphson method. The program should prompt the user to inpul the 
initial estimate. Run using the initial estimates of 0,3,6, 10. 
(c) Check your answers using the MATL4.B function r = roots(A), where A 
is a row vector containing the polynomial coefficients in descending powers. 

6.5. Use Newton-Raphson method and hand calculation to find the solution of 
the following equations: 

. h h ... I· f (0) 2 (0) 3 P ~ h ., (a) Start wit t e mltla estimates 0 XI = , x 2 = . ellonn t ree I erJ.-
tions. 
(b) Write a MATL4.B program to find one of the solutions of the above equa­
tions by Newton-Raphson method. The program should prompt the user 10 

input the initial estimates. Run the program with the above initial estimates. 

6.6. In the power system network shown in Figure 6.19, bus I is a slack bus with 
VI = l.OLO° per unit and bus 2 is a load bus with 3 2 = 280 MW + j60 
Mvar. The line impedance on a base of 100 MVA is Z = 0.02 + jO.04 per 
unit. 
(a) Using Gauss-Seidel method; detennine V2 . Use an initial estimate of 

V}O) = l.0 + jO.O and perfonn four iterations. 
(b) If after severJ.1 iterations voltage at bus 2 converges to V2 = 0.90- jO.lO, 
detennine 3 1 and the real and reactive power loss in the line. 

ZI2 = 0.02 + '0.04 

2-~ 
32 = 280 MW +j60 Mvar 

FlGURE6.19 
One-tine diagram for Problem 6.6. 

www.muslimengineer.info لجنة البور والإتصالات - الإتجاه الإسلامي



250 6. POWER FLOW ANALYSIS 

. , 
VI = lLoo l , _____ J-='.:." _____ 2+_~ 

r 400MW 

Slack ~+-+-- 320 Mvar 

jO.0125 jO.05 

300 MW 270 Mvar 

FIGURE 6.20 
One·line diagram ror Problem 6.7. 

6.7. Figure 6.20 shows the one-line diagram of a simple three·bus power system 
with generation at bus l. The voltage at bus I is VI = 1.0LO° per unit. 
The scheduled loads on buses 2 and 3 are marked on the diagram. Line 
impedances are marked in per unit on a 100·MVA base. For the purpose 
of hand calculations, line resistances and line charging su~ceptances are ne· 
glt:cted. 

6.8. 

(a) Using Gauss·Seidel method and initial estimates of ~.;O) = l.U + JU and 

V3(O) = 1.0 + jO, determine V2 and V3 . Perfonn two iterations. 
(b) If after several iterations the bus voltages converge to 

V2 = 0.90 - jO.lD pu 

V3 = 0.95 - jO.05 pu 

detennine the line flows and line losses and the slack bus rea1 and reactive 
power. Construct a power flow diagram and show the -direction of the line 
flows. 
(c) Check the power flow solution using the Ifgauss and other required pro­
grams. (Refer to Example 6.9.) Use a power accuracy of 0.00001 and an",=~ 
acceleration factor of 1.0 .. 

Figure 6.21 shows the one-line diagram of a simple three-bus power system· 
with generation at buses 1 and 3. The voltage at bus I is \/1 = 1.025LO° per 
unit. Voltage magnitude at bus 3 is fixed at 1.03 pu with a real power gener­
ation of 300 MW. A load consisting of 400 MW and 200 Mvar is taken from 
bus 2. Line impedances are marked in per unit on a IOO·MVA base. For the 

6.11 FAST DECOUPLED POWER FLOW SOLlITION 251 

VI = 1.025LO° P3 = 300 MW 
f--___ -cJ~·0~.0~5~ ___ __4 ----

3 

Slack I V, I~ 1.03 

jO.025 jO.025 

400 MW 200 Mvar 

FIGURE 6.21 
One-line diagram for Prob!c:m 6.8. 

purpose of hand calculations, line resistances and line charging susceptances 
are neglected. 

(a) Using Gauss-Seidel method and initial estimates of V.}O) = 1.0 + jO and 

V3(O) = 1.03 + jO and keeping 1V31 = 1.03 pu, detennine the phasor values 
of V2 and V3 . Perform two iterations. 
(b) If after M::veral iteratiuns the bus voltages converge to 

V2 = 1.001243L-2.1° = 1.000571- jO.0366898 pu 

V3 = l.03L1.36851o = 1.029706 + jO.0246 pu 

determine the line flows and line losses and the slack bus real and reactive 
power. Construct a power flow diagram and show the direction of the line 
flows. 
(~) Check the power flow solution using the Ifgauss and other required pro· 
grams. (Refer to Example 6.9.) 

HLJ :::5 I X:5H 
I 08\ !f-----"-------jf(25:1 2 

3 4 

FIGURE 6.22 
One·line diagram for Problem 6.9. 
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6.9. The one-line diagram of a four-bus power system is as shown in Figure 6.22. 
Reactances are given in per unit on a common MVA base. Transformers Tl 
and T2 have tap settings of 0.8:1, and 1.25:1 respectively. Obtain the bus 
admittance matrix. 

6.10. In the two-bus system shown in Figure 6.23, bus 1 is a slack bus with VI == 
l.OLO° pu. A load of 150 MW and 50 Mvar is taken from bus 2. The line 
admittance is YI2 = 10L-73.74° pu on a base of 100 MVA. The expression 
fcir real and reactive power at bus 2 is given by 

P1 = 101V2I 1V1I cos(106.26° - 152 + Jd + 101V212 cos( -73.74°) 

Q2 = -101V211Vj I sin(106.26° - 152 + Jd - 101V212 sin( - n.7'}") 

Using Newton·Raphson method, obtain the voltage magnitude and phase 
angle of bus 2. Start with an initial estimate of 1V21(O} = 1.0 pu and 62(0) == 
0°. Perform two iterations. 

1 

01 YI2 = 2.8 - j9.6 

VI = l.OLO° 

FIGVRE6.13 
One·line diagram for Problem 6.10. 

2 

t150MW 

50 Mvar 

6.11. In the two-bus system shown in Figure 6.24. bus 1 is a slack bus with VI = 
l.O~O° pu. A load of 100 MW and 50 Mvar is taken from bus 2. The line. 
impedance is Zl2 = 0.12 + jO.16 pu on a base of 100 MVA. Using Newton­
Raphson method. obtain the voltage magnitude and phase angle of bus 2. 
Start with an initial estimate of I V2 1(0) = '1.0 pu and 152 (0) = 00. Perform 
two iterations. 

2 

Zl2 = 0.121- JO.16 

t

100MW 

50 Mvar 

FIGURE6.U 
One-line diagram fOf Probl~l1l 6.11. 

6.12. 
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Figure 6.25 shows the one-line diagram of a simple three-bus power system 
with generation at buses I and 2. The voltage at bus 1 is V = 1.0LO° per unit. 
Voltage magnitude at bus 2 is fixed at 1.05 pu with a real power generation 
of 400 MW. A load consisting of 500 MW and 400 Mvar is taken from bus 
3. Line admittances are marked in per unit on a 100 MVA base. For the 
purpose of hand calculations, line resistances and line charging susceptaoces 
arc neglected. 

1 2 YI2 = -j40 
I-~~~--"'=~=~~~-I P, ~ 400 MW 

~ 

YI3=-j20 Y23=-j20 

Slack Bus 3~--r:;:.=-~I~v;;;j,I= 1.05 
VI = 1.0LQo 

500 
MW 

FIGURE 6.25 
One-linc diagram for Problem 6.12 

6.13. 

(a) Show that the expression for the real power at bus 2 and real and reactive 
power at bus 3 are 

P, ~ 401V,llVd co,(90° - 0, + oil + 201V,IIV,1 c08(90° - 0, + 03) 

P, ~ 201V,llVd co,(90° - 0,+ oil + 201V311V,1 co,(90° - 03 + 0,) 

Q, ~ -2011',11'11 ,;n(90° -0, +Oil -201V311V,1 ,;n(W -03 +0,)+401V31' 

(b) Using Newton-Raphson method, start with the initial estimates of V2 (0) = 
1.0 + jO and V3(0) = 1.0 + jO. and keeping 1V21 = 1.05 pu, determine the 
phasor values of V2 and V3. Perform two iterations. 
(c) Check the power flow solution for Problem 6.12 using (fnewton and other 
required programs. Assume the regulated bus (bus # 2) reactive power limits 
are between 0 and 600 Mvar. 

For Problem 6.12: 
(a) Obtain the power How solution using the fast decoupled algorithm. Per­
fonn two iterations. 
(b) Check the power How solution for Problem 6.12 using decouple and 
other required programs. Assume the regulated bus (bus # 2) reactive power 
limits are between 0 and 600 Mvar. 

6.14. The 26·bus power system network of an electric utility company is shown 
in Figure 6.26 (page 256). Obtain the power flow solution by the following 

www.muslimengineer.info لجنة البور والإتصالات - الإتجاه الإسلامي



254 6_ POWER FLOW ANALYStS 

methods: 
(a) Gauss-Seidel power flow (see Example 6.9). 
(b) Newton-Raphson power flow (see Example 6.11). 
(c) Fast decoup[ed power flow (see Example 6.13). 

The load data is as follows. 

LOAD DATA 

S" Load Su, Load 
No. MW Mvac No. MW Mvac 

1 51.0 41.0 14 24.0 [2.0 
2 22.0 15.0 15 70.0 31.0 
3 64.0 50.0 16 55.0 27.0 
4 25.0 10.0 17 78.0 380 
5 50.0 30.0 18 [53.0 67.0 
6 76.0 29.0 19 75.0 [5.0 
7 0.0 0.0 20 48.0 27.0 
8 0.0 0.0 21 46.0 23.0 
9 89.0 50.0 22 45.0 22.0 

10 0.0 0.0 23 25.0 12.0 
11 25.0 15.0 24 54.0 27.0 I 
12 89.0 48.0 25 28.0 13.0 
13 31.0 15.0 26 40.0 20.0 i 

Voltage magnitude, generation schedule, and the reactive power limits for­
the regulated buses are tabulated below. Bus I, whose vollage is s~cified as 
VI = l.025LO°, is taken as the slack bus. 

GENERATION DATA 
Bu, Voltage Generation Mvar Limits 
No. Mag. MW Min. Max. 

1 1.025 
2 1.020 79.0 40.0 250.0 
3 1.025 20.0 40.0 150.0 
4 1050 100:0 40.0 80.0 
5 1045 300.0 40.0 160.0 

26 1015 60.0 15.0 50.0 

" The Mvar of the shunt capacitors insta1led at substations and the transformer -_ 
tap settings are given below. 

Su, 
No. 
1 
1 
2 
2 
2 
2 
2 
3 
4 
4 
5 
6 
6 
6 
6 
6 
7 
7 
8 
9 
10 
10 
10 
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SHUNT CAPACITORS 
TRANSFORMER TAP Bus No. Mv", 

1 4.0 
Designation Tap Setting 

4 2.0 2 3 0.960 

5 5.0 
2 - 13 0.960 

6 2.0 
3 - 13 1.017 

11 1.5 
4- 8 1.050 

12 2.0 
4 - 12 1.050 

15 0.5 
6 - 19 0.950 

19 5.0 
7- 9 0.950 

The line and transformer data containing the series resistance and reactance 
in per unit and one-half the total capacitance in per unit susceptance on a 
lOO-MVA base are tabulated below. 

