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What is Divisibility?
If n and d are integers and d # O then
n 1s divisible by d if, and only if, n equals d times some integer.

Instead of “n 1s divisible by d,” we can say that

n is a multiple of d, or
d is a factor of n, or

d is a divisor of n, or
d divides n.

The notation d | n is read “d divides n.” Symbolically, if n and d are integers and
d # O:

d|n < danintegerk such thatn = dk.

v Is 21 divisible by 3? v Does 5 divide 407 v Does 7| 427

v Is 32 a multiple of —16?  Is 6 a factor of 547 v Is 7 a factor of —7?

Examples

V' If k is any integer, does k divide 0?
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Positive Divisor of a Positive Integer

Theorem 4.3.1 A Positive Divisor of a Positive Integer

For all integers a and b, if a and b are positive and a divides b, then a < b.

Proof:
b=ak
Thus 1<k
a.1<k.a multiply both sides with a.
Thus a<k.a=b
Thus a<b




Divisibility of Algebraic Expressions

If a and b are integers, is 3a + 3b divisible by 3?
3a+3b=3(a+b)anda+ bisaninteger because it is a sum
of two integers.

If k and m are integers, is [0km divisible by 5?7

10k m =5-(2k m) and 2k mis an integer because it is a
product of three integers.



Not divisible

n. :
For all integersn andd, d fn < " 1S not an integer.




Prime Numbers and Divisibility

An alternative way to define a prime number is to say that:

an integer n > 1 is prime if, and only if, its only positive

integer divisors are 1 and itself.



Transitivity of Divisibility

Theorem 4.3.3 Transitivity of Divisibility

For all integers a, b, and c, if a divides b and b divides c, then a divides c.

Proof:

Starting Point: Suppose a, b, and ¢ are particular but arbitrarily
chosen integers such that a | hand b | c.

We need to show: a | c.

since a | b, b = ar for some integer 7.
Andsince b | c, ¢ = bs for some integer s.
Hence, c =bs = (ar)s

But (ar)s = a(rs) by the associative law
Hence c = a(rs).

As rs is an integer, then a | c.



Divisibility by a Prime

Theorem 4.3.4 Divisibility by a Prime

Any integer n > 1 is divisible by a prime number.

11



Counterexamples and Divisibility

Checking a Proposed Divisibility Property

Is it true or false that for
all integers a and b, if a | b and b|a then a = b?

Counterexample: Let a =2 and b =-2. Then

a|bsince2 |(-2)and b | a since (-2) | 2, but a#b since 2 # -2.

Therefore, the proposed divisibility property 1s false.
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Important
Theory

The Unique Factorization Theorem

By a German mathematician
(Carl Friedrich Gauss) in
1801.
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The Unique Factorization Theorem

A g dlae Gy Juala g) (Al aae 06 O La) dal g Cma uS) A

Any integer greater than 1 either is prime or can be written as
a product of prime numbers in a way that is unique except,

72=2-2-2-3-3=2-3-3-2-2=3-2-2-3-2

Theorem 4.3.5 Unique Factorization of Integers Theorem
(Fundamental Theorem of Arithmetic)

Given any integer n > 1, there exist a positive integer k, distinct prime numbers
Pi, P2, - .., Pk, and positive integers ey, ey, .. ., €, such that

@1 €y _ €3

n=p{'pyps ... P,

and any other expression for n as a product of prime numbers is identical to this
except, perhaps, for the order in which the factors are written.
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The Standard factored Form

Given any integer n > 1, the standard factored form of n is an expression of the
form

€r € €3

€k
n=py PPz Py

where k is a positive integer; pi, p», ..., pr are prime numbers; e, e;, ..., e; are
positive integers; and p; < pr < -+ < pxk.

Example: Write 3,300 in standard factored form.

3,300 =100 . 33

=4.25.3 .11
=2.2.5.5.3.11
=223t 52 111,



Using Unique Factorization to Solve a Problem

Suppose m 1s an integer such that
8.7.6.5.4.3.2. m=17.16.15.14.13.12.11.10

Does 17 | m?

Solution:

Since 17 a prime in the left, it should be also in the right side.
Since we cannot produce 17 form (8,7,6,5,4,3 or 2) it should be a prime
factor of m
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