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REVISION

Position

* The position of a point in the plane can be
defined by the use of a position vector

— Cartesian coordinates

— Polar coordinates
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(a) Global coordinate system XY

Each form is directly convertible
Into the other by:

the Pythagorean theorem :

R =BG+ K3
and trigonometry :
g 3
0= arctan[ b &
Ry




o REVISION
Position

Coordinate Transformation

o If the position of point A is expressed in the local xy
system, and it is desired to transform its coordinates to the
global XY system, the equations are:

Ry =R, cosd- R, sind

Ry =R, sind+ R, cosd
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(a) Global coordinate system XY (b)) Local coordinate systam xy



Displacement

REVISION

« Displacement of a point: is the change In its
position and can be defined as the straight-line
distance between the initial and final position of a
point which has moved in the reference frame.
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_ REVISION
Displacement

 Position difference equation: The position of B
with respect to A Is equal to the (absolute)
position of B minus the (absolute) position of A
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Translation, Rotation, angkVvision

Complex motion
* Translation
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Translation, Rotation, angkVvision

Complex motion

e Complex motion

— Total displacement =translation component +
rotation component




] REVISION
Coordinate Systems

Coordinate Systems:

GCS = Global Coordinate System, (X, Y)
LNCS = Local Non-Rotating Coordinate System , (X, y)
LRCS = Local Rotating Coordinate System , (x’, y’)



_ o REVISION
Graphical Position Analysis

e The graphical analysis of this problem is
trivial and can be done using only high
school geometry.

Position at 03

- Position at 63, 63’




_ o REVISION
Algebraic Position Analysis

o Complex Numbers as Vectors

— Remember the Euler identity:  ,*9- ¢o50+ jsing

—
A Polar form Cartesian form

Rsin®© ) R@ .0 rcnsBiM*sinB]’
rel® rcos@+ jrsin®

Fa
Rcos@ i



Algebraic Position Analysis

o Complex Numbers as Vectors

Polar form: Re /8

Cartesian form: Rcos@ + jRsin® Imaginary
i
R = RA J
Imaginary ' _
it
A i ’
0 ~ Re=jR=-R v 0
,‘ A
gy R4 A (> a S .
JRsin® g C 9] Real
; Real Rp=j'R=-jR — !
> D <
Rcoso .
(¢)y Complex number reprasentation.of a position vector (b) Vector rotations in the complex plane

We use complex number notation for vectors to develop and derive
the equations for position, velocity, and acceleration of linkages.



Algebraic Position Analysis

The Vector loop Equation for a Slider-Crank
1. Write the vector loop equation:
R2 —'R3 —R4 '—Rl :0

2. We substitute the complex number notation for each
position vector: 8y _p 83 _ .,/84 _ 4,081 =
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Algebraic Position Analysis

The Fourbar Slider-Crank Position Solution
R2 —'R3 —R4 “—RI =0

6‘]93 —cefe ded’el =0
\/Ingut\? ? \/

a(cosB, +j511‘192) (coa@:; + jsin 93)

—c(c:0594 +jsin94)},—~d(msﬂ| +jsin91) =0 /\
A y
05 '

_—slider axis { TR
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Algebraic Position Analysis

The Fourbar Slider-Crank Position Solution

Separate the real and imaginary components:
real part (x component): -
acosB, —bcosB3 —ccosO,y —dcos0; =0

but: 6, =0, so:
acos@, —bcosB3 —ccosBy —d=0

imaginary part (y component):
jasin®, — jbsin04 — jesinBy — jdsinB; =0
but: 0;=0, and the;'s divide out, so:

asin®, —bsin03 —csinB, =0



Algebraic Position Analysis

The Fourbar Slider-Crank Position Solution

From acos8, —bcosB3—ccosOy —d =0
? ?

and  asin®, —bsinB; —csinBy =0

The solution 1s:

. (asinB, —c
0, :arcsm( 2 j

b

d=acosf, —bcosO;




Algebraic Position Analysis

The Vector loop Equation for a Fourbar linkage

1. Write the vector loop equation:




Algebraic Position Analysis

The Vector loop Equation for a Fourbar linkage

1. Write the vector loop equation: R, +R;~R,-R; =0

2. We substitute the complex number notation for each

position vector: 8y | ;83 _ .8 _ 4,8 _ g




Algebraic Position Analysis

The Vector loop Equation for a Fourbar linkage

e/ +be’8,} —celt —deM =0
y L N W
Input =0

We have two unknowns 62, 63. We need two equations.