LINE AND TRANSFORMER DATA 

Bu, R, X, 1B , Bu, Su, R, X , ~B, 
No. pu pu pu No. No. pu pu pu 

2 0.0005 0.0048 0.0300 10 22 0.0069 0.0298 0.005 
18 0.0013 0.0110 0.0600 11 25 0.0960 0.2700 0.010 

3 0.0014 0.0513 0.0500 11 26 0.0165 0.0970 0.004 
7 0.0103 0.0586 0.0180 12 14 0.0327 0.0802 0.000 
8 0.0074 0.0321 0.0390 12 15 0.0180 0.0598 0.000 

13 0.0035 0.0967 0.0250 13 14 0.0046 0.0271 0.001 
26 0.0323 0.1967 0.0000 13 15 0.0116 0.0610 0.000 
13 0.0007 0.0054 0.0005 13 16 0.0179 0.0888 0.001 
8 0.0008 0.0240 0.0001 14 15 0.0069 0.0382 0.000 

12 0.0016 0.0207 0.0150 15 16 0.0209 0.0512 0.000 
6 0.0069 0.0300 0.0990 16 17 0.0990 0.0600 0.000 
7 0.0053 0.0306 0.0010 16 20 0.0239 0.0585 0.000 

11 0.0097 0.0570 0.0001 17 18 0.0032 0.0600 0.038 
18 0.0037 0.0222 0.0012 17 21 0.2290 0.4450 0.000 
19 0.0035 0.0660 0.0450 19 23 0.0300 0.1310 0.000 
21 0.0050 0.0900 0.0226 19 24 0.0300 0.1250 0.002 

8 0.0012 0.0069 0.0001 19 25 0.1190 0.2249 0.004 
9 0.0009 0.0429 0.0250 20 21 0.0657 0.1570 0.000 

12 0.0020 0.0180 0.0200 20 22 0.0150 0.0366 0.000 
10 0.0010 0.0493 0.0010 21 24 0.0476 0.1510 0.000 
12 0.0024 0.0132 0.0100 22 23 0.0290 0.0990 0.000 
19 0.0547 0.2360 0.0000 22 24 0.0310 0.0880 0.000 
20 0.0066 0.0160 0.0010 23 25 0.0987 0.1168 0.000 

www.muslimengineer.info لجنة البور والإتصالات - الإتجاه الإسلامي



256 6 POWER FLOW ANALYSIS 
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FlGURE6.l6 
One·line diagram for Problem 6.14. 
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7.1 INTRODUCTION 

CHAPTER 

7 
OPTIMAL DISPATCH 

OF GENERATION 

The fonnulation of power flow problem and its solutions were discussed in Chap­
ter 6. One type of bus in the power flow was the voltage-controlled bus, where real 
power generation and voltage magnitude were specified. The power flow solution 
provided the voltage phase angle and the reactive power generation. In a practical 
power system, the power plants are not located at the same distance from the center 
of loads and their fuel costs are different. Also, under nonnal operating conditions, 
the generation capacity is more than the total load demand and losses. Thus, there 
are many options for scheduling generation. In an interconnected power system, 
the objective is to find the real and reactive power scheduling of each power plant 
in such a way as to minimize the operating cost. This me..i.ns that the generator's 
real and reactive power are allowed to vary within certain limits so as to meet a 
particular load deinand with minimum fuel cost. This is called the optimal power 
flow (OPF) problem. The OPF is used to optimize the power flow solution of large 
scale power system. This is done by minimizing selected objective functions while 
maintaining an acceptable system performance in terms of generator capability 
limits and the output of the compensating devices. The objective functions, also 

257 
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known as cost junctions. may presenl economic costs. system s~rity, or other 
objectives. Efficient reactive power planning enhances economic operation as well 
as system security. The OFF has been studied by many researchers and many al­
gorithms using different objective functions and methods have been presented [11, ' 
12,22,23,40,42,54,78]. 

(n this chapter, we will limit our analysis' to the economic dispatch of real 
power generation. The c1assicaJ optimization of continuous functions is introduced. 
The application of ·constraints to optimiution problems is presented. Following 
this. the incremental production cost of generation is introduced. The economic 
dispatch of generation for minimization of the total operating cost with transmis­
sion losses neglected is obtained. Next. the transmission loss fonnula is derived 
and the economic dispatch of generation based on the loss formula is obtained. 
A program named bloss is developed for the evaluation of the transmission loss 
B coefficients which can be used following anyone of the power flow programs 
Ifgauss. Ifnewton . or decouple discussed in Chap{er 6. Also. a general program 
called dispatch is developed for the optimal scheduling of feal power generation 
and can be used in conjunction with the bloss program. 

7.2 NONLINEAR FUNCTION OPTIMIZATION 

Unconstrained Parameter Optimizalion 

Nonlinear function optimization IS an imponant tool in computer-aided design and 
is pan of a broader class of optimization called nOlllill~ar programming. The un­
derlying theory and the computational methods are diSCUSsed in many books . The 
basic goal is the minimization of some nonlinear objective cost function subject to 
nonlinear equality and inequality conslraints. 

The mathematical tools that are used to solve unconstrained parameter opti­
mization problems come directly from multivariable calculus . The necessary con­
dition to minimize the cost function 

is obtained by selling derivative of f with ~~ptt( to the variables equal 10 zero, 
i.e., 

i = 1, ... , n 

0' 

vf =Q (7. 
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where 

8f 8f 8f 
v f =(-8 ' -8 • .. ·'-a ) 

Xl Xl Xn 
(7.4) 

which is known as the 8radi~tlt vector. The terms associated with second deriva­
th'es is given by 

H= a'f 
aXj aXj 

(7.5) 

The above equation results in a symmetric matrix called the Hessian matrix of the 
function. 

Once the derivative of 1 is vanished at local extrema (Xt,X2 .· ·· , in). for J . 
to have a relative minimum. the Hessian matrix evaJuated at (ii , Xl, . ..• in) must 
be a positive definite matrix. This condition requires that all the eigenvalues of the 
Hessian matrix evaluated at (ii, xz, ... ,xn ) be positive. 

In summary. the unconstrained minimum of a function is found by setting 
its partial derivatives (with respect to the parameters that may be varied) equal 
to zero and solving for the parameter values. Among the sets of parameter values 
obtained. those at which the matrix of second partial derivatives of the cost function 
is positive definite are local minima. If there is a single locaJ minimum. it is also 
the global minimum; otherwise. the cost function must be evaluated at each of the 
local minima to detennine which one is the global minimum. 

Example 7.1 

Find the minimum of 

Equating the first derivatives to zero, results in 

or 

8f 
- = 2X l + Xz - 8 = 0 
8x I 

8f 
~ = Xt + 4X2 + X3 - 16 = 0 
OX, 

8f 
- = XZ+6X3 - 32 =0 ax, 
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The solution of the above linear simultaneous equation is readily obl";,<ed (h""rAl:' 
LAB use X = A\B) and is given by (Xl, X2,X3) = (3,2,5). The function evalu~· 
ated at this point is f(3, 2, 5) = 2. To see if this point is a minimum. we evaluate 
the second derivatives and fonn the Hessian matrix 

[ 
2 1 0 1 H(X) ~ 1 4 1 
o 1 6 

Using the MATLAB function eig(H). the eigenvalues are found to be 1.55,4.0 and 
6.45. which are all positive. Thus, the Hessian matrix is a positive definite matrix 
and (3. 2, 5) is a minimum point. 

7.2.1 CONSTRAINED PARAMETER OPTIMIZATION: 
EQUALITY CONSTRAINTS 

This type of problem arises when there are functional dependencies among the 
paramelers to be chosen. The problem is to minimize the cost function 

subject to the equality constraints 

i=1,2, ... ,k 

Such problems may be solved by the Lagrange multiplier method. This provides 
an augmented cost function by introducing k-vector), of undetermined quantities. 
The unconstrained cost function becomes 

k 

£~/+ LA,g, 
j;} 

The resulting necessary conditions for constrained local minima of £, are the fol­
lowing: 

8£ ~ 8/ + t,A,Bg, ~O 
aXj aXj i=l OXj 

8£ 
-=gi=O 
8Aj 

Note that Equation (7.10) is simply the original constraints. 

(7.10) 
'~~I 
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Example 7.2 

Use the Lagrange multiplier method for solving constrained parameter optimiza­
tions to determine the minimum distance from origin of the xy plane to a circle 
described by 

(x - 8)' + (y - 6)' ~ 25 

The minimum distance is obtained by minimization of the distance square, given 
by 

f(x,y) = x'2 +y2 

The MATU.B plot command is used to plot the circle as shown in Figure 7.1. 

y 

14 

12 

10 

8 

G 

1 

2 

/' 
! V 
/' 

,/ 

/' 
00 2 4 6 8 10 12 14 

x 

FIGURE 7.1 
Constraim function of Exampl~ 7.2 

From this graph, clearly the minimum distance is 5. located at point (4, 3). 

Now let us usc Lagrange multiplier to minimize f(x,y} subject to the con~ 
straint described by the circle equation. Forming the Lagrange function, we obtain 

£ ~ x' + y' + AI(x - 8)' + (y - 6)' - 25J 

The necessary conditions for extrema are 

o£ 
- ~ 2x + A(2x - 16) ~ 0 0' 2x(A + 1) ~ 16>' 
8x 
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8£ ~ 2y + >.(2y _ 12) ~ 0 oc 2y(>. + 1) ~ 12>' 
8y 

~~ ~ (x - 8)' + (y - 6)' - 25 ~ 0 

The solution of the above three equations will provide optimal points. In this prob.­
lem, a direct solution can be obtained as follows: 

Eliminating>. from the first two equations results in 

3 
y::;; -x 

4 

Substituting for y in the third equation yields 

25 
16x2 - 25x + 75 = 0 

The solutions of the above quadratic equations are x = 4 and x = 12. Thus, the 
corresponding extrema are at points (4, 3) with >. = 1, and (12, 9) with..\ = -3, 
From Figure 7.1, it is clear that the minimum distance is at point (4, 3) and the max­
imum distance is at point (12, 9). To distinguish these points, the second derivatives 
are obtained and the Hessian matrices evaluated at these points are formed. The 
matrix with positive eigenvalues is a positive definite matrix and the parameters 
correspond to the minimum point. 

In many problems, a direct solution is not possible and the above equations 
are solved iteratively. Many iterative schemes are available. The simplest search 
method is to assume a value for>. and compute 6./. If 6./ is zero, the estimated 
>. corresponds to the optimum solution. If not, depending on the sign of 6./, ). 
is increased or decreased, and another solution is obtained. With two solutions, a 
beuer value of ). is obtained by extrapolation and the process is continued until {)./ 
is within a specified accuracy. A significantly superior method applicable to con­
tinuous functions is the Newton-Raphson method. One way to apply the Newton­
Raphson method to the problem at hand is as follows: From the first two equations, 
x and y are found. These are 

8>-
x~--

>-+1 
6>­

y = ).+1 

Substituting into the third equation results in 

>. = 100>.2 _ 200>' _ 
f() (>-+1)' >-+1+ 75 - 0 
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This is a nonlinear equation in terms of >. and can be solved by the Newton­
Raphson method. The Newton-Raphson method is a successive approximation pro­
cedure based on an initia] estimate of the unknown and the use of Taylor'S series 
expansion (see Chapter 6 for more details). For a one-dimensional case, 

(7.11 ) 

(712) 

Starting with an estimated value of >., a new value is found in the direction of steep­
est decent (negative gradient). The process is repealed in the direction of negative 
gradient until 6.f(>.) is less than a specified accuracy. This algorithm is k.nown as 
the gradient method. For the above function, the gradient is 

df (>-) 200.\ 
~ 

d>- (.\ + 1)3 

200 

(.\ + I)' 
~ 

-200 

(>- + 1)3 

The following commands show the procedure for the solution of the given 
equation by the Newton-Raphson method. 

1. ter '" 0 
Df '" 10; % Error in 
Lambda - input('Enter estimated 
fprintf ('\n ') 
disp([' Iter 

x 
while ahs (Df) 

Df 
y')) 

>= 0.0001 
iter" iter + 1; 

J 

25; 

Df is 
value 

% Iteration counter 
set to a high value 
of Lambda'" '); 

DLambda Lambda' 

% Test for convergence 
1. No. of iterations 

i. Residual 

x ~ 8.Lambda/(Lambda + 1); 
y ~ 6.Lambda/CLambda + 1); 
Of ~ (x- 8)-2 + (y - 6)-2 
J = -200/{Lambda + 1)-3; 
Delambda=-Df/J; 
disp( (iter, Df, J, Delambda, 
Lambda = Lambda + Oelambda; 
end 

i. Change in variable 
Lambda, x. yJ) 

'l. Successive solution 

When the program is run, the user is prompted to enter the initia] estimate for 
>.. Using a value of >. = 0.4, the result is 

Enter estimated value of Lambda'" 0.4 
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Iter "'I J "" >. x y 
1 26.0240 72.8863 0.3570 0.4000 2.2857 1. 7134 
2 7.3934 -36.8735 0.2005 0.7570 3.4468 2.5851 
3 1.0972 -26.6637 0.0411 0.9575 3.9132 2.9349 
4 0.0337 -25.0505 0.0013 0.9987 3.9973 2.9980 
5 0.0000 -25.0001 0.0000 1.0000 4.0000 3.0000 

After five iterations, ilie solution converges to >. = 1.0, x = 4, and y = 3. corre­
sponding to the minimum length. If the program is run with an initial estimate of 
-2, the solution converges to >. = -3, x = 12, y= 9, which corresponds to the 
maximum length. 

