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Sequences

In this lecture:

70 Part 1: Why we need Sequences (Real-life examples).

) Part 2: Sequence and Patterns

) Part 3: Summation: Notation, Expanding & Telescoping

. Part 4: Product and Factorial

) Part 5: Properties of Summations and Products

) Part 6: Sequence in Computer Loops and Dummy Variables
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In programing

Any difference between these loops

I. fori:=1ton 2. for j :==0ton — 1 3. fork:=2ton+1

print a[i] print a[j + 1] print alk — 1]
next ; next j next &
v alk].
s = all] s =0
fork:=2ton fork :=1ton
s =5 + alk] s =5+ alk]

next & next k
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Sequences
(<Ldliiall)

Ans A1 Qs «« -5 4y

a Sequence is a set of elements written in a row.

Each individual element a, is called a term.

The k in a, 1s called a subscript or index



Finding Terms of Sequences Given by Explicit Formulas

Define sequences a,, a;, a;, . . . and b, b;, b, . . . by the following

explicit formulas:

a;,= __k __ for some integers k > 1
k+1
bi= _i-1 _ for some integersi>2
i

Compute the first five terms of both sequences.
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Finding Terms of Sequences Given by Explicit Formulas

Define sequences a,, a;, a;, . . . and b, b;, b, . . . by the following

explicit formulas:

a;,= __k __ for some integers k > 1
k+1
bi= _i-1 _ for some integersi>2
i

Compute the first five terms of both sequences.

Solution 1 1 51 1
a=—=z by = - —
+ 1 2 2 2
2 2 3 -1 2
- o az = ?‘ == ,_i [)3 = —_‘T_ — —5
w8 A Jadl et A 2+1 < 3
aLs | 5 3 3 4—-1 3
adaadlal Jaa aga lsaY) G lmk o Lo by = ot L
PPN 341 4 4 4
4 4 5—-1 4
Q4 = —T—— = < })5 = ——— == -
4+ 1 5 5 5
5 5 6 —1 S
as = ——— = = be = - S
541 6 6 6
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Finding Terms of Sequences Given by Explicit Formulas

Compute the first six terms of the sequence ¢, ¢, c:, . . . defined as
follows: ;= (—1)7 for all integers j > O.

Solution:
co =(-1)"Y =1
cl (-1)t = -1
c? =(-1)° =
c3 (-1)3 = -1
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Finding an Explicit Formula to Fit Given Initial Terms

Find an explicit formula for a sequence that has the
following initial terms:

L, L, L.,...

2 L.’ —

1, L
4 9 16 25 3
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Finding an Explicit Formula to Fit Given Initial Terms

Find an explicit formula for a sequence that has the
following initial terms:

19 _L) La _La L, _L,......
4 9 16 25 3
(_l)k—H
ay = ~ for all integers £ > 1.
OR
(=) .
iy = > for all integers k£ > 0.
(k + 1)°

=>»How to prove such formulas of sequences?
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Summation

Upper limit
n
Z ak — am + am+1 + am+2 +... an
k=m

Lower limit

index

16



Summation

If m and n are integers and m < n, the symbol ) a, read the summation from

k

k equals m to n of a-sub-k, is the sum of all the—tgrms Oy Baints Badlly vy Bhys
We say that a,, + @m+1 + G@mi2 + ... + a, is the expanded form of the sum, and
we write

i
zak =am + Qm41 + @m42 + -+ + Qp.

k=m

We call k the index of the summation, m the lower limit of the summation, and n
the upper limit of the summation.



Example

Leta=-2,a.=-1,a:=0, a.=1, and as= 2.