: {;"_1



Algebraic Position Analysis

The Vector loop Equation for a Fourbar linkage

Subsituting Euler equivalents for the ¢ into

ae’®2 +hel¥ — el _gof =g
we get:
a(cosez +jsinB, )+ b(cos 0, +jsin93)—c(cose4 +j5in94)~d(00591 +jsin®;)=0

This equation can now be separated into its real and imaginary parts and each set to zero.
real part (x component):
acos®, +bcosO3 —ccosBy —dcosh; =0

but: 06;,=0, so: (4.6a)

acos®, +bcosB; —ccosB, —d =0



Algebraic Position Analysis

The Vector loop Equation for a Fourbar linkage

real part (x component):

acos, +bcosB3 —ccosBy —d =0

imaginary part (y component):

jasin®, + jbsin0; — jesinBy — jdsin®; =0

but: 6, =0, and the ' s divide out, so: (4.6b)

asin®, +bsin63 —csinB, =0

We will isolate 83 and solve for 6, in this example.

hcosO3 =—acosB, +ccosBy +d
bsinBy = —asinB, +csinBy



Algebraic Position Analysis

The Vector loop Equation for a Fourbar linkage

hcosOy =—acosB, +ccosOy +d

bsinBy = —asinB, +csinby

Now square both sides of equations 4.6¢ and 4.6d and add them:

| Siﬂ2 83 +C052 93 |
=1

The right side of this expression must now be expanded and terms collected.

— (—aSin92 -|-C'Sin94 )2 +(—a00592 ‘|‘CCOSG4 ‘|‘d)2

bz::a2-+cz-+d2-2adc0592-+26dcosﬁ4-—2ac@ﬂn825h194~%0039200894)



Algebraic Position Analysis

The Vector loop Equation for a Fourbar linkage

b2 =a® +c% +d* —2adcosB, +2cdcosBy — 2ac(sin82 sin@, +cos0, 00894)

To further simplify this expression, the constants K, K, and K3 are defined

2 2 2 2
d a“—b°+c“+d
Kl ZE' Kz =— K3 - (483)
a C 2ac
and :
K,c0s0, — K5 cos0, + K3 =c0s0, cosO, +5in0, sinO, (4.8b)

If we substitute the identity cos(82 —94)= cos0, cos0, +sinO, sinB,, we get the

K cos0,4 — K, c0s0, + K3 = 003(92 —94) (4.8¢)

Freudenstein's equation



Algebraic Position Analysis

The Vector loop Equation for a Fourbar linkage

K cos0,4 — K, c0s0, + K3 = 003(92 —94) (4.8¢)
Using the trigonometric rule
(
Ztan(-e—‘l) 1 —tan? 8—4)
. 2 \ 2
sinQ, = BT cosBy = T
1+tan2[—4] 1+ tan® —i)
We get 2 \ 2

The solution is:

A tanz(%)+3 tan[%‘}—l—C =0

[94] _B++BY—4AC
tan =

2A
A = C0382 — K] e Kz C0592 +K3

Lt
N 2 —Bix/82~4ACJ

C — Kl _(KZ + I)COSBZ +K3 841’2 = 2ar0tan[ 2A




Algebraic Position Analysis

The Vector loop Equation for a Fourbar linkage

Back to: hcosBy =—acosB, +ccosBy +d
bsinBy = —asinB, +csinby

ccosOy =acosO, +bcosBz —d

csinB4 = asinB, +bHsinO;
Squaring and adding:
Ky cosB3 + Ky cos0, + K5 =cos0, cosO5 +sin6, sin b
d il T T

K;=—; Kz =
Y7 ? Yab




Algebraic Position Analysis

The Vector loop Equation for a Fourbar linkage

K| cos03 + K4 cos0, + K5 =cos0, cosB3 +5sin 0, sin b
similarly

Dtanz(%]+ Etan(%)+F =)