7.2.2 CONSTRAINT PARAMETER OPTIMIZATION: 
INEQUALITY CONSTRAINTS 

Practical optimization problems contain inequality constraints as well as equality 
constraints. The problem is to minimize the cost function 

subject to the equality constraints 

9;(Xl,X1, ... ,x,,) = 0 

J..nJ the inequality constraints 

Uj(Xl,X1, ... ,x,,) ::; 0 

i=1,2, ... ,k 

i= 1,2, ... ,nt (7.15) 

The Lagrange multiplier is extended to include the inequality constmints by in­
troducing m-vector /-Lofundetennined quantities. The unconstrained cost function 
becomes 

k m 

£ ~ 1 + 2::>-.g, + L~j"J 
;=1 j=1 

The resulting necessary conditions for constralned local minima of £. are the fol­
lowing: 

a£ . -a = 0 i = 1, ... , n x, 
a£ 
-a' =9;=0 i=I, ... ,k 

Ai 

a£ -a = Uj ~ 0 j = 1, ... ,m 
~j 

JljUj = 0 &. J1.j > 0 j = 1, ... ,m 

(7. 
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Note that Equation (7.18) is simply the original equality constraints. Suppose 
(i 1, X2, ... ,in) is a relative minimum. The inequality constraints in (7.19) is said 
to be inactive if strict inequality holds at (ii, i 2, .. . , in) and J1.j = O. On the 
oilier hand, when strict equality holds. the constraint is active at this point, (i.e., if 
the constraint J1.juj(i"iz, ... ,in) = 0 and J1-j > O. This is known as the Kuhn­
Tllcker necessary condition. 

Example 7.3 

Solve Example 7.2 with an additional inequality constraint defined below. The 
problem is to find the minimum value of the function 

subject to one equality constraint 

glx,y) ~ Ix - 8)' + Iy - 6)' - 25 ~ 0 

and one inequality constralnt, 

U(x, y) = 2x + y ~ 12 

The unconstralned cost function from (7.16) is 

The resulting necessary conditions for constrained local minima of L are 

a£ 
ax = 2x + 2>.(x - 8) + 2/-L = 0 

a£ 
ay ~ 2y + 2>'ly ~ 6) + p ~ 0 

a£ 
a>. ~ (x - 8)' + (y - 6)' - 25 ~ 0 

a£ 
- = 2x+y-12 = 0 ap 

Eliminating J1. from the first two equations result in 

(2x - 4y)(1 + >.) + 8>' ~ 0 

From the fourth condition, we have 

y=12-2x 
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Substituting for y in the above equation. yields 

4>. + 4.8 

1+), 

Now substituting for x in the previous equation, we get 

4>. + 2.4 
y= 

1+'\ 
Substituting for x and y in the third condition (equality constraint) results in an 
equation in tenns of >. 

(
4)' + 4.8 8)' (4). + 2.4 )' 
--'-1 c-+,.).~ ~ + 1+), ~ 6 ~ 25 ~ 0 

from which we have the following equation 

..\2 + 2,,\ + 0.36 = 0 

Roots of the above equation are ..\ = -0.2 and>. = -1.8. Substituting for these 
values of"\ in the expression for x and y, the corresponding extrema are 

y 

14 

12 

10 

8 

6 

4 

2 

00 

, 

\ 

, 

-
2 

FIGURE 7.2 

(x, y) ~ (5,2) fo,'\ ~ ~0.2, ~ ~ ~5.6 

(x,y)={3,6) for >.=-1.8, J1.= ~12 

, 

-
4 6 8 10 12 14 

x 

Constrainl fUTlCtions ofExampJe 7.]. 

The minimum distance from the cost function is 5.385, located at point (5,2), 
and the maximum distance is 6.71 located at point (3.6). 

. Ad~ng ~e inequality constraint 21' + Y ~ 12 to the graphs in Figure 7.1. the 
SolutIOn IS venfied graphically as shown in Figure 7.2. 
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7.3 OPERATING COST OF A THERMAL PLANT 

The factors influencing power generation at minimum cost are operating efficien­
cies of generators, fuel cost, and transmission losses. The most efficient generator 
in the system does not guarantee minimum cost as it may be located in an area 
where fuel cost is high. Also, if the plant is located far from the load center. trans­
mission losses may be considerably higher and hence the plant may be overly un­
economical. Hence, the problem is to determine the generation of different plants 
such that the total operating cost is minimum. The operating cost plays an impor­
tant role in the economic scheduling and are discussed here. 

The input to the (hennal plant is generally measured in Btu/h, and the out­
put is measured in MW. A simplified input-output curve of a thennal unit known 
as heat-rate curve is given in Figure 7.3(a). Converting the ordinate of heat-rate 

Fud 
input, 
BlUth 

FIGURE 7.3 

(a) P" MW 

(a) Heal·rate curve. (h) Fuel-cost curve. 

Cost 
C;, 

$/11 

(b) P" MW 

curve from Btuth to $/h results in the Juef-cost curve shown in Figure 7.3(b). In 
all practical ca~es. the fuel cost of generator i can be represented as a quadratic 
function of real power generation 

(7.21) 

An important characteristic is obtained by plotting the derivative of the fuel-cost 
curve versus the real power. This is known as the incremental fuel-cost curve shown 
in Figure 7.4. 

dC. 
dP. = 2"P, + {3, (7.22) 

The incremental fud-cost curve is a measure of how costly it will be to produce 
the next increment of power. The total operating cost includes the fuel cost, and 
the cost of labor. supplies and maintenance. These costs are assumed to be a fixed 
percentage of the fuel cost and are generally included in the incremental fuel-cost 
curve. 
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A" 
$/MWh 

FIGURE 7.4 

p;'MW 

Typical incremerual fuel-cos! curve. 

7.4 ECONOMIC DISPATCH NEGLECTING 
LOSSES AND NO GENERATOR LIMITS 

The simplest economic dispatch problem is the case when transmission line losses 
are neglected. That is, the problem model does not consider system configuration 
and line impedances. In essence. the model assumes that the system is only one bus 
with all generation and loads connected to it as shown schematically in Figure 7.5. 

Po 

FIGURE 7.5 
Plarus connected 10 a common bus. 

Since transmission losses are neglected, the tolal demand PD is the sum of all 

generation. A cost function C i is assumed to be known for each plant. The p~:~~~:~ 
is to find the rea] power generation for each plant such that the objective fi 
(I.e., total production cost) as defined by the equation 

i=l 
n 

= 2:: cti + fJiPi + 'YiP? 
i_ I 
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is minimum, subject to the constraint 

(7.24) 

where C t is the total production cost, C j is the production cost of ith plant, Pi is 
the generation of ith plant, PD is the total load demand, and ng is the total number 
of dispatchable generating plants. 

A typical approach is to augment the constraints into objective function by 
using the Lagrange multipliers 

(7.25) 

The minimum of this unconstrained function is found at the point where the partials 
of the function to its variables are zero. 

first condition, given by (7.26), results in 

Since 

then 

DC, >'(O-l)~O 
UP + , 

and therefore the condition for optimum dispatch is 

i=l, ... ,ng 

0' 

(7.26) 

(7.27) 

(7.28) 

(7.29) 
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Second condition, given by (7.27), results in 

Equation 0.30) is precisely the equality constraint that was to be imposed. In sum· 
mary, when losses are neglected with no generator limils, for most economic oper· 
ation, all plants must operate at equal incremental production cost while sa~isfying 
the equality constraint given by (7.30). In order to find the solution, (7.29) is solved 
for P; 

p_A-~, 
• - 21'; 

The relations given by (7.31) are known as the coordination equations. They are 
functions of A. An analytical solution can be obtained for A by substituting for ?j 
in (7.30), Le., 

0' 

,,~ A - f3 
L--' ~PD 
;=01 21'. 

P ","9 A 
D + L.;-I 2"1' 

A = IIg I ; 

Li=1 2-Yi 

The value of A found from (7.33) is substituted in (7.31) to obtain the optimal 
~cheduling of generation. 

The solution for economic dispatch neglecting losses was found analytically. 
However when losses are considered the resulting equations as seen in Section 
7.6 are nonlinear and must be solved iteratively. Thus, an iterative procedure is 
introduced here and (7.31) is 'solved iteratively. In an iterative search technique, 
starting with two values of )., a bener value of ). is obtained by extrapolation, 
and the process is continued until 6..Pi is within a specified accuracy. However, as 
mentioned earlier, a rapid solution is obtained by the use of the gradient method. 
To do Ihis. (7.32) is written as 

f(A) ~ PD 

Expanding the kft-hand side of the above equation in Taylor's series about 
o~rating point A(k), and neglecting the higher·order lenns results in 
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0' 

and therefore, 

where 

6..p(k} 

(d[J.~)) (k) 

6..p(k) 

Ap(k} 
6,A(k) - _~ __ -", 

L. 21' • 

". 
l:>.p(') ~ PD - L P.") 

j=1 

The process is continued until Llptk ) is less than a specified accuracy. 

Example 7.4 

The fuel-cost functions for three thennal plants in $/h are given by 

C1 = 500 + 5,3PI + o.oo4pl 
C2 = 400 + 5,5P2 + O.OO6P] 

C3 = 200 + S.8P3 + O.D09P:? 

(7.36) 

(7.37) 

(7.38) 

(7.39) 

where PI, P2, and Pa are in Mw' The total load, PD. is 800 MW, Neglecting line 
losses and generator limits, find the optimal dispatch and the total cost in $/h 
(a) by analytical method using (7,33) 
(b) by graphical demonstration. 
(c) by iterative technique using the gradient method. 

(a) From (7.33), A is found to be 

800 + ..li.. + 5,5 + 5.8 
A - 0.008 0]f7 0]f8 

- 1 + 1 + 1 
ii:Oi'!8 ii:OI'2 0.6I8 

~ 800 + 1443.0555 = 8.5 $fMWh 
263.8889 
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Substituting for). in the coordination equation, given by (7.31), the optimal dis_ 
patch is 

8.5 - 5.3 
p, ~ 2(0.004) ~ 400.0000 

8.5 - 5.5 
p, ~ 2(0.006) ~ 250.0000 

p 8.5-5.8 
, ~ 2(0.009) ~ 150.0000 

(b) From (7.28), the necessary conditions for optimal dispatch are 

dC, 
dP

I 
= 5.3 + O.D08PI = ). 

dC, 
dP"l = 5.5 + O.OI2P2 = ..\ 

dC, 
dPJ = 5.8 + O.018P3 = ..\ 

subject to 

To demom;traie the concept of equal incremental cost for optimal dispatch, we can 
use MATlA8 plot command to plot the incremental cost of each plant on the same 
graph as shown in Figure 7.6. To obtain a solution. various values of ..\ could be 
tried until one is found which produces L Pi = Po. For each ..\, if L: Pi < PD. 
we increase). otherwise, if L Pi > Po, we reduce ..\. Therefore, the horizontal 
~ashed-Iine shown in the graph is moved up or down until at the optimum point 
,\, := Pi = PD. For this example, with PD = 800 MW, the optimal dispatch is . 
PI = 400, P2 = 250, and P3 = 150 at >. = 8.5 $fMWh. 

(c) For the numerical solution using the gradient method, assume the initial value 
of ..\(1) = 6.0. From coordination equations, given by (7.31), PI. P2• and P3 are 

pi') ~ 6.0 - 5.3 ~ 87 5000 
, 2(0.004) . 

p(l) _ -6.0 - 5.5 _ 
2 - 2(0.006) - 41.6667 

pi') _ 6.0-5.8_ 
3 - 2(0.009) - 11.1111 

Since PD = 8DO MW. the error t:J.P from (7.39) is 

Il.pi') ~ 800 - (87.5 + 41.6667 + 11.1111) ~ 659.7222 

$fMWh 
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10,-----~----~,---~----~----, 

9.5 

9.0 

8.5 -------

8.0 

7.5 

7.0 

6.5 0!c---cclOO;:;:-----'-"'200;:;:-----'-"'300;:;:----;4:'::OOc----;-;500 

P,MW 

FIGURE 7.6 
illustrating thc concept of equal incremental cost production cost. 

