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Counting

Possibility Trees and the Multiplication Rule

In this lecture:

ﬁu Part 1: Possibility Trees

. Part 2: Multiplication Rule

) Part 3: Permutations

3
Possibility Trees
Teams A4 and B are to play each other repeatedly until one wins
two games in a row or a total of three games
a- How many ways can the tournament be played?
b- Assuming that all the ways of playing the tournament are equally likely, what
is the probability that five games are needed to determine the tournament
winner?
Winner of Winner of Winner of Winner of Winner of
game 1 game 2 game 3 game 4 game 5
A (A wins) A (A wins)
A (A wins)
(B wins) B (B wins)
Start A (A wins) A (A wins)
B (B wins)
B (B wins) B (B wins) 4
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Possibility Trees

Teams 4 and B are to play each other repeatedly until one wins
two games in a row or a total of three games

a.

A-A, A~-B-A-A, A—B-A-B-A, A~B-A-B-B, A-B-B,
B-A-A, B-A-B-A-A, B-A-B-A-B, B-A-B-B, and B-B.
* In five cases 4 wins, and in the other five B wins.

Since all the possible ways of playing the tournament listed in
part (a) are assumed to be equally likely, and the listing shows that
five games are needed in four different cases (A—B—A—B—A,
A-B—A-B-B, B—A—B—A—B, and B—A—B—A-A), the probability that
five games are needed is 4/10 = 2/5 = 40%.

Possibility Trees

We have 4 computers (A,B,C,D) and 3 printers (X,Y,Z). Each of
these printers is connected with each of the computers. Suppose
you want to print something through one of the computers, How
many possibilities for you have?

A

N ~ >

>

N ~

3+3+3+3=4-3=12.
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Possibility Trees

A person buying a personal computer system is offered a
choice of three models of the basic unit, two models of
keyboard, and two models of printer.

How many distinct systems can be purchased?

Possibility Trees

Notices that representing the possibilities in a
tree structure is a useful tool for tracking all
possibilities in situations in which events
happen in order.
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Counting

Possibility Trees and the Multiplication Rule

In this lecture:

O part 1: Possibility Trees

ﬁtl Part 2: Multiplication Rule

JPart 3: Permutations

The Multiplication Rule

Theorem 9.2.1 The Multiplication Rule
If an operation consists of k steps and

the first step can be performed in n; ways,

the second step can be performed in n, ways [regardless of how the first
step was performed],

the kth step can be performed in n; ways [regardless of how the preceding
steps were performed],

then the entire operation can be performed in nn; - - - ny ways.

10
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Counting Example 1

A typical PIN (personal identification number) is a sequence of any
four symbols chosen from the 26 letters in the alphabet and the 10
digits, with repetition allowed.

How many different PINs are possible?

Pool of available
symbols: A, B, C, D, E, F, G,
HILJKLMN,O,PQR,

5 U5 /s

Step 1: Choose the first symbol.

Step 2: Choose the second symbol.

. L3636 = 36% = g C I -
Step 3: Choose the third symbol. 36-36-36-36 = 36" = 1,679,616 PINs in all.

Step 4: Choose the fourth symbol. 11

Counting Example 1

A typical PIN (personal identification number) is a sequence of any
four symbols chosen from the 26 letters in the alphabet and the 10
digits, with repetition not allowed.

How many different PINs are possible?

36-35-34-33 = 1,413,720

what is the probability that a PIN chosen at random contains no
repeated symbol?

1413720 ~

1679616 — 8417

12
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Counting Example 2

fori :=1to4
for j :=1to3
[Statements in body of inner loop.
None contain branching statements
that lead out of the inner
next j

How many
times this
statement will
be executed?

next ;

13

Counting Example 3

Suppose 4,, A,, A5, and 4, are sets with n,, n,, ns,
and n, elements, respectively.

How many elements in 4, X 4, X Ay X A,

Solution: Each element in 4, X 4, X 45 X 4,
1s an ordered 4-tuple of the form (a,,a,,a;,a,)

By the multiplication rule, there are n,n,n,n, ways
to perform the entire operation. Therefore, there are
n,nynsn, distinct 4-tuples in 4, X A, X A3 X A,
14
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Counting Example 4

Three officers—a president, a treasurer, and a secretary—are to be

chosen from among four people: Ann, Bob, Cyd, and Dan. Suppose that,

Ann cannot be president and either Cyd or Dan must be secretary.

How many ways can the officers be chosen?