The solution Is:
D=C0592 - K, —I—K4CDSE|2 + K

E =-25in0,

F‘:Kl +(K4 . I)CDSHZ +KS 9312 :23[‘(:'{&[][

_E+~E%_4DF
2D




Algebraic Position Analysis

Inverted Slider-Crank Position Solution

» This is inversion #3 of the common fourbar slider-crank linkage in which
the sliding joint is between links 3 and 4 at point B. This is shown as an
offset slider-crank mechanism. The slider block has pure rotation with its
center offset from the slide




Algebraic Position Analysis

Inverted Slider-Crank Position Solution

Rg=R,-R;
Rz —R3 “‘R4—R1 =O

Bop 28 e e Tas Pt =g
SR AT S N

We need 3" equation

Input

63 =94 i"{



Algebraic Position Analysis

Inverted Slider-Crank Position Solution

a(cesﬁz +jsin92)—b(cc)se3 +j5in6‘3)
—C(COSEI4 +jsin94)—d(c058, +jsin91) =0
acos®, —bcosO; —ccosBy —d=0
asin®, —bsinB3 —csinf, =0

_asinB, —csinf,

b .
sin B

asinB, —csinf,

acos, — cosB3 —ccosOy —d =0

sin B




Algebraic Position Analysis

Inverted Slider-Crank Position Solution

Psin84 +QCOSG4 +R=0

P = asin®, siny +(acosO, —d)cosy

Q =-asinB, cosy +(acos[-)2 — d)sin’}'

R =—csiny
_T+T? - 48U
0, . =2arctan
1,2 28
0,
S=R-0; T =2P; U=0+R '



Position of a Point on a Link

Once the angles of all the links are found, it is simple and
straightforward to define and calculate the position of any point
on any link for any input position of the linkage.

Example: 4-bar linkage

8, +0
RSOQ :RS :Sé’][ 2 2)

RUO4 = H(f‘j(eﬁl +84)

RP :RA +RPA

Rpy = pe’®*%) = pleos(; +85)+ jsin(8; + 5]



Transmission Angles

« \We will expand that definition here to
represent the angle between any two links In
a linkage, as a linkage can have many "~
transmission angles. Liks D |~

coupler
Link 4

output link
Link 2 S
driver :L@ﬂ

« It is easy to define the transmission angle’
algebraically. It is the difference between
the angles of the two joined links.




Transmission Angles

Extreme Values of the Transmission Angle

 For a Grashof crank-rocker fourbar linkage the
minimum value of the transmission angle occurs
when the crank Is colinear with the ground link

- ¢l - - d -




Transmission Angles

Extreme Values of the Transmission Angle

Yi
Ay R

2=0,
Grashof 0 & = AP

1=04-03 / |




Transmission Angles

Extreme Values of the Transmission Angle

We label the links a=1ink 2; b = link 3; ¢ = link 4; d = link 1

For the overlapping case (Figure 4-15a) the cosine law gives

P%cz— d—a)z-l
L =771 = arccos

ol




Transmission Angles

Extreme Values of the Transmission Angle

for the extended case, the cosine law gives

b2 +c? —(d+a)2
2bc

Ly ==Yy =T— arccos{

» For a Grashof double-rocker linkage the transmission angle can vary
from 0 to 90 degrees because the coupler can make a full revolution

ik

B/




Transmission Angles

Extreme Values of the Transmission Angle

Non-Grashof 02203

u=04-03

a \3 c
V=0°j)\, DRI
TN

(o) Toggle posifions for links b and ¢ (b) Toggle positions for links aand b




Transmission Angles

Extreme Values of the Transmission Angle

* For a non-Grashof triple-rocker linkage the transmission angle will be
zero degrees in the toggle positions which occur when the output

rocker ¢ and the coupler b are colinear.

b
v=10 W
e
u‘ S
¢ N
! *! l
v=0" TN, o ‘-
L
N |

(a) Toggle positions for links band ¢ (D)

loggle positions for links a and b

P,

a+hb - +c:'2 —d?
(

0 :arms{ 2c(a+b)

Not minimum u

|
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