From (7.37) 

659.7222 659.7222 
.0.,\(1) = -T,---'=" =:-'--_" - = 263.8888 = 2.5 

2(0.004} + 2(0.006) + 2(0.00!J) 

Therefore. the new value of ..\ is 

..\(2) = 6.0 + 2.5 = 8.5 

Continuing the process, for the second iteration. we have 

p(2) = 8.5 - 5.3 = 400.0000 
1 2(0.004) 

pi') ~ 8.5 - 5.5 ~ 2 0.0000 
, 2(0.006) 5 

p(2) = 8.5 - 5.8 = 150.0000 
3 2(0.009) 

and 

Il.p(2) ~ 800 - (400 + 250 + ISO) ~ 0.0 

Since AP(2) = 0, the equality constraint is met in two iterations. Therefore, the 

optimal dispatch are 

PI = 4DO MW 
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and the total fuel cos[ is 

P2 = 250 

P3 = 150 

). = 8.5 

MW 

MW 

$/MWh 

c, ~ 500 + 5.3(400) + 0.004(400)' + 400 + 5.5(250) + 0.006(250)' 

+200 + 5.8(150) + 0.009(150)' ~ 6,682.5 $/h 

To demonstrate the above method, the following simple program is written 
for Example 7.4. 

alpha =(500; 400: 200]; 
beta" (5.3; 5.5; 5.8] ; gamma=[.004; .006; .009]; 
POocSOO; 
DelP ; 10; Yo Error in Del? is set to a higb value 
lambda - input('Enter estimated value of Lambda - ')j 
fprintf (' ,) 
disp([' Lambda PI P2 P3 DP' ... 

grad Delambda']) 
iter'" 0; i. Iteration counter 
vhile abs(DelP) >- 0.001 'l. Test for convergence 
iter = iter + 1; Yo No. of iterations 
P", (lambda - beta)./(2*gamma); i. Coordination equation 
DelF ~PD - sumep); % Residual 
J., sum(ones(length(gamma). 1)./(2*gamma»;% Gradient sum 
Delambda '" DeIP/]; % Change in variable 
disp([lambda, PCI), P(2), P(3). DelP, 1, Delambda]) 
lambda'" lambda + Delambdaj % Successive 
'nd 
total cost ; sum (alpha + beta .• P + gamma .• P.-2) 

When the program is run, the result is 

Enter estimated value of Lambda z 6 

Lambda Pl P2 
6.0000 87.500 41.6667 
8.5000 400.000 250.0000 

total cost .. 

6682.5 

P3 
11.1111 

150.0000 

DP 
659.7222 

0.0000 

grad 
263.8889 
263.8889 

2.500 
0.000 
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A general program called dispatch is developed for the optimal dispatch prob· 
[em. The program returns the system)., the optimal dispatch generation vector P, 
and the total cost. The following reserved variables are required by the dispatch 
program: 

Pdt This reserved name must be used to specify the total load in MW. If Pdt is 
not specified the user is prompted to input the total load. If dispatch is used 
following any of the power flow programs, the total load is automa[ically 
passed by the power flow program. 

cost This reserved name must be used to specify the cost function coefficients. The 
coefficients are arranged in the MATIAB matrix format. Each row contains 
the coefficients of the cost function in ascending powers of P. 

mwlimits This name is reserved for the generator's real power limits and are dis­
cussed in Section 7.5. This entry is specified in matrix fonn with the first 
column representing the minimum value and the second column represent­
ing the maximum value. If mwlimits is not specified. the program obtains 
the optimal dispatch of generation with no limits. 

B BO BOO These names are reserved for the loss fonnula coefficient matrices and 
arc discussed in Section 7.6. If these variables are nOI specified. optimal 
dispatch at' generation is obtained neglecting losses. 

The total generation cost of a thennal power system can be obtained with the 
aid of the gencost command. This program can be used following any of the power 
flow programs or the dispatch program, provided cost function matrix is defi'ned. 

Example 7.5 

Neglecting generator limits and system losses. use dispatch program to obtain the 
optimal dispatch of generation for thennal plants specified in Example 7.4. 

We use the following command: 

cost .. [500 5.3 0.004 
400 5.5 0.006 
200 5 .• 0.009]; 

Pdt =0 800; 
dispatch 
gencost 
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The result is 

Incremental cost of delivered.poyer(system lambda) ; 
Optimal Dispatch of Generation: 

400.0000 
250.0000 
150.0000 

Total generation cost ~ 6682.50 $/h 

7.5 ECONOMIC DISPATCH NEGLECTING 
LOSSES AND INCLUDING GENERATOR LIMITS 

The power output of any generator should not exceed ils rating nor should il be be­
low that necessary for slable boiler operation. Thus, the generations are restricted 
10 lie within given minimum and maximum limits. The problem is to find the real 
power generation for each plant such that the objective function (i.e., total produc­
tion cost) as defined by (7.23) is minimum, subject to the constraint given by (7.24) 
and the inequality constraints given by 

i=I, ... ,n9 

Where P;(m;nl and Pi(ma",) are the minimum and maximum generating limits re­
spectively for plant i. 

The Kuhn-Tucker conditions complement the Lagrangian conditions to in­
clude the inequality constraints as additional terms. The necessary conditions for 
the optimal dispatch with losses neglected becomes 

for Pi(min) < Pi < Pi(max) 

,for Pi = ~(min) 

The numerical solution is the same as before. That is, for an estimated .\, Pi 
are found from the coordination Equation (7.31) and iteration is continued until 
L Pi = PD. As soon as any plant reaches a maximum or minimum, the 
hccomes pegged at the limit. In effect, the plant output becomes a constant, and 
only the ullviolated plants must operate at equal incremental cost. 
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Example 7.6 

Find the optimal dispatch and the total cost in $fll for the thennal plants of Example 
7.4 when the total load is 975 MW with the following generator limits (in MW): 

200:::; PI :::; 450 

150:::; P2 :::; 350 

100:::; P3 :::; 225 

Assume the initial value of .\(1) = 6.0. From coordination equations given by 
(7.31). PI, P2. and P3 are 

(1) = 6.0 - 5.3 = 87.5000 
PI 2(0.004) 

(I) = 6.0 - 5.5 = 41.6667 
P, 2(0.006) 

(1) = 6.0 - 5.8 = lUlll 
P3 2(0.009) 

Since PD = 975 MW, the error 6.P from (7.39) is 

6.p(l1 ~ 975 - (87.5 + 41.6667 + 11.1111) ~ 834.7222 

From (7.37) 

_~_-,=8"34::..7;-,2,,,2::.2_~_ ~ 834.7222 ~ 3.1632 
6..\(1) = I I + I 2638888 

2(0.004) + 2(0.006) 2(0.009) . 

Therefore, the new value of ). is 

).(2) = 6.0 + 3.1632 = 9.1632 

Continuing the process, for the second iteration. we have 

1'1 ~ 9.1632 - 5.3 ~ 482.8947 
PI 2(0.004) 

1'1 ~ 9.1632 - 5.5 ~ 305.2632 
P, 2(0.006) 

121 ~ 9.1632 - 5.8 ~ 186.8421 
P3 2(0.009) 

""d 

6.pl'l ~ 975 - (482.8947 + 305,2632 + 186.8421) ~ 0.0 
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Since AP{'1) = 0, the equality constraint is met in two iterations. However, P l 
exceeds its upper limit. Thus, this plant is pegged at its upper limit. Hence PI = 
450 and is kept constant at this value. Thus, the new imbalance in power is 

t.p(2' = 975 - (.50 + 305.2632 + 186.8421) = 32.89.7 

from (7.37) 

32.89'7 
A.\ (2) = _ .-'( ==-,.---- = 

2{O.006} +~ 

32.8947 = 0.2368 
138.8889 

Therefore. the new value of .\ is 

>.'3) = 9.1632 + 0.2368 = 9.4 

For the third iter.ltion, we have 

p~J) = 450 

(3) = 9.4 - 5.5 = 325 
P, 2(0.006) 

(3) _ 9.4 - 5.8 _ 200 
PJ - 2(0.009) -

and 

AP(3) = 975 - (450 + 325 + 2(0) = 0.0 

6 P(3) = O. and the equality conslrnint is me1: and P2 and P3 are within their limits. 
Thus. the optimal dispatch is 

PI = 450 MW 
P'l = 325 MW 
P3 = 200 MW 
A = 9.4 I/MWh 

and the totaJ fuel cost is 

C, = 500 + 5.3(450) + 0.004(450)' + 400 + 5.5(325) + 0.006(325)' 

+200 + 5.8(200) + 0.009(200)' = 8,236.25 I/h 

The following commands can be used to obtain the optimal dispatch 
eration including generator limits. 

1.6 ECONOMIC DISPATCH INCLUDING LOSSES 279 

cost - (500 5.3 
400 5.5 
200 5.B 

mwlimits-[200 450 
150 350 
100 225); 

Pdt - 915; 
dispatcb 
gencost 

The result is 

0.004 
0.006 
0.009}; 

Incremental cost of delivered power(system lambda} ~ 9.4$/MWh 
Optimal Dispatch of Generation : 

450 
325 
200 

Total generation cost - 8236.25 SIb 

7.6 ECONOMIC DISPATCH INCLUDING LOSSES 

Wht"!n transmission dislances are very small and load density is very high. trans­
mission losses may be m:glected and me optimal dispatch of generation is achieved 
wilh all planiS operating at equal increme ntal produclion COSI. However. in a large 
imerconnected network where power is lransmitted ove r long distances wilh low 
load density areas. transmission losses are a major factor and affect the optimum 
dispalch of generalion. One common practice for includipg the effect of transmis­
sion losses is to express the total transmission loss as a quadratic function of the 
generator power outputs. The simplest quadratic form is 

,,~ ". 
p. = LLP,B,;P; (7.42) 

i ... l j_l 

A more general fonnula containing a linear term and a constant tenn, referred to 
as Kron 'sloss formula, is 

n, n, I1.J 

p. = L L P;BljPj + L B",P, + Boo (7.43) 
j"dj_ l ,,,,,I 
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The coefficients B;j are called loss coefficients or B-coefficienrs. B-coefficiems are 
assumed constant, and reasonable accuracy can be expected provided the actual op­
eraling conditions are close to the base case where the B -constants were computed. 
There are various ways of arriving at a loss equation. A method for obtaining these 
B-coefficients is presented in Section 7.7. 

The economic dispatching problem is to minimize the overall generating cost 
C;, which is the function of plant output 

i=1 

" ::::::: L O'j + (ljPj + 'YiP? (7.44) 
i=! 

subject to the constraint that generation should equal total demands plus losses, 
Le., 

", 
LP. ~ PD+PL (7.45) 
;=1 

satisfying the inequality constraints, expressed as follows: 

i=l, ... ,ng 

where p;{m;n) and Pj(max) are the minimum and maximum generating limits, re­
spectively, for plant i. 

Using the Lagrange multiplier and adding additional terms to include the in­
equality constraints, we obtain 

'I, '1, 
£ ~ C, + >'(PD + PL - L p.) + L "'(m=I(P, - P'(m=l) + 

i=1 
", 
LPi(min)(P; - Pi{min») 
i=1 

i=1 

(7.47) 

The constraints should be understood to mean the Ili(m=) = a when Pi < Pi(m=) 

~d that Ili(min) = 0 when Pi > Pi(min)' In other words, if the constraint is not 
Violated, its associated Jl. variable is zero and the corresponding tenn in (7.47) does 
not exist. The constraint only becomes active when violated. The minimum of this 
unconstrained function is found at the point where the partials of the function to its 
variables are zero. 

8£ 
-~O 
oF, 
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8£ ~ 0 (7.49) 
8>' 

8£ 
-,;-=- = Pi - Pi(mazl = a (7.50) 
8pi(max) 

8£ 

8 
= Pi - Pi(min) = 0 (7.51) 

Pi(min} 

Equations (7.50) and (7.51) imply that Pi should not be allowed to go beyond its 
limit, and when Pi is within its limits J.'i(min) = J.'1(mll.") = 0 and the Kuhn-Tucker 
function becomes the same as the Lagrangian one. First condition, given by (7.48). 
results in 

Since 

then 

and therefore the cumlitiull fur uplimum dispatch is 

i=l, ... ,ng (7.52) 

The term !!t'1.. is known as the incremental transmission loss. Second condition. 
UP, 

given by (7.49), results in 

". 
LP, ~ PD + PL 
iool 

Equation (7.53) is precisely the equruity constraint that was to be imposed. 

0' 

Classically. Equation (7.52) is n-armnged as 

dCi -,\ 
L;dP

i 
-

i=l, ... ,ng 

i = l, ... ,ng 

(753) 

(7.54) 

(7.55) 
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where L; is known as the penalty factor of plant i and is given by 

I 
L, = lJp 

I - 'ifiI: 

Hence. the eff~l of transmission loss is to introduce a penally faclor with a value . 
thai depends on the location of Ihe plant. Equation (7.55) shows thai the minimum ' 
cost is obtained when the incremental cost of each plant multiplied by its p." .. lty 
factor is the same for .3.11 plants. 

The incremenlal production cost is given by (7.22), and the incremental trans. 
mission loss is obtained from the loss formula (7.43) which yields 

Substituting the expression for the incremental production cost and the incremental 
tnlllsmission loss in (7 .52) results in 

u, 

", 
()j + 2'Y,P, + 2,,\ LB;jPj + BOi..\ =..\ 

j=l 

G + B,,) P, + t,B,; P; ~ HI -B., - ~) 
" . 