Step 1: Choose Step 2: Choose Step 3: Choose
the president. the treasurer. the secretary.
Cyd
Am
3:3:2=18 Dan
Bob Cyd
< Dan
Dan
Cyd
Start Cyd Ann Dan
\Bob
- Dan
Dan Ann
» Cyd
\?ob
> Cyd
15
Counting Example 4
Three officers—a president, a treasurer, and a secretary—are to be
chosen from among four people: Ann, Bob, Cyd, and Dan. Suppose that,
Ann cannot be president and either Cyd or Dan must be secretary.
How many ways can the officers be chosen?
Step 1: Choose Step 2: Choose Step 3: Choose
the president. the treasurer. the secretary.
Cyd
This tree is not Dan
Bob " cyd
homogenous, Cy Dan
thus we Dan
cannot use the Cyd
.. . Start Cyd Ann
multiplication » Dan
rule!! - Dan
Dan Ann
Better Idea? N Cyd
Bob
= Cyd
16
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Counting Example 4—reorder the steps to get the
correct number of ways by the multiplication rule

Osal i) LSS w53 (Ann, Bob, Cyd, Dan) :4d€)) (sall ol day ) Glasil o
Cyd 3 Dan osSu o Lol L Seadly e Loy 0065 o) Ann J cSar ¥ s Sy ¢ stiua

€S0 ALK oS

Step 1: Choose Step 2: Choose Step 3: Choose

the secretary. the president. the treasurer.
2.2.2=8 Ann

Bob
Dan

We should be
smart to Ann

represent our
problem in a way
to be able to use
the multiplication
rule

Start Bob
Ann

Cyd

Ann

17
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Counting

Possibility Trees and the Multiplication Rule

In this lecture:
O part 1: Possibility Trees
I Part 2: Multiplication Rule

s _1Part 3: Permutations

18
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Permutations
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Permutations

A permutation of a set of objects is an ordering of the objects
n a row.

For example, the set of elements {a, b, ¢} has six permutations.
abc acb cba bac bca cab
Generally, given a set of n objects, how many permutations does the
set have? Imagine forming a permutation as an n-step operation:
Step 1: Choose an element to write first.

Step 2: Choose an element to write second

Step n: Choose an element to write nth.

20

10
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Permutations

by the multiplication rule, there are
nn—1)n-2)---2-1=n!
ways to perform the entire operation.

Theorem 9.2.2

For any integer n with n > 1, the number of permutations of a set with n
elements is n!.

21

Example 1

How many ways can the letters in the word COMPUTER be
arranged in a row?

8!1=40,320
How many ways can the letters in the word COMPUTER be
arranged if the letters CO must remain next to each other (in
order) as a unit?

7!=5,040
If letters of the word COMPUTER are randomly arranged in a
row, what is the probability that the letters CO remain next to

each other (in order) as a unit?

When the letters are arranged randomly in a row, the total number of
arrangements is 40,320 by part (a), and the number of arrangements with the
letters CO next to each other (in order) as a unit is 5,040.

5,040 ]
= - =12.5%.
, 40,320 8 22

11
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Example 2

Brpiis Ayl g Cpaslaghys Baw a0 S S

A
A
Q Five other
O <> diplomats
to be seated:

B,C,D,E, F

(PURVC PR - WS WP NER PRI IS SN ) |
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Permutations of Selected Elements

Given the set {a, b, c}, there are six ways to select two letters from
the set and write them in order.

ab ac ba bc ca cb
Each such ordering of two elements of {a, b, c} is called a
2-permutation of {a, b, c}.

e A Bl an gt 3l 31 gy o OF S8 2 Ml f g

e Definition

An r-permutation of a set of n elements is an ordered selection of r elements taken
from the set of n elements. The number of r-permutations of a set of n elements is

denoted P(n, r).
How many

permutations in
P(n,r) ?

24

12
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Permutations of Selected Elements

Theorem 9.2.3

If n and r are integers and 1 < r < n, then the number of r-permutations of a set of
n elements is given by the formula
Pn,r)y)=nn—1)(n—-2)---(n—r+1) first version

or, equivalently,

n!
Pn,r)=

second version.

(n—r)!

Pool of available

. elements: x, X,, . . ., X,
n choices 122 n

n — 1 choices
n — 2 choices \
n—(r—1) choices
Position 1 Position 2 Position 3 Position r
25
Example 3
a. Evaluate P(5, 2).
5! 5-4-3-2-1
P(5,2) = = —— = 20
5 —-2)! 3-2-1
b. How many 4-permutations are there of a set of 7 objects?
7! 7-6-5-4.3.2-}
P(7,4) = = — =7-6-5-4 = 840.
(7—4)! 3-2-A
c. How many 5-permutations are there of a set of 5 objects?
5! St 38!
P5,5) = —=—=—=5!=120.
S-5! 0 1
26

13
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Example 4

How many different ways can 3 of the letters of the word
BYTES be chosen and written in a row?

5! 5-4-3-2-1
P(5,3) = - =5-4.3 =60.
(5 —3)! 2-A

How many different ways can this be done if the first letter
must be B?

4! 4.3.2.1
P4,2) = = =4.3=12.
(4f2)* 2.1
h \/\\/\
Pool of available ’\
letters: Y, T, E, S 3

A

Position 1 Position 2 Position 3

27

Example 5

Prove that for all integers n > 2,

P(n,2)+ P(n, 1) =n2

n! nn — 1) (n=2)t

P(n,2)= ) = 2t =nn-—1)
and
Py = M _nma=bt_
(n—1)! (n—"bt
Hence

Pn,2)+ Pn,)=n-n— D +n=n>—n+n=n?

28
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