Compute the following:

5 2
a. E ay b E ay
k=1 k=2

18



Example

Leta=-2,a.=-1,a:=0,a:=1, and as= 2.
Compute the following:

5 2 2
d. E ay b. E ay C. E asy
k=1 k=2 k=1

Solution: .

a. Zak —ay+ayt+az+as+as=(—2)+(=1)+0+14+2=0
k=I

b. i:(lk =da) = —1

k=2

2
C. Zazk =)+ =a) + ag = -1 +1=90
k=1

19



Example

When the Terms of a Summation are Given by a Formula

Compute the following summation:

5
Y K
k=1

20



Example

When the Terms of a Summation are Given by a Formula

Compute the following summation:

5
Y K
k=1

5
Y K =1"4+243" 4445 =55
k=]

21



Useful Operations

=

Summation to Expanded Form

Expanded Form to Summation

Separating Off a Final Term

Telescoping

=>» These concepts are very important to understand computer loops

22



Summation to Expanded Form

Write the following summation in expanded form:

— (—1)’
z:i+1'

i=0

23



Summation to Expanded Form

Write the following summation in expanded form:

(1)
Z:i+1'

i=0

(=D =D D! =D* (1)} (—=1)"
giﬂ_0+1+1+1+2+1+3+1+"'+n+1
1 D 1 (=D (—1)"
B R
1 1 1 —1)"

=1——+———+---+( )

2 3 4 n+1

24



Expanded Form to Summation

Express the following using summation notation:

1 2 3 n+1

;+n+1+n+2+'”+ 2n

25



Expanded Form to Summation

Express the following using summation notation:

1+ 2 N 3 N +n+1

n n+1 n+2 2n
2 3 i+l k41
In—l—l In—|—2I Coon n+k

26



Separating Off a Final Term and Adding On a Final Term n
n+1
: 1 : :
Rewrite Z > by separating off the final term.
l
i=1

n

Write Z 2k 4 ontl  as a single summation.
k=0

27



Separating Off a Final Term and Adding On a Final Term n

n+1
Rewrite Z 12 by separating off the final term.
l

i=1

n+1 n

1 1 1
;ﬁ:§ﬁ+(n+1)2

n

Write Z 2k 4 ontl  as a single summation.
k=0

28



Separating Off a Final Term and Adding On a Final Term n

n+1
Rewrite Z 12 by separating off the final term.
l

i=1

n+1
1

"1 1
;ﬁzgﬁJr(nﬂ)Z

n

Write Z 2k 4 ontl  as a single summation.
k=0

n+1

izk + 2n-|—1 _ sz
k=0 k=0

29



Telescoping

A telescoping series 1s a series whose partial sums eventually
only have a fixed number of terms after cancellation.

n
Example: Z i—(+1) =(1-2)+ (2-3)+ ...+ (n—(n+1))
—
! =1 - (n+1)
=-n

This is very useful in programing:

S=0;
for (i=1;i<=n;i++) :> S=-n;
S= S+ i-(i+1);

30



Telescoping

A telescoping series is a series whose partial sums eventually
only have a fixed number of terms after cancellation.

n

: 1 ey
Erample: kz,:l: k(k + 1) ?oro £k=1;k<=n;k++)
n 1 1 S=S+ 1/k*(k+1);
T L (E Ck+1 )
- (-) G (-0 (-0 ()
= 1] — " j_ " S=1-(1/(n+1);

31
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Product Notation

e Definition

If m and n are integers and m < n, the symbol [] a;, read the product from k
k=m

equals m to n of a-sub-k, is the product of all the terms a,,, a1, amiz, ..., a,.
We write "

1_[ Ay = dp " Apm+1"Am+42 ** - dp.

k=m

5
]_[k:1.2.3-4-5:120 I
k=1 k=1



Factorial Notation

For each positive integer n, the quantity n factorial denoted n!, is defined to be the
product of all the integers from 1 to n:

n'=n-n—1)---3.2-1.

Zero factorial, denoted 0!, is defined to be 1:

0! =1.
0! =1 11=1
20=2-1=2 31=32:-1=6
41=4321=24 51=5-4-321 =120
6! = 6-5-4-3-2-1 = 720 71 =7-6-5-4-3-2-1 = 5,040
8! =87-6-54-3-2-1 91 =9-8.7-6:5-4-3-2-1

= 40,320 = 362,880



2!
A4
0!