E.\tcnding (7.58) to all plants resulls in lhe following linear equations in m:urix 
fonn 

[

1'-+BII B,; 
B21 'It+B,, 
· . · . · . 

Dn~ t n"~ 2 

or in shon form 

EP=D 

. To fi~ the optimal dispatch for an estimated value of ..\(1) I lhe simultaneous 
lmear equatIon given by (7.60) is solved. In MATlAR use the command P = E\D. 
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Then the iterative process is continued using the gradient method. To do this. from 
(7.58), Pi at the kth iteration is expressed as 

A")(I - 80;) - ~, - 2A") E B, p") 
p ( k) = i'" J 1 

, 2hi + ,~Jk) B .. ) 
(7.61) 

Substituting for P; from (7.61) in (7.53) results in 

(7.62) 

o. 

(7.63) 

Expanding the left-hand side of the above equation in Taylor's series about an 
opernting point ..\(k) , and neglecting the higher·order terms results in 

(7.64) 

o. 
I;P(') 

(~)'k) 
I;P(') 

~ 

E(%)") 
(7.65) 

where 

(7.66) 

and therefore, 

(7.67) 

where 

" 
AP"I = PD + Pi') - L Pi') (7.68) 

, .. 
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Z84 7. OPTIMAL DISPATCH OF GENERATION 

The process is continued until 6 P(J;) is less than a specified accuracy. 
If an approximate loss formula expressed by 

". 
PL == L Ei, P? (7.69) 

.= 1 

is used. B ij = 0, Boo == 0, and solution of the simuhaneous equation given by 
(7.61) reduces to the following simple expression 

(k) ). (11 ) - Pi 
P, = 2( 1'i + A(k) B

OI
) 

(7.70) 

and (7.66) reduces to 

(7 .7 1) 

Example 7.7 

The fucl cost in $Ih of lhree thennal plants of a power system are 

C! = 200 + 7.0PI + O.ODS?? SIh 

C} = ISO + 6.3P.., + O.OO9P} SIh 
C j = 140 + (i .SP) + 0.007 pj SIh 

where PI. P2, and P l are in MW. Plant outputs are subject to the following limits 

10 MW S 85 MW 

10 MW ~ AO MW 

10 MW $ 70 MW 

For this problem, assume the real power loss is given by the simplified expression 

PL(pu) == O.0218P?(pu) + O.0228Pi{pu) + O.0179PiCpu) 

where the loss coefficients are specified in per unit on a 1000MVA base. Detennine 
the optimal dispalch of gertenttion wlk!n the total system load is 150 MW. 

In the cost function Pi is expressed in MW. Therefore. the real power loss in . 
terms o f MW generation is ' 

PL = [00'218 (:a~)' + 00228 (~)' +0 0179 (~)'l x 100 MW 

= 0.OOO218Pr + O.OOO228Pj + 0.OOO170Pi MW 
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For the numerical solution using the gradient method, assume the initial value of 

),p> = 8.0. From c~rdination equ<ltions, given by (7.70), p \(I) , pJI>, and pJl ) are 

pO) = 8.0 - 7.0 _ 
1 2(0.008 + 8.0 x 0.000218) - 51.3136 MW 

p,(i) = 8.0 - 6.3 _ 
, 2(0.009 + 8.0 x 0.00(228) - 78.5292 MW 

pO) = 8.0 - 6.8 _ 
J 2{O.007 + 8.0 )( 0.000179) - 71.1575 MW 

The real power loss is 

pr l 
= O.OOO218(51 .3136f + 0.000228(78.5292)2 +0.000179(71 .1575)2 = 2.886 

S ince Po = 150 MW, the error ClP(l) from (7.68) is 

6.pl" = 15() + 2.880·1 - (51.3130 + 78.5292 + 7l.l575) = -48.1139 

From (7 .71) 

t (8P,)I" _ 0.008 + 0.000218 x 7.0 0.009 + 0.000228 x 6.3 
1=\ 8), - 1(0.008 + 8.0 x O.(X)I)21R)2 + 2(0.009 + 8.0 x 0.0002(8)2 

From (7.65) 

+ 0.007 + 0.000179 x 6.8 = 152.4924 
2(0.007 + 8.0 x 0.000179)2 

6.,1" = - 48.1139 = - 0.31552 
152 .4.924 

Therefore, the new value of). is 

,(2' = 8.0 - 0. 31552 = 7.6845 

Continuing the process, for the second iteration, we have 

p(2, = 7.6845 - 7.0 = 35.3728 MW 
1 2(0.008 + 7.6845 x 0.00(218) 

p(2) ~ 7.6845 - 6.3 = 64.3821 MW 
2 2(0.009 + 7.6845 x 0.000228) 

pC') ~ 7.6845 - 6.8 ~ 52.8015 MW 
3 2(0.007 + 7.6845 x 0.00(179) 
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The real power loss is 

Pi') ~0.000218(35.3728)' +0.000228(64.3821)' +0.000179(52.8015)' ~ 1.717 

Since PD = 150 MW, the error .6.p(2) from (7.68) is 

l!.p(2) ~ 150+1.7169-(35.3728+64.3821+52.8015) ~ -0.8395 

From (7.71) 

3 (fJp;)(21 0.008 + 0.000218 x 7.0 0.009 + 0.000228 x 6.3 

~ D>. ~ 2(0.008 + 7.684 x 0.000218)' + 2(0.009 + 7.684 x 0.000228)' 

From (7.65) 

0.007 + 0.000179 x 6.8 = 154.588 
+ 2{0.007 + 7.6845 x 0.0(0179)2 

.6.).(2) = -0.8395 = -0.005431 
154.588 

Therefore, the new value of). is 

).(3) = 7.6845 - 0.005431 = 7.679 

For the third iteration. we have 

p(3) = 7.679 - 7.0 = 35.0965 
I 2(0.008 + 7.679 x 0.000218) 

p(3) = 7.679 - 6.3 = 64.1369 
, 2(0.009 + 7.679 x 0.000228) 

p(3) = 7.679 - 6.8 = 52.4834 
3 2(0.007 + 7.679 x 0.000179) 

The real power loss is 

11W 

MW 

MW 

PI') ~0.000218(35.0965)' +0.000228(64.1369)' +0.000179(52.4834)' ~ 1.699 

Since PD = 150 MW, the error .6.p(3) from (7.68) is 

l!.p(3) ~ 150 + 1.6995 - (35.0965 + 64.1369 + 52.4834) ~ -O.OJ7.l; 

From (7.71) 

t(api )(3) 0.008 + 0.000218 x 7.0 0.009 + 0.000228 x 6.3 

;=1 8>. ~ 2(0.008 + 7.679 x 0.000218)' + 2(0.009 + 7.679 x 0.0(0228)' 

0.007 + 0.000179 x 6.8 
+ 2(0.007 + 7.679 x 0.000179)' ~ 154.624 
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From (7.65) 

6.).(3).= -0.01742 = -0.0001127 
154.624 

Therefore, the new value of ). is 

).(4) = 7.679 - 0.0001127 = 7.6789 

Since 60.).(3), is small the equality constraint is met in four iterations. and the opti­
mal dispatch for)' = 7.678\} are 

p(4) = 7.6789 - 7.0 = 35.0907 MW 
L 2{O.008 + 7.679 x 0.000218) 

p(4) _ 7.6789 - 6.3 = 64.1317 MW 
2 - 2{O.009 + 7.679 x 0.000228) 

pf4) = 7.6789 - 6,8 = 24767 MW 
3 2(0.007 + 7.679 x 0.000179) 5. 

The real power loss is 

pI" ~0.000218(35.0907)' +0.000228(64.1317)' +0.000179(52.4767)' ~ 1.699 

and the total fucl cost is 

c, ~ 200 + 7.0(35.0907) + 0.008(35.0907)' + 180 + 6.3(64.1317) + 

0.009(64.1317)' + 140 + 6.8(52.4767) + 0.007(52.4767)' ~ 1592.65 $jh 

The dispatch program can be used to find the optimal dispatch of generation. The 
program is designed for the loss coefficients to be expressed in per unit. The loss 
coefficients are arranged in a matrix form with the variable name B. The base MVA 
must be specified by the variable name bascmva. If base mva is not specified. it is 
set to 100 MVA. 

We use the following commands 

cost = [200 7.0 0.008 
180 6.3 0.009 
140 6.8 0.007] ; 

mulimits - [10 85 
10 80 
10 70); 

Pdt = 150; 
B - [0.0218 0 0 
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o 0.0228 o 
0.0179]; o 0 

basemva = 100; 
dispatch 
gencost 

The result is 

Incremental cost of delivered pouer(system lambda) z 

7. 678935$/MWh 
Optimal Dispatch of Generation: 

35.0907 
64.1317 
52.4767 

Total system loss ; 1.6991 MW 
Total generation cost; 1592.65 $/h 

Example 7.8 

~igure 7.7 (page 295) shows the one-line diagram of a power system described 
l~ Example 7.9_ The R matrices of the loss fonnula for this system are found in 
Example7.9. They are given in per unit on a 100 MVA base as follows 

B 0.0093 0.0228 0.0017 
[ 

0.02l8 0.0093 0.0028] 

0.0028 0.0017 0.0179 

Bo [0.0003 0.0031 0.0015 J 
Boo = 0.00030523 

Cost functions, generator limits, and total loads are given in Example 7.7. Use dis­
patch program to obtain the optimal dispatch of generation. 

We use the following commands. 

cost - [200 7.0 
180 6.3 
140 6.8 

mylimits -[10 85 
10 80 
10 70); 

Pdt'" 150; 

0.008 
0.009 
0.007] ; 
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B = (0.0218 0.0093 
0.0093 0.0228 
0.0028 0.0017 

BO - (0.0003 0.0031 
BOO - 0.00030523; 
basemva = 100; 
dispatch 
gencost 

The result is 

0.0028 
0.0017 
0.0179] ; 
0.0015]; 

Incremental cost of delivered power (system lambda) ~ 
7.767785 $/MWh 
Optimal Dispatch of Generation: 

33.4701 
64.0974 
55.1011 

Total generation cost = 1599.98 $/h 

7.7 DERIVATION OF LOSS FORMULA 

One of the major steps in the optimal dispatch of generation is to express the system 
losses in terms of the generator's real power outputs. There are several methods 
of obtaining the loss formula. One method developed by Kron and adopted by 
Kirchmaycr is thc loss coefficient or B -coefficient method. 

The total injected complex power at bus i, denoted by Si, is given by 

Si = Pi + jQi = ViI;' (7.72) 

The summation of powers over all buses gives the total system losses 

n 

PL + jQ L = L ViIt = V~,I;'u [1.73) 
i~l 

where PT, and Q I. are the real and reactive power loss of the system. Vbu~ is the 
column vector of the nodal bus voltages and Ibu~ is the column vector of the in­
jected bus currents. The expression for the bus currents in terms of bus voltage was 
derived in Chapter 6 and is given by (6.2) as 

(7.74) 
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where Ybus is the bus admittance matrix with ground as reference. Solving for Vbus. 
we have 

Vtn..., = Yb;:; Ibu5 

= ZbuS I005 (7.75) 

The inverse of the bus admittance matrix is known as the blls impedance matrix. 
The bus admittance matrix is nonsingular if there are shunt elements (such as shunt 
capacitive susceptance) connected to the ground (bus number 0). As discussed in 
Chapter 6, the bus admittance matrix is sparse and its inverse can be expressed 
as a product of sparse matrix factors. Actually Zoos, which is also required for 
short-circuit analysis, can be obtained directly by the method of building algoritlun 
without the need for matrix inversion. This technique is discussed in Chapter 9. 

Substituting for V/rus from (7.75) into (7.73). results in 

PL + jQ L = [z/rusI/rusf Ibus 

= Il:.sZ&.slb,.s (7.76) 

Zbus is a symmetrical matrix; therefore. Z&.s = Zbus. and the total system loss 
becomes 

The expression in (7.77) can also be expressed with the use of index notation as 

n n 

PL + jQL ~ L L I,Zijl; (7.78) 

i=l j=1 

Since the bus impedance matrix is symmetrical. i.e., Zij = Zji. the above equation 
may be rewritten as 

1 n n 

PL + jQL ~ '2 LL Zij(U; + IjIi) 
i=lj=1 

(7.79) 

The quantity inside the parenth~ses in (7.79) is real; thus the power loss can be 
broken into its real and imaginary components as 

1 n n 

PL ~ '2 LLR;j(U; +Ijm 
i=I ;=1 

1 n n 

QL ~ '2 LLXij(U; +IjI:l 
i=1 ;=1 
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where ~j and Xij are the real and imaginary elements of the bus impedance ma­
trix. respectively. Again, since ~i = Rji, the real power loss equation can be 
converted back into 

n n 

PL ~ L L I,R;jI; 
i=\ j=l 

Or in matrix form. the equation for the system real power loss becomes 

PL = ft:lsRbuslbuS 

(7.82) 

(7.83) 

where Rbus is the real part of the bus impedance matrix. In order to obtain the 
general formula for the system power loss in terms of generator powers, we define 
the total load current as the sum of all individual load currents, i.e., 

(7.84) 

where nd is the number of load buses and I D is the total load currents. Now the 
individual bus currents are assumed to vary as a constant complex fraction of the 
total load current. i.e .. 

