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ﬂu part 1: History of Algebra
I Part 2: What is Boolean Algebra

I Part 3: Proving Boolean Algebra Properties



What is Algebra?
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Boolean Algebra

Introduced by George Boole in his first book The
Mathematical Analysis of Logic (1847),

N
b

A structure abstracting the computation with the Gege Boole
truth values false and true. 1815-1864,
England

Instead of elementary algebra where the values of the variables are
numbers, and the main operations are addition and multiplication, the
main operations of Boolean algebra are the conjunction (A)
the disjunction (V) and the negation not (—).

Used extensively 1n the simplification of logic Circuits



Compare

Logical Equivalences Set Properties
For all statement variables p, g, and r: For all sets A, B, and C:
a.pvVg=qVp a. AUB=BUA
b.pAg=qgAp bbANB=BNA
a.pAN(@ATr)=pA(gAT) a. AUBUC)=AUBUQC)
b.pv(gVvr)y=pVv(gVr) b.AN(BNC)=AN(BNCQC)
a.pAn(@Vvr)=(pAqg)V(pAr) a. ANBUC)=(ANB)UANCQC)
b.pvgArr)=(pVg)AN(pVr) b.AU(BNC)=(AUB)N(AUCQC)
a.pVe=p a. AU =A
b.pAt=p bbANU=A
a. pv ~p =t a. AUA =U
b. pA~p=c b.ANA® =1
~(~p)=p (A)" =A
a.pVvVp=p A, AUA=A
b.pAp=p bbANA=A
a.pVvt=t a. AUU =U




Compare

Logical Equivalences Set Properties
For all statement variables p, g, and r: For all sets A, B, and C:
a.pvVg=qVp a. AUB=BUA
b.pAg=qgAp bbANB=BNA

a.pAN(@ATr)=pA(gAT) LAUBUCO)=AU(BUOC)
b.pv(@vr)y=pvVv(gVr) bbAN(BNC)=AN(BNC)

o

oo

apA@Vr)Y=((pAg)V(pAr) AN(BUC)=(ANB)U(ANC)

b.pV@Ar)=(pVg)A(pVr) bbAUMBNC)=(AUB)N(AUC)
a.pVe=p a. AU =A
b.pAt=p b.ANU=A
a. pvV ~p =t a. AUA =U

7/ Both are special cases of the same general
~ structure, known as a Boolean Algebra.

a. p vVip=7p a AU A=A

b.pAp=p bbANA=A

a.pVvt=t a. AUU =U




Boolean Algebra

A Boolean algebra is a set B together with two operations, generally denoted +
and -, such that for all @ and b in B both a + b and a-b are in B and the following
properties hold:

1. Commutative Laws: For all a and b in B,
(@Qa+b=b+a and (b)a-b=b-a.
2. Associative Laws: For all a, b, and c in B,
@@+b)+c=a+bL+c) and (b)(a-b)-c=a-(b-c).
3. Distributive Laws: For all a, b, and ¢ in B,
@a+b-c)y=@+b)-(a+c) and (b)a-(b+c)=(a-b)+ (a-c).
4. Identity Laws: There exist distinct elements O and 1 in B such that for all a in B,
(@Aa+0=a and ((b)a-1=a.

5. Complement Laws: For each a in B, there exists an element in B, denoted a and
called the complement or negation of a, such that

(@a+a=1 and (b)a-a =0.




Properties of a Boolean Algebra

Theorem 6.4.1 Properties of a Boolean Algebra
Let B be any Boolean algebra.

1. Uniqueness of the Complement Law: For all a and x in B, if a + x = 1 and
a-x = 0then x = a.

2. Uniqueness of 0 and 1: If there exists x in B such that a + x = a for all @ in B,
then x = 0, and if there exists y in B such thata-y = a foralla in B, then y = 1.

3. Double Complement Law: For all a € B, @) =a.
4. Idempotent Law: For all a € B,

(@Q)a4+a=a and (b)a-a =a.
5. Universal Bound Law: For all a € B,

(@a+1=1 and (b)a-0=0.
6. De Morgan’s Laws: For all a and b € B,

(@a+b=a-b and (b)a-b=a+b.
7. Absorption Laws: For all a and b € B,
(@ (a+b)-a=a and (b)(a-b)+a =a.

8. Complements of 0 and 1:

(A)0=1 and (b)1=0.
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Proving of Boolean Algebra Properties

Uniqueness of the Complement Law: For all a and x in B, if a +x =1 and

a-x = 0then x = a.

Proof:

Suppose a and x are particular, but arbitrarily chosen, elements of B that satisfy

the following hypothesis: @ + x = 1 and a-:x = 0. Then

x=x-1

=x-(a+a)

=xa+x-a

=a-x+x-a

=0+x-a

=a-at+x-a

=(a-a)+ (a-x)

Q|

Q|

Q|

-(a + x)
-1

because 1 is an identity for -
by the complement law for +

by the distributive law for - over +

by the commutative law for -

by hypothesis

by the complement law for -

by the commutative law for -

by the distributive law for - over +
by hypothesis

because 1 is an identity for -.
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Proving of Boolean Algebra Properties

Theorem 6.4.1(3) Double Complement Law
For all elements a in a Boolean algebra B, (@) = a.
Proof:
Suppose B is a Boolean algebra and a 1s any element of B. Then

at+a=a+a by the commutative law

= ] by the complement law for 1
and
a-a=a-a by the commutative law
=0 by the complement law for 0.

Thus a satisfies the two equations with respect to a that are satisfied by the complement
of a. From the fact that the complement of a is unique, we conclude that (a) = a.
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