N |

Factorial Notation

A recursive definition for factorial

w = N

Nl

N

1 if n=0
n.m-1) 1f n>1
\
1! =1
3! =3-2-1=6
5! = 5+4-3-2
7V = "7-6-5-4
9! = 9-8-7-6
= 362,880

g W

=N

w

N | O
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Computing with Factorials

8L LR 51 5-4.31 5.4
‘7‘!_7:8 21.31 | 2031 2.1 =
(n+1)!= (n+l)-n!=n_+_l
n! n!
n! n-n—1)-(n-—2)-(n—73)
n—3) (n—3)! B e i
=n" —3n°+2n
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Properties of Summations and Products

Theorem 5.1.1

If a,, apni1, apys, ... and by, b1 1, byyn, . .. are sequences of real numbers and ¢
1s any real number, then the following equations hold for any integer n > m:

n

1. Zak—l—zbk = Z(ak+bk)
k=m k=m

k=m

n n
2. C- E ay = E C-day generalized distributive law
k=m k=m

=2 Remember to apply these in programing Loops

38



Example

Leta,=k+ 1and b, =k - 1 for all integers k. Write each of the
following expressions as a single summation or product:

n n n

Zak+2.z b Hak . ﬁbk

k=m k=m k=m k=m

39



Example

Leta,=k+ 1and b, =k - 1 for all integers k. Write each of the
following expressions as a single summation or product:

n n n n

Su2 S Mo 1

k=m k=m k=m k=m

n

Y a+2- Y b=) (k+1)+2-) (k-1

=rEETUEN (0 ()= (feen) (fle)

=Y k+1)+Y 2:(k—1)

=[]k+D-&-1)

k=m k=m k=m
=Z:((1<+1)+2-(_k—1)) = "'(k3—1)
k=m k=
— Z(sk - 1)
k=m

40
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Change of Variable

3

Observe: Zk-?: 1> +22 +3° Zi2= 124 2% 4 3%
k=1 i=1

3

3

21111l 2

Hence: Zk —Z’ ;
k=]

i=1

4
Also Observe: ) (j —1)’=Q -1+ @ -1+ 4 —1)°
j=2

=12+22+32

3
= i
k=1

Replaced Index by any other symbol (called a dummy variable).

42



Any difference between these loops

I. fori ;= 1ton

Programing Loops

2. for j :=0ton — 1 3. fork:=2ton+1

print afi] printalj + 1] print alk — 1]
next i next j next k
Y oy alkl.
s :=all] s =0
fork :=2ton fork:=1ton
s =5 + alk] s =5 + alk]
next & next k

43



Change Variables

Transform the following summation by making the specified
change of variable.

6

1 Change variable j = k+1 For (k=0; k<6; k++)
k+1 Sum = Sum + 1/(k+1)

44



Change Variables

Transform the following summation by making the specified
change of variable.

6
1 - -7 For (k=0; k<6; k++)
Z e Change variable j = k+1 Sum = Sum + 1/(k+1)
k=0

7 7
LD
j=l1 J k=1 k
6 7 1. :
1 1 For (k=1; k<7; k++)
Z m = Z l; Sum = Sum + 1/(k)

45



Change Variables

Transform the following summation by making the specified
change of variable.
n+l
Z K For (k=1; k<=n+1; k++)
n+k Sum = Sum + K/(n+k)

k=1

Change of variable: j = k - 1

46



Change Variables

Transform the following summation by making the specified
change of variable.

n+l
K For (k=1; k<=n+1; k++)
n+k Sum = Sum + K/(n+k)
k=1

Change of variable: j = k - 1

n n

j+1 k+1
Zn+(j+l) _Zn+(k+l)

j=0 k=0
% Ny
- 1
k=1 " tk k=0 " +&+1) For (k=0; k<=n; k++)

Sum = Sum + (k+1)/(n+k+1)

47



Programing Loops

All questions in the exams will be loops

—

Thus, | suggest:
Convert all previous examples into loops and play

—
P ——

with them -
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