0' 

k= 1,2, ... ,nd 

hk t k = -
Iv 

(7.85) 

(7.86) 

Assuming bus I to be the reference bus (slack bus). expanding the first row in 
(7.75) results in 

(7.87) 

If ng is the number of generator buses and nd is the number of load buses. the 
above equation can be written in terms of the load currents and generator currents 

" 
n, nd 

VI = L Zlilgi + L ZU.JLk (7.88) 
i=l k"'l 

Substituting for ItA; from (7.85) into (7.88), we have 

n, nd 

VI = L ZhIyi + ID L lkZlk 

n, 
= L Zlilgi + IDT (7.89) 

i=1 
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where 
n, 

T ~ I: l,Z" (7.90) 
k=;1 

If 10 is defined as the current flowing away from bus I, with all other load currents 
set to zero, we have 

SubstilUting for VI in (7.89) and solving for 1D, we have 

Subslituting for 10 from (7.92) into (7.85), the load currents become 

Let 

Then 

n, 

l, 
- -Z1I10 

T 

hk = Pk ")' Zli1gi + PkZtl10 
i=; I 

(7.91) 

(7.92) 

(7.93) 

(7.94) 

(7.95) 

Augmeriting the generator currents with the above relation in matrix form. we have 

1,1 1 0 0 

I" 0 I 0 

Ign, 0 0 1 
hi 

~ 

P1Zli P 1Zl1 P1Zlliq 
h, P2 Z tt P2 Z 12 P2Zln~ 

ILn~ PkZII Pk Z l2 PkZl"~ 

Showing the above matri,.;: by C, (7.96) becomes 

h"" = C1new 

0 
0 

0 
P1ZII 
P2 Z tl 

PkZll 

1,1 
1,2 

10 

(7.96) 

(7.97) 
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Substituting for 11m8 in (7.83), we have 

PL = [C1newJT RlmsC· l~ew 
= 1~"wCT Rbu~C· 1~ ... w 

If 59i is the complex power at bus i, the generator current is 

I _ ~ S;i _ Pyi - jQgi 
g,-v..- v.* , , 

1 - jSk 
-=P,-,,!!., P 

Vi. g' 

0' 

where 

1- j't:: 
,', .. 
'l"'i = V. , 

Adding the current 10 to the column vector current Igi in (7.100) results in 

1,1 
1,2 

~ 

Ign~ 
Io 

or in short form 

where 

'h 0 0 
0 

'" 
0 

0 0 "n, 
0 0 0 

In"w = wPC1 

PCI = 

Pgn, 
1 

0 P,I 
0 P" 

0 Pgn, 
10 I 

Substituting from (7.103) for In"w in (7.98), the loss equation becomes 

PL = [w PCI]TCT Rtn.,C*w* POI 

= Pal WTcT R,.,.,C*\II* POI 

(7.98) 

(7.99) 

(7.100) 

(7.101) 

(7.102) 

(7.103) 

(7.104) 

(7.105) 
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The resultant matrix in the above equallon is complex and the real power loss 
found from its real part, thus 

T • PL = Pc1!R[H1PGl 

where 

Since elements of the matrix H are complex, its real part must be used for comput­
ing the real power loss. It is found that II is a Hermitian matrix. This means that 
H is symmetrical and H = H". Thus, real part of H is found from 

The above matrix is partitioned as follows 

!I[H] ~ 

B",I 
BOl/2 

Substituting for !R[H] into (7.106), yields 

Bin, BOI/2 
B 2n, Ben/2 

B n•n• BOn,/2 
Brm./2 Boo 

Bin, BOl/2 Pg1 

B2n, B02/2 Pg2 

P"" 
1 

... B,., 1 [ P" 1 ... B'ln P. 2 , , 
", : ... . . 

Bn,n, Pgn, 

+ Boo 
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To find the loss coefficients, first a power How solution is obtained for the initial 
operating state. This provides the voltage magnitude and phase angles at all buses. 
From these results, load currents Irk, the total load current ID, and lk are ob­
tained. Next the bus matrix Zl»<, is found. This can be obtained by converting the 
bus admittance matrix found from Ifybus or directly from the bllilding algorithm 
described in Chapter 9. Next the ,transformation matrices C and IJI and H are ob­
tained. Finally the B-coefficients are evaluated from (7.109). It should be noted that 
the B -coefficients are functions of the system operating state. If a new scheduling 
of generation is not drastically different from the initial operating condition, the 
loss coefficients may be assumed constant. A program named bloss is developed 
for the computation of the B-coefficients. This program requires the power How so­
lution and can be used following any of the power flow programs such as Ifgauss, 
lfnewton, or decouple. The B-coefficients obtained an': based on the generation in 
per unit. When generation are expressed in MW, the loss coefficients are 

B'j = Bijpu/SB EOi = BOipu and Boo = Boopu X SB 

where S8 is the base MVA. 

Example 7.9 

Figure 7.7 shows the one-line diagram of a simple 5·bus power system with gen­
erator at buses 1,2, and 3. Bus I, with its voltage set at 1.06LO° pu, is taken as the 
~lilek bus. Voltage magnitude and real power generation at buses 2 and 3 are 1.045 
pu, 40 MW, and 1.030 pu, 30 MW, respectively. 

VI = l.OGLO° 

C) 30MWj 
Capacitive susceptance 

0.OB+jO.24 0.01+jO.03 

O.02+jO.06 

2 20MW 
IOMvar 

j40MW 

W~I = 1.045 

FIGURE 7.7 

20MW 
15 Mvar 

0.06+jO.IB 
0.06+jO.IB 

0.04+jO.12 

50MW 
30 Mvar 

O.08+jO.24 

5 

60MW 
40 Mvar' 

One.line diagram of Example 7.9 (impedances in pu on lOO-MVA base). 

Line ~B 
1-2 0.030 

1-3 0.025 

2-3 0.020 

2-4 0.020 

2-5 0.015 

3-4 0.010 

4-5 0.025 
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The load MW and Mvar values are shown on the diagram. Line impedances 
one-half of the line capacitive susceptance are given in per unit on a 
base. ObLain the power flow solution and use the bloss program to obtain the loss 
coefficients in per unit. 

We use the following commands 

clear 
basemva z 100; accuracy - 0.0001; maxiter = 10; 

I. Bus Bus Voltage Angle -Load- ----Generator----Injected 
I. No code Mag. Degree MW Mvar Mil Mvar Qroin Qmax Mvar 
busdata~[l 1 1.06 0.0 0 0 0 0 10 50 0 

2 2 1.045 0.0 20 10 40 30 10 50 0 
3 2 1.03 0.0 20 15 30 10 10 40 0 
4 0 1.00 0.0 50 30 0 0 0 0 0 
5 0 1.00 0.0 60 40 0 0 0 0 0); 

% Bus bus R X 1/2 B 1 for lines code or 
'l. n1 
linedata'" [1 

1 
2 
2 
2 
3 
4 

lfybus 
lfne1o'ton 
busout 
bloss 

The result is 

nr 
2 
3 
3 
4 
5 
4 
5 

" " 

pu tap setting value 
0.02 1 
0.08 1 
0.06 1 
0.06 1 
0.04 
0.01 
0.08 

1 
1 
13; 

I. form the bus admittance matrix 
P01o'er flo1o' solution by Ne1o'ton-Raphson method 
Prints the poyer flow solution on the screen 

'l. Obtains the loss formula coefficients 

Pover Flo1o' Solution by Neyton-Raphson Method 
Maximum P01o'er mismatch = 1.43025e-05 

No. of iterations ~ 3 

Bus Voltage Angle --.,.--Load.:..--.-- --Generation-- Injected 
No, Hag. Degree MW Mvar MW Mvar Mvar 
1 1.060 0.000 0.000 0.00 83.051 7·.271 0.00 
2 1.045 -1. 782 20.000 10.00 40.000 41.811 0.00 
3 1.030 -2.664 20.000 15.00 30.000 24.148 0.00 
4 1.019 -3.243 50.000 30.00 0.000 0.000 0.00 
5 0.990 -4..405 60.000 40.00 0.000 0.000 0.00 
Total 150.000 95.000 153.051 73.230 0.00 
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B -

BO -

0.0218 
0.0093 
0.0028 

0.0093 
0.0228 
0.0017 

0.0003 0.0031 
BOO = 

3.0523e-04 

0.0028 
0.0017 
0.0179 

0.0015 

Total system 10·55 .. 3.05248 Mil 

As we have seen, any of the power flow programs, together with the bloss 
and dispatch programs can be used to oblain the optimal dispatch of generation. 
The dispatch program produces a variable named dpslack. This is the difference 
(absolute value) between the scheduled slack generation detennined from the coor­
dination equation, and the slack generation, obLained from the power flow solution. 
A power flow solulion obtained with the new scheduling of generation results in a 
new loss coefficients, which can be used to solve the coordination equation again. 
This process can be continued until dpslack is within a specified tolerance. This 
procedure is demonstrated in the following example. 

Example 7.10 

The generation cost and the real powt:r limits of th.: gt:nt:rators of the power sys­
tem in Example 7.9 is given in Example 7.4 and Ex.ample 7.6. Obtain the optimal 
dispatch of generation. Continue the optimization proccss until the difference (ab­
solute value) between the scheduled slack generation, detennined from the coordi­
nation equation, and the slack generation. obtained from the power flow solution, 
is within 0.00 I MW. 

We use the following commands 

clear 
ba5emva"" 100; accuracy - 0.0001; :::axit:er .. 10; 

'l. Bus Bus Voltage Angle --Load-- --~~nerator-- Injected 

" No code Mag. Degree K\I "var If,.' Mvar Qmin Qmax Hvar 

1.06 0.0 0 0 . 0 10 50 0 busdata=[1 1 , 
2 2 1.045 0.0 20 10 <: 30 10 50 0 
3 2 1.03 0.0 20 15 ,. 

"' :'1 10 40 0 
0 1.00 0.0 50 30 . 

0 0 0 0 4 , 
5 0 1.00 0,0 60 40 ". G 0 0 0) ; 

j 
I 
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'l. Bus bus R X 1/2 B 1 for lines code or 
'l. n1 nr pu pu pu tap setting value 

linedata= [1 2 0.02 0.06 0.030 1 
1 3 0.08 0.24 0.025 1 
2 3 0.06 0.18 0.020 1 
2 4 0.06 0.18 0.020 1 
2 5 0.04 0.12 0.015 1 
3 4 0.01 0.03 0.010 1 
4 5 0.08 0.24 0.025 1]; 

cost (200 7.0 0.008 
lBO 6.3 0.009 
140 6.B 0.007] ; 

mylimits '(10 B5 
10 80 
10 70]; 

Ifybus Y. forms the bus admittance matrix 
Ifneyton y. Power floy solution by Neyton-Raphson method 
busout y. Prints the power floy solution on the screen 
bloss Y. Obtains the loss formula coefficients 
gencost I. Computes the total generation cost $/h 
dispatch y. Obtains optimum dispatch of generation 

i. dpslack is the difference (absolute value) betyeen 
'l. the scheduled slack generation determined from the 

'l. coordination equation, and the slack generation 
'l. obtained from the poyer floy solution. 

yhile dpslack > 
lfneyton 

0.001 i. Test for convergence 
'l. Ney power floy solution 

i. Loss coefficients are updated 
dispatch of gen.yith new B-coefficients 

bloss 
dispatch 'l.Optimum 
'nd 
busout i. Prints the final power flow solution 
gencost i. Generation cost with optimum scheduling of gen. 

The result is 

Power Flow Solution by Newton-Raphson Hethod 
Maximum Power mismatch z 1.43025e-05 

No. of iterations = 3 
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Bus Voltage 
No. Hag. 

Angle 
Degree 

-----Load----­
HW Hvar 

--Generation--
MW Hvar 

Injected 
Hvar 

1 1.060 0.000 0.000 0.00 83.051 7.271 0.00 
2 1.045 -1.782 20.000 10.00 40.000 41.811 0.00 
3 1.030 -2.664 20.000 15.00 30.000 24.148 0.00 
4 1.019 -3.243 50.000 30.00 0.000 0.000 0.00 
5 0.990 -4.405 60.000 40.00 0.000 0.000 0.00 
Total 150.000 95.000 153.051 73.230 0.00 

B -

BO -

0.0218 
0.0093 
0.0028 

0.0003 
BOO '" 

0.0093 
0.0228 
0.0017 

0.0031 

3.0523e-04 

0.0028 
0.0017 
0.0179 

0.0015 

Total system loss ~ 3.05248 MW 

Total generation cost - 1633.24 $/h 
Incremental cost of delivered power (system lambda) = 
7.767608 $/MWh 
Optimal Dispatch of Generation: 

33.4558 
64.1101 
55.1005 

Absolute value of the slack bus real power mismatch, 
dpslack ~ 0.4960 pu 

In this example the final optimal dispatch of generation was obtained in six itera­
tions. The results for final loss coefficients and final optimal dispatch of generation 
is presented below 

B " 

80 -

0.0472 
0.0130 
0.0036 

0.0047 

0.0130 
0.0130 
0.0010 

0.0012 

0.0036 
0.0010 
0.0115 

0.0004 
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BOO .. 
3 . 0516e- D4 

Total system loss · 2.15691 MW 
Incremental cost of delivered paver <system lambda) ~ 
7 . 759051 S/Mllb 

Bus 

Optimal Dispatch of Generation: 

23 . 5581 
59 .5593 
59 .0368 

Absolute value of the slack bus real pover mismatch, 
dpslack • 0.0009 pu 

Poyer Flov Solution by Nevton-Raphson Method 
Maximum Paver mismatch = 1.90285e-08 

No. of iterations " 4 

Volt age Anglo -----Load----- --Generation-- lnjected No. Mag. Degree HW Mvar HW Mvar Mvar 

1 1.060 0 . 000 0 . 000 0.000 23.649 25.727 0.00 2 1 . 045 -0.282 20.000 10.000 69.518 30.767 0 . 00 3 1. 030 - 0.495 20.000 15 . 000 58.990 14 .052 0.00 4 1. 019 - 1. 208 50.000 30.000 0.000 0.000 0 .00 5 0.990 -2 . 729 60 .000 40 . 000 0.000 0 . 000 0 .00 
Tot.a l 150.000 95.000 152 . 154 70.545 0 . 00 
Total generation cost • 1596.96 S/h 

The total genermion COSt for the initial operating condition is 1,633.24 SIh and 
the total generation cost with optimal dispatch of generation is 1,596.96 $/h. This 
results in a s:lvings of 36.27 S/h. 

Example 7.11 

Figure 7.8 is the 26-bus power system network of Problem 6.14. Bus 1 is taken as 
the slack bus with its voltage adjusted to l.025LO° pu. The data for the voltage­
Controlled buses is 
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FIGURE 7.8 
ODe-line diagram of Example 1.1 J. 
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REGULATED BUS DATA 
Bu, Voltage Min. Mvar Max. Mvar 
No. Magnitude Capacity Capacity 

2 1.020 40 250 
3 1.025 40 150 
4 1.050 40 80 
5 1.045 40 160 

26 1.015 15 50 

Transformer tap settings are given in the table below. The left bus number is as~ 
sumed to be the tap side of the transformer. 

TRANSFORMER DATA 
Transformer Tap Setting 
Designation Per Unit 

2 3 0.960 
2- 13 0.960 
3 - 13 1.017 
4- 8 1.050 
4-12 1.050 
6 - 19 0.950 
7- 9 0.950 

The shunt capacitive data is 

SHUNT CAPACITOR DATA 
Bus No. Mvar 

1 4.0 
4 2.0 
5 5.0 
6 2.0 
9 3.0 
11 1.5 
12 2.0 
15 0.5 
19 5.0 

Generation and loads are as given in the data prepared for use in the MATUB 
~nvironment in the matrix defined as busdata. Code 0, code 1. and code 2 are used 
or the load buses, the slack bus, and the voltage-controlled buses, respectively. 
~alues. for basemva. accuracy, and maxiter must be specified. Line data are as 
given 10 the matrix called linedata. The last column of this data must contain 1 
for lines, or the tap setting values for transfonners with off-nominal tum ratio. The 
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generator's operating costs in SIh, with Pi in MW are as follow: 

Ci = 240 + 7.0P\ + 0.OO70Pr 

C2 = 200 + 1O.OP2 + 0.OO95Pl 

C3 = 220 + 8.5P3 + 0.OO90P; 

C 4 = 200 + Il.OP4 + 0.oo90pi 

C5 = 220 + 1O.5P5 + o.oo80pl 

C21i = 190 + I2.0P26 + 0.o075P16 

The genemtor's real power limits are 

GENERATOR REAL POWER LIMITS 
Gen. Min.MW Max.MW 

1 100 500 
2 50 200 
3 80 300 
4 50 150 
5 50 200 
5 50 120 

Write the necessary commands to obtain the optimal dispatch of generation 
usin~ dispatch. Continue the optimization process until the difference (absolute 
value) b<!tween the scheduled slack generation. determined from the coordination 
equation. and the slack generation, oblained from the power flow solution, is within 
0.001 MW. 

We use the following commands: 

clear 
basemva ... 100; accuracy '" 0.0001; max iter "" 10; 

'l. Bu, Bus Voltage Angle --L~ad-- --Generator---Injected 

1. No code Mag. Degree MY Mvar MW Hvar Qmin Qmax Hvar 
busdata'"' [l 1 1.025 0.0 51 41 0 0 0 0 4 

2 2 1.020 0.0 22 15 79 0 40 250 0 
3 2 1.025 0.0 64 50 20 0 40 150 0 
4 2 1.050 0.0 25 10 100 0 25 80 2 
5 2 1.045 0.0 50 30 300 0 40 160 5 
6 0 1.00 0.0 76 29 0 0 0 0 2 
7 0 1 .00 0.0 0 0 0 0 0 0 0 
8 0 1 .00 0.0 0 0 0 0 0 0 0 
9 0 1 .00 0.0 89 50 0 0 0 0 3 

10 0 1 .00 0.0 0 0 0 0 0 0 0 
11 0 1 .00 0.0 25 15 0 0 0 0 1.5 
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12 • 1.00 0.0 B9 48 0 0 0 0 2 12 15 0.01800 0.05980 0.00000 1 
13 0 1.00 0.0 31 15 0 0 0 0 0 13 14 0.00460 0.02710 0 . 00100 1 
14 0 1.00 0.0 24 12 0 0 0 0 0 13 15 0.01160 0.06100 0 . 00000 1 
15 0 1.00 0.0 70 31 0 0 • • 0.5 · 13 16 0.01793 0.oa8eo 0.00100 1 
16 0 1.00 0.0 55 27 0 0 0 0 0 14 15 0.00690 0.03820 0 . 00000 1 
17 0 l.00 0.0 78 38 0 0 0 0 0 15 16 0.02090 0 . 05120 0 . 00000 1 
18 0 1.00 0.0 153 67 0 0 0 0 0 16 17 0.09900 0.06000 0.00000 1 
19 0 1.00 0.0 75 15 0 0 0 0 5 16 20 0.02390 0.05850 0 .00000 1 
20 0 1.00 0.0 48 27 0 0 0 0 0 17 18 0.00320 0.06000 0 . 03800 1 
21 0 1.00 0 . 0 46 23 0 0 0 0 0 17 21 0.22900 0.44500 0.00000 1 
22 0 1.00 0 . 0 45 22 0 0 0 0 0 19 23 0.03000 0.13100 0.00000 1 
23 0 1.00 0.0 25 12 0 0 0 0 0 19 24 0.03000 0.12500 0.00200 1 
24 0 1.00 0.0 54 27 0 0 0 0 0 19 25 0.11900 0 .22490 0.00400 1 
25 0 1. 00 0.0 28 13 0 0 0 0 0 20 21 0.06570 0.15100 0.00000 1 
26 2 1.015 0.0 40 20 60 0 15 so OJ; 20 22 0.01500 0.03660 0.00000 1 

21 24 0.04760 0.15100 0 . 00000 1 
1. Bus bus R X 1/2 B 1 for lines code or 22 23 0.02900 0.09900 0.00000 1 
1. nl nr pu pu pu tap setting value 22 24 0.03100 0.08800 0.00000 1 
linedata- [l 2 0 . 00055 0.00480 0.03000 1 23 25 0.09870 0.11680 0.00000 1l; 

1 1B 0 . 00130 0.01150 0.06000 1 
2 3 0 .00 146 0.05130 0.05000 0.96 cost "" (240 7 .0 0.0070 
2 7 0.01030 0.05860 0.01800 1 200 10.0 0.0095 
2 B 0 . 00740 0.03210 0.03900 1 220 B.5 0.0090 
2 13 0 .003 57 0.09670 0.02500 0.96 200 11. 0 0.0090 
2 26 0 .03230 0.19670 0.00000 1 220 10.5 0.0080 
3 13 0.00070 0.00548 0.00050 1.017 190 12 . 0 0.0075]; 
4 8 0 . 00080 0.02400 0.00010 1 .050 
4 12 O. OOHiO 0.02010 0.01500 1.050 mIJ limits - (100 500 
5 6 0 .00690 0.03000 0 .. 09900 1 50 200 
6 7 0 . 00535 0.03060 0.00105 1 80 300 
6 11 0.00910 0.05100 0.00010 1 50 150 
6 18 0.00374 0.02220 0.00120 1 50 200 
6 19 0.00350 0.06600 -0.04500 0.95 50 120]; 
6 21 0 .00500 0.09000 0.02260 1 
7 8 0.00120 0.00693 0.00010 1 lfybus i. Forms the bus admittance matrix 
7 9 0.00095. 0.04290 0.02500 0.95 Ifnevton i. Power flow solution by Newton-Raphson method 
8 12 0.00200 0.01800 0.02000 1 busout i. Prints the power flov solut ion on the screen 
9 10 0.00 104 0.04930 0.00100 1 bloss i. Obtains the loss f ormula coefficients 

10 12 0.00247 0.01320 0.01000 1 gencost i. Computes the total generation cost Sib 
10 19 0 . 05170 0.23600 0.00000 1 dispatch i. Obtains optimum d.ispatch of generation 
10 20 0 . 00660 0.01600 0.00100 1 1. dpslack is tbe difference (absolute value) between 
10 22 0 . 00690 0.02980 0.00500 1 1. the scheduled slack ,aneration determined from the 
11 25 0 . 09600 0.27000 0.01000 1 7- coordination equation. and the slack generation 
11 26 0 .01650 0.09700 0 .00400 1 i. obtained from the pover flow solution. 
12 14 0 . 03210 0 . 08020 0 . 00000 1 

www.muslimengineer.info لجنة البور والإتصالات - الإتجاه الإسلامي



J06 1. Of'TtMAL DISP .... TCH Of GENERATION 

while dpslack> .OOl7.Repeat till dpslack is within 
Ifneyton 7. New poyer flov 
bloss 7. Loss coefficients or. 
dispatch 7.0ptimum dispatch of gen. with new 
end 
busout % Prints the final power flow 
gencost 'l. Generation cost yith optimum scheduling of gen . 

The result is 

Poyer Floy Solution by Nelo1ton-Raphson Method 
Maximum Poyer mismatch. 3. 1828ge-l0 

No . of iterations .. 6 

Bus Voltage Angle - - ---Load- ---- --Generation--
No. Mag. Degree MW Hvar MW Hvar 

1 1.025 0.000 51. 000 41. 000 719 . 534 224.011 
2 1. 020 - 0 .931 22 .000 15.000 79 . 000 125.354 
3 1.035 - 4.213 64 . 000 50. 000 20 . 000 63.030 
4 1 . 050 -3.582 25 . 000 10 . 000 100 . 000 49.223 
S 1 .045 1.129 50 . 000 30.000 300 . 000 124.466 
6 0.999 -2.573 76 . 000 29.000 0 . 000 0.000 2 .00 
7 0 . 994 - 3 .20<1 0 .000 0.000 0 .000 0 .000 0.00 
8 0 . 997 - 3.299 0.000 0.000 0.000 0.000 0.00 
9 1.009 -5.393 89 . 000 50.000 0 . 000 0 . 000 '3.00 
10 0 . 989 - 5. 561 0.000 0.000 0 .000 0.000 0 . 00 
11 0.997 -3.218 25 . 000 15.000 0 . 000 0.000 1. 50 
12 0.993 - 4.692 89.000 48.000 0 . 000 0.000 2.00 
13 1.014 -4 .430 31. 000 15.000 0.000 0.000 0.00 
14 1.000 - 5.040 24.000 12.000 0.000 0.000 0 . 00 
IS 0 . 991 -S .. 538 70 . 000 31.000 0 .000 0 . 000 0.50 
16 0.983 -5 . 882 55 . 000 27.000 0.000 0.000 0.00 
17 0.987 - 4.985 78 . 000 38.000 0 . 000 0.000 0.00 
18 1.007 -1.866 153 . 000 67.000 0 .000 0 .000 0.00 
19 1.004 - 6.397 75.000 15.000 0.000 0.000 5.00 
20 0. ,9ao -6.025 48 . 000 27.000 0 . 000 0.000 0 . 00 
21 0.977 -5.778 46.000 23.000 0.000 0.000 0.00 
22 0.978 -6.437 45.000 22.000 0.000 0.000 0.00 
23 0.976 -7.087 25.000 12.000 0 .000 0.000 0 .00 
24 0.968 -7.347 54.000 27.000 0.000 0.000 0 . 00 
2S 0.974 -6.775 28.000 13.000 0.000 0.000 0.00 
26 1.015 -1.803 40 . 000 20.000 60 .000 32.106 0 .00 
Total 1263.000 637.000 1278.534 618.791 25.00 
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B • 
0.0014 0 . 0015 0 .0009 -0 .0001 -0.0004 -0.0002 
0.0015 0.0043 0.0050 0.0001 -0.0008 -0.0003 
0.0009 0.0050 0.0315 -0 . 0000 -0.0020 -0 .0016 

-0.0001 0.0001 -0 .0000 0 . 0029 -0.0006' - 0.0009 
-0.0004 -o.oooa -0.0020 -0.0006 0.0085 -0.0001 
-0.0002 -0.0003 -0 . 0016 -0.0009 -0.0001 0 . 0176 

BO • 
-0.0002 -0 . 0008 0 . 0061 0 .0001 0.0000 - 0. 0012 

BOO .. 
0 . 0056 

Total system loss . 15 . 53 MIJ 

Total generation cost = 16760.73 $/h 
Incremental cost of de livered power <system lambda) ~ 

13.911780 S/HWh 
Optimal Dispatch of Generation: 

474.1196 
173.7886 
190. 9515 
150.0000 
196.7196 
103.5772 

Absolute value of the slack bus real poyer mismatcb. 
dpslack c 2.45<11 pu 

In this example the final optimal di spatch of generation was obtained in three itera­
tiOll$. 11le results for final loss coefficients and final optimal dispatch of generation 
is presented below 

B • 
0.0017 0.0012 0.0001 -0.0001 -0.0005 -0.0002 
0.0012 0.0014 0.0009 0.0001 -0.0006 -0.0001 
0 .0001 0 .0009 0.0031 0.0000 -0.0010 -0.0006 

-0.0001 0.0001 0.0000 0.0024 -0.0006 -0 . 0008 
-0 . 0005 -0.0006 -0 . 0010 -0 .0006 0.0129 -0.0002 
- 0. 0002 -0.0001 -0.0006 -0.0008 -0.0002 0.0150 
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BO '" 
1.0e-03 ... 

-0.3908 -0.1297 0.7047 0.0591 0.2161 -0. 

BOO ,. 

Bus 
No. 

1 
2 
3 
4 
5 
6 
7 
B 
9 
10 
11 
12 
13 
14 
15 
16 
17 

0.0056 

Total system loss ~ 12.807 MW 
Incremental cost of delivered poyer (system lambda) ,. 
13.538113 $/HWh 
Optimal Dispatch of Generation: 

447.6919 
173.1938 
263 4859 
138 8142 
165.5884 
87.0260 

Absolute value of the slack bus real poYer mismatch, 
dpslack '" 0.0008 pu 

Poyer FlolJ Solution by Neyton-Raphson Method 
Maximum POIJer mismatch ~ 2.33783e-05 

No of iterations ~ 3 

Voltage Angle -----Load----- --Generation-- Injected 
Mag. Degree MW Mvar MW Mvar Mvar 

1.025 0.000 51.000 41. 000 447.611 250.582 4.00 
1.020 -0.200 22.000 15.000 173.087 57.303 0.00 
1.045 -0.639 64.000 50.000 263.363 78.280 0.00 
1.050 -2.101 25.000 10.000 138.716 33.449 2.00 
1.045 -1. 453 50.000 30.000 166.099 142.890 5.00 
1.001 -2.874 76.000 29.000 0.000 0.000 2.00 
0.995 -2.406 0.000 0.000 0.000 0.000 0.00 
0.998 -2.278 0.000 0.000 0.000 0.000 0.00 
1.010 -4.387 89.000 50.000 0.000 0.000 3.00 
0.991 -4.311 0.000 0.000 0.000 0.000 0.00 
0.998 -2.824 25.000 15.000 0.000 0.000 1.50 0.994 -3.282 _ 89.000 48.000 0.000 0.000 2.00 
1.022 '""1.261 31.000 15.000 0.000 0.000 0.00 
1.008 '""2.445 24.000 12.000 0.000 0.000 0.00 0.999 -3.229 70.000 31.000 0.000 0.000 0.50 0.990 -3.990 55.000 27.000 0.000 0.000 0.00 0.983 -4.366 78.000 38.000 0.000 0.000 0.00 
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18 1.007 -1. 884 153.000 67.000 0.000 0.000 0.00 
19 1.005 -6.074 75.000 15.000 0.000 0.000 5.00 
20 0.983 -4.759 48.000 27.000 0.000 0.000 0.00 
21 0.977 -5.411 46.000 23.000 0.000 0.000 0.00 
22 0.980 -5.325 45.000 22.000 0.000 0.000 0.00 
23 0.978 -6.388 25.000 12.000 0.000 0.000 0.00 
24 0.969 -6.672 54.000 27.000 0.000 0.000 0.00 
25 0.975 -6.256 28.000 13.000 0.000 0.000 0.00 
26 1.015 -0.284 40.000 20.000 86.939 27.892 0.00 

Total 1263.000 637.000 1275.800 590.396 25.00 

Total generation cost ,. 15447.72 S/b 

The total genemtion cost for the initial operating condition is 16,760.73 $/h and 
the total generation cost with optimal dispatch of generation is 15,447.72 $/h. This 
results in a savings of 1,313.01 $/h. That is, with this loading, the total annual 
savings is over $11 million. 

PROBLEMS 

7.1. Find a rectangle of maximum perimeter that can be inscribed in a circle of 
unit radius given by 

. 1 1 
Y(·f, yJ =;1." + y - 1 = 0 

Check the eigenvalues for sufficient conditions. 

7.2. Find the minimum of the function 

f(x,y) = x2 + 2y2 

subject to the equality constraint 

g(x,y)=x+2y+4=O 

Check for the suffici~n' conditions, 

7.3. Use the Lagrangian multiplier method for solving constrained parameter op­
timization problems to detennine an isosceles triangle of maximum area that 
may be inscribed in a circle of radius L 

7.4. For a second-onkr bandpass filter with transfer function 

w' 
fJ(s) = ., 2( n 2 

s- + WnS + Wn 
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delennine the values of the damping ralio and nalUral frequency, ( and 
corresponding to a Bode plot whose peak occurs at 7071.07 radians/sec 
whose half-power bandwidth is 12.720.2 radians/sec. 

7.5. Find the minimum value of the funclion 

subject to the equality constraint 

g(x,y) = x 2 - 6x _y2 + 17 = 0 

7.6. Find the minimum value of the function 

subject to one equality constraint 

, 2 
g(x,y) =x -5x-y +20=0 

and one inequality constraint 

u(x, y) = 2x + y;::: 6 

7.7. The fuel-cost functions in $Ih for two 800 MW thermal plants are giv!':n by 

C 1 = 400 + 6.0PI + 0.OO4Pf 

C2 = 500 + j3P2 + ,,(pi 

where PI and P2 are in MW. 

(a) Th~ incremental cost of power>' is $81MWh when the total power de­
mand IS 550 MW. Neglecling losses, determine the optimal generation of 
each plant. . 

(b) Th~ incremental cost of power>. is $lOlMWh when the total power de­
mand IS 1300 MW. Neglecting losses, detennine the optimal generation of 
each plant. 

(c) From the results of (al and -(b) find the fuel-cost coefficients j3 and "( 
the second plant. 

7.8. The fuel-cost functions in $Ih for three thermal plants are given by 

C1 = 350 + 7.20P1 + O.0040Pt 

C2 = 500 + 7.30P2 + 0.OO25Pi 

C3 = 600 + 6.74P3 + O.0030Pj 

1.1. DERIVATION OF LOSS FORMULA 311 

where PJ, P2 , and P3 are in MW. The governors are set such that generators 
share me load equally. Neglecting line losses and generator limits, find the 
total COSI in $/h when the tolal load is 

(i) PD = 450 MW 
(ii) PD = 745 MW 

(iii) PD = 1335 MW 

7.9. Neglecting line losses and generator limits, detennine the optimal scheduling 
of generation for each loading condition in Problem 7.8 
(a) by analytical technique, using (7.33) and (7.31). 
(b) using Iterative method. Start with an initial estimate of >. = 7.5 $IMWh. 
(c) find the savings in $Ih for each case compared to me costs in Problem 7.8 
when the generators shared load equally. 
Use me dispatch program to check your results. 

7.10. Repeat Problcm 7.9 (a) and (b), but this lime consider me following genera­
tor limits (in MW) 

122 S PI S 400 

260 S P2 S 600 

50SPJS445 

Use the dispatch program to check your results. 

7.11. The fuel-cost function in $Ih of two thennal plants are 

C1 = 320 + 6.2PI + O.OO4Pr 

C2 = 200 + 6.0P2 + 0.oo3ri 

where PI and P2 are in MW. Plant outputs are subject to the following limits 
(inMW) 

50SP1 S250 

50SP2 S350 

The per-unit syslemreal power loss with generation expressed in per unit on 
a lOO-MVA base is given by 

PL(pu) = 0.0125Pt(pu) + O.00625Pi{pu) 

The total load is 412.35 MW. Determine the optimal dispatch of generation. 
Start with an initial estimate of >. = 7 $1MWh. Use the dispatch program to 
check your results. 
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312 7. OPTIMAL DISPATCH OF GENERATION 

7.12. The 9-bus power system network of an Electric Utility Company i"':~;:,;;;;,;;: 
Figure 7.9. The load data is tabulated below. Voltage magnitude, g 
schedule and the reactive power limits for the regulated buses are also 
lated below. Bus I, whose voltage is specified as VI = 1.03LO°, is taken 
the slack bus. 

LOAD DATA 
Bu, Load 
No. MW My.,. 

I 0 0 GENERATION DATA 
2 20 10 Bu, Voltage Generation 
3 25 15 No. Mag. MW Min. 
4 10 5 I 1.03 
5 40 20 2 1.04 80 0 
6 60 40 7 1.01 120 0 
7 10 5 
8 80 60 
9 100 80 

The M var of the shun{ capacitors installed at substations are given below 

SHUNT CAPACITORS 
Bus No. Mvar 

3 1.0 
4 3.0 

5 6 7 

4 9 

FIGURE 7.9 
One-line diagram for Problem 7.12. 

7.7. DERIVATION OF LOSS FORMULA 313 

The line data containing the series resistance and reactance in per unit, and 
one-half of the total capacitance in per unit susceptance on a 100 MVA base 
is tabulated below. 

LINE DATA 

Bus Bus R. X. ~ R, 
No. No. PU PU PU 

I 2 0.QJ8 0.054 0.0045 
I 8 0.014 0.036 0.0030 
2 9 0.006 0.030 0.0028 
2 3 0.013 0.036 0.0030 
3 4 0.010 0.050 0.0000 
4 5 0.018 0.056 0.0000 
5 6 0.020 0.060 0.0000 
6 7 0.015 0.045 0.0038 
6 9 0.002 0.066 0.0000 
7 8 0.032 0.076 0.0000 
7 9 0.022 0.065 0.0000 

The generator's operating costs in $/h are as follows: 

C 1 -'--- 240 + 6.7!'1 + 0.009!'? 

C2 = 220 + 6.1P2 + 0.oo5Pi 

C7 = 240 + 6.5P7 + O.OOBP? 

The generator's real power limits are 

GENERATOR REAL POWER LIMITS 
Gen. Min.MW Max~MW 

I 50 200 
2 50 200 
7 50 100 

Write the necessary commands to obtain the optimal dispatch of generation 
using dispatch. Continue the optimization process until the difference (ab­
solute value) between the scheduled slack generation, determined from the 
coordination equation, and the slack generation, obtained from the power 
flow solution, is within 0.001 MW